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ÖSSZEFOGLALÁS: 
A környezettudomány és azon belül a környezetfizika egyik legnagyobb jelentőségű 
területét a globális környezeti áramlások vizsgálata jelenti. A környezeti áramlások (akár 
a légkörben vagy vizekben zajlanak, akár globális vagy lokális kiterjedésűek) 
környezetünk alakulásának legfontosabb mozzanataihoz tartoznak. Ide sorolhatjuk még 
a Földünk belsejében, elsősorban a folyékony köpenyben zajló áramlási jelenségeket is, 
amelyek a Föld kialakulása óta eltelt évmilliárdok alatt markánsan alakították és 
pillanatnyilag is alakítják a felszín viszonyait. Erről a közegről azonban a későbbiekben 
nem lesz szó, mert tárgyunk a Nap energiája által hajtott légköri és óceáni áramlások, 
amelyek nem geológiai, hanem „emberi” időskálán befolyásolják környezetünket. 
Az áramlási jelenségeknek környezetünk szempontjából alapvetően meghatározó a 
jelentősége. Gondoljunk csak a napi időjárás változásainak áramlási vonatkozásaira, a 
Golf-áramlatra, amely lakhatóvá teszi Európa északi övezeteit, a világtengerek más, 
jelentős áramlataira, vagy kisebb skálán azokra a jelenségekre, amelyek a bioszféra 
egy-egy szegmensének benépesülését és létezését lehetővé tették és teszik. A modern 
világ viszonyait kétség kívül alapvetően befolyásolják az emberi társadalmak gazdasági 
tevékenységét kísérő nem kívánt mellékhatások, elsősorban a környezet szennyezése. 
Ezek a szennyezések az áramlási folyamatok során mind a légkörben, mind a vizekben 
távoli területekre is eljutnak. Nem kérdéses, hogy a káros hatások megelőzésének, és a 
károk csökkentésének előfeltétele a kapcsolódó folyamatok megismerése, megértése, és 
ezek után esetleges befolyásolása. 
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$] iUDPOiVRN WDQXOPiQ\R]iVD D IL]LND HJ\LN V]pS pUGHNHV GH QHP HJ\V]HUĦ WHUOHWH $
IL]LND NRPRO\ HUHGPpQ\HNHW pUW HO D PHJKDWiUR]y W|UYpQ\V]HUĦVpJHN IHOWiUiViEDQ D IRO\WRQRV
N|]HJHNEHQ LV ± HOVĘVRUEDQ D N|OFV|QKDWiVRN NRPSOH[ QHPOLQHiULV MHOOHJpEĘO N|YHWNH]ĘHQ
± HJ\ VRU QHP YiUW PHJOHSĘ MHOHQVpJ NLDODNXOiViW ILJ\HOKHWMN PHJ ( WXGRPiQ\WHUOHWQHN
V]RURV NDSFVRODWDL YDQQDN D JHRIL]LNiYDO D PHWHRUROyJLiYDO D KLGUROyJLiYDO D KLGURJHROyJL
iYDO D] RFHDQRJUiILiYDO D UHSOpVL KDMy]iVL IHMOHV]WpVHNNHO KRJ\ FVDN QpKiQ\DW HPOtWVQN
D IRQWRV WiUVWHUOHWHN N|]O 0LQGH] HJ\WW D] HOP~OW NpW pYWL]HGEHQ D N|UQ\H]HWL iUDPOiVRN
NtVpUOHWL pV HOPpOHWL YL]VJiODWiQDN ~MMipOHGpVpKH] YH]HWHWW
$ N|UQ\H]HWL iUDPOiVRNEDQ W|EE RO\DQ KDWiV LV IRQWRV V]HUHSHW MiWV]LN PHO\HN D KDJ\R
PiQ\RV PpUQ|NL KLGURGLQDPLNiEDQ HOKDQ\DJROKDWyDN 0LQWKRJ\ H]HNUĘO D NpVĘEELHNEHQ
UpV]OHWHVHQ V]y HVLN LWW FVDN HJ\ IHOVRUROiVEDQ HPOtWMN PHJ D OHJIRQWRVDEEDNDW
 $ )|OG IRUJiViEyO DGyGyDQ D IHOV]tQHQ HJ\WW PR]Jy PHJILJ\HOĘ WHKHWHWOHQVpJL HUĘN
KDWiViW WDSDV]WDOMD J\RUVXOy YRQDWNR]WDWiVL UHQGV]HUUĘO OpYpQ V]y H]HN DPLQGHQ WHVWUH
KDWy FHQWULIXJiOLV HUĘ pV D )|OGK|] NpSHVW PR]Jy REMHNWXPRNDW EHIRO\iVROy &RULROLV
HUĘ /DERUDWyULXPL PpUHWVNiOiQ H]HN D KDWiVRN J\HQJHVpJN PLDWW HOKDQ\DJROKDWyDN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
(/ė6=Ï Y
GH OiWQL IRJMXN KRJ\ HOHJHQGĘHQ QDJ\ VNiOiN HVHWpQ SO HJ\ PHWHRUROyJLDL IURQW
WHUMHGpVHNRU G|QWĘHQ EHIRO\iVROKDWMiN D PR]JiVRN OHIRO\iViW
 $] iUDPOiVWDQL WDQN|Q\YHN J\DNRUL HJ\V]HUĦVtWĘ IHOWHYpVH D N|]HJHN VĦUĦVpJpQHN
iOODQGyViJD iOWDOiEDQ QHP WHOMHVO VHP D OpJN|UUH VHP D] yFHiQRN VyV YL]pUH (OVĘ
UiQp]pVUH QHP Q\LOYiQYDOy KRJ\ D WDSDV]WDOW FVHNpO\ PpUWpNĦ VĦUĦVpJUpWHJ]HWWVpJ
PLpUW RNR]QD OpQ\HJHV HOWpUpVHNHW GH PLQW V]iPRV SpOGiQ NHUHV]WO EHPXWDWMXN HJ\
VRU PHJKDWiUR]y MHOHQVpJ HJ\V]HUĦHQ QHP LV OpWH]LN iOODQGy VĦUĦVpJ HVHWpQ
 ,JD]iQ QDJ\ WiYROViJVNiOiNRQ MHOHQWNH]LN D )|OG J|UEOWVpJpQHN KDWiVD LV DPLQHN HJ\
UpV]H D] iUDPOiVL MHOHQVpJHN OHIRO\iViW DODSYHWĘHQ PyGRVtWMD SO HQQHN N|YHWNH]Pp
Q\H KRJ\ D] yFHiQL HUĘV iUDPODWRN PLQG D PHGHQFpN Q\XJDWL SHUHPpQ IRO\QDN
 )|OGQN PDMGQHP W|NpOHWHV J|PE PHO\QHN iWODJRV VXJDUD  NP (KKH] NpSHVW
D OpJN|U WHOMHV W|PHJpQHN D D OHJDOVy  NPHV UpWHJEHQ D WURSRV]IpUiEDQ
WDOiOKDWy PtJ D YLOiJyFHiQ iWODJRV PpO\VpJH PLQG|VV]H  NP 0LQGNpW N|]HJ
NpWVpJHW NL]iUyDQ VHNpO\ IRO\DGpN UHQGV]HUQHN WHNLQWKHWĘ DKRO D] ROGDOLUiQ\~ NLWHUMHGpV
QDJ\ViJUHQGHNNHO KDODGMD PHJ D UpWHJYDVWDJViJRW $ VHNpO\VpJ D IHQWLHNNHO HOOHQWpWEHQ
QHP RNR] NO|Q NRPSOLNiFLyNDW LQNiEE HJ\ VRU HJ\V]HUĦVtWpVW WHV] OHKHWĘYp D QDJ\
VNiOiM~ HVHPpQ\HN OHtUiViEDQ
$ N|UQ\H]HWL iUDPOiVRN WXGRPiQ\D D IHQWL QpJ\ SRQWEyO N|YHWNH]Ę MHOHQVpJHNHW YL]V
JiOMD (]HN D MHOHQVpJHN UHQGNtYO V]HUWHiJD]yDN QpKD PHJOHSĘHN VRN N|]ON OiWV]yODJ
HOOHQW LV PRQG KpWN|]QDSL WDSDV]WDODWDLQNQDN 9DODPHQQ\LN PHJpUWpVH IRQWRV D]RQEDQ D
N|UQ\H]HWQNEHQ OH]DMOy IRO\DPDWRN pV D]RQ EHOO D] pJKDMODWL NOLPDWLNXV IRO\DPDWRN KHO\HV
pUWHOPH]pVH V]HPSRQWMiEyO
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
YL (/ė6=Ï
$ N|Q\Y ]HQHWH
$ N|Q\YHW ~J\ pStWHWWN I|O KRJ\ D N|UQ\H]HWL iUDPOiVRN pV MHOHQWĘVpJN EHPXWDWiVD
PHOOHWW YLOiJRVDQ WNU|]]H D WHUPpV]HWWXGRPiQ\ V D]RQ EHOO D IL]LND JRQGRODWYLOiJiW pV
PĦN|GpVL PHFKDQL]PXViW LV
$] HOVĘ |W IHMH]HWEHQ iWWHNLQWpVW DGXQN D OHJIRQWRVDEE MHOHQVpJHNUĘO OHtUy MHOOHJJHO
|VV]HIRJODOYD D OHJIRQWRVDEE WpQ\HNHW 0iU LWW KDQJV~O\W KHO\H]QN DUUD KRJ\ NRQNUpW
PHJILJ\HOpVL pV PpUpVL DGDWRNUD KLYDWNR]]XQN 5|YLGHQ XWDOXQN D OHJIRQWRVDEE PpUpVL
PyGV]HUHNUH LV $ IRO\DPDWRN KHO\HV PHJpUWpVH FVDNLV D] DQ\DJL SDUDPpWHUHN LVPHUHWpEHQ
OHKHWVpJHV XJ\DQLV PiV N|]HJHNEHQ D] iUDPOiVRN MHOOHJH LV NO|QE|]Ę OHKHW $] |VV]HWHWW
NRPSOH[ MHOHQVpJHN HJ]DNW OHtUiVD HOYLOHJ LV UHPpQ\WHOHQ H]pUW yKDWDWODQXO N|]HOtWpVHN
DONDOPD]iViUD NpQ\V]HUOQN $ PHJIHOHOĘ N|]HOtWpV PHJWDOiOiVD QHKp] V]LQWH PĦYpV]L
IHODGDW pV PLQGLJ FVDN D QDJ\ViJUHQGHN JRQGRV EHFVOpVH XWiQ OHKHWVpJHV $] DQ\DJL
SDUDPpWHUHN H]HNEHQ D EHFVOpVHNEHQ LV HOHQJHGKHWHWOHQHN H]pUW PiU LWW PHJDGMXN WHUPpV]HWHV
N|]HJHLQN D OHYHJĘ pV D Yt] OHJIRQWRVDEE DGDWDLW  WiEOi]DW KRJ\ D]RNUD NpVĘEE EiUPLNRU
KLYDWNR]KDVVXQN
$ WHUPpV]HWWXGRPiQ\ ORJLNDL VWUXNW~UiMD pV SUHGLNWtY HUHMH NL]iUyODJPHJIHOHOĘPDWHPDWL
NDL HV]N|]|N ELUWRNiEDQ MHOHQLN PHJ $ KDWRGLN IHMH]HWWĘO NH]GYH H]pUW D] LGHLOOĘ PDWHPDWLNDL
DSSDUiWXV DONDOPD]iViYDO WiUJ\DOMXN D N|UQ\H]HWL iUDPOiVRNDW %HPXWDWMXN KRJ\ OpWH]QHN
IL]LNDL W|UYpQ\HN PHO\HN ELUWRNiEDQ OHYH]HWKHWĘN PpJ KD FVDN D] HJ\HV N|]HOtWpVHN NHUHWpQ
EHOO LV iOWDOiQRV pUYpQ\Ħ |VV]HIJJpVHN (OĘLVPHUHWNpQW D GLIIHUHQFLiOiV LQWHJUiOiV YDJ\LV
D EHYH]HWĘ NDONXOXV HOĘDGiVRN LVPHUHWpW WpWHOH]]N FVDN IHO )L]LNiEyO PiVUD PLQW D
N|]pSLVNRODL WDQDQ\DJUD QHP pStWQN D V]NVpJHV iUDPOiVWDQL LVPHUHWHNHW D N|Q\Y KDWRGLN
pV KHWHGLN IHMH]HWpEHQ PHJDGMXN
$ N|UQ\H]HWL iUDPOiVRN WpPDN|UpEHQ D NpWH]UHV pYHN HOHMpQ V]iPRV NLYiOy DQJRO Q\HOYĦ
WDQN|Q\Y MHOHQW PHJ >   @ 0LQGHJ\LNN pStW PDWHPDWLNDL LVPHUHWHNUH 7|EEV]|U
WiPDV]NRGWXQN0DUVKDOO pV 3OXPE >@ NLYiOy N|Q\YpUH GH FVDNLV D OHJHJ\V]HUĦEE WHFKQLNiM~
UpV]HNHW YHWWN iW V D]RNDW LV DKRO OHKHWHWW WRYiEE HJ\V]HUĦVtWHWWN 7HUMHGHOPL NRUOiWRN
PLDWW HPOtWpVW VHP WHKHWWQN D N|UQ\H]HWL iUDPOiVRN XWyEEL LGĘEHQ HJ\UH MHOHQWĘVHEE ODER
UDWyULXPL NtVpUOHWL YL]VJiODWiUyO V DQQDN PDWHPDWLNDL KiWWHUpUĘO (EEHQ D] |VV]HIJJpVEHQ
MDYDVROMXN KRJ\ D] 2OYDVy NHUHVVH IHO D] (/7( .iUPiQ .|UQ\H]HWL ÈUDPOiVRN /DERUDWyULX
PiQDN ?iiT,ffF`KMX2Hi2X?mf KRQODSMiW $ N|Q\YEHQ D]W D OHJDODFVRQ\DEE PDWHPD
WLNDL V]LQWHW DONDOPD]WXN PHO\UĘO ~J\ JRQGROMXN KRJ\ D OHJIRQWRVDEE JOREiOLV N|UQ\H]HWL
MHOHQVpJHN N|]WN SO D FLNORQRN WRUQiGyN V]HUNH]HWH D] LGĘMiUiV YiOWR]pNRQ\ViJD D
MHOHQWĘV WHQJHUiUDPODWRN D PpO\WHQJHUL Yt]NpS]ĘGpV GLQDPLNiMD pV H]HN YHJKi]KDWiVUD
J\DNRUROW KDWiVD pUGHPL PHJpUWpVpKH] V]NVpJHV
®V]LQWpQ UHPpOMN KRJ\ D] 2OYDVy D N|Q\Y ROYDViVD pV D] DQ\DJEDQ W|UWpQĘ HOPpO\OpV
VRUiQ iWpOL D VWUXNWXUiOW LVPHUHWV]HU]pV |U|PpW V D NOtPDYiOWR]iVVDO IRJODONR]y  IHMH]HW
iWWDQXOPiQ\R]iVD XWiQ HJ\HWpUW D V]HU]ĘNNHO DEEDQ LV KRJ\ pJKDMODWL SUREOpPiNNDO NL]iUyODJ
PHJDODSR]RWW WHUPpV]HWWXGRPiQ\RV KiWWpUUHO pV D N|UQ\H]HWL iUDPOiVRN SRQWRV LVPHUHWpEHQ
pUGHPHV FVDN IRJODONR]QL
$]RN V]iPiUD DNLN EĘYHEEHQ LV PHJ V]HUHWQpQHN LVPHUNHGQL D] DQ\DJJDO DMiQOMXN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 WiEOi]DW $ Yt] pV D OHYHJĘ OHJIRQWRVDEE DQ\DJL SDUDPpWHUHL IHOV]tQL OpJN|UL Q\RPiVRQ pV  ◦&
KĘPpUVpNOHWHQ $] HJ\HV PHQQ\LVpJHN UHQGUH D VĦUĦVpJ NLQHPDWLNDL YLV]NR]LWiV KĘGLII~]LyV iOODQGy
GLQDPLNDL YLV]NR]LWiV KĘWiJXOiVL HJ\WWKDWy iOODQGy Q\RPiVRQ PpUW IDMKĘ KDQJVHEHVVpJ
D PpUQ|NL iUDPOiVWDQW EHPXWDWy NRUV]HUĦ PDJ\DU Q\HOYĦ WDQN|Q\YHW /DMRV 7DPiV $]
ÈUDPOiVWDQ $ODSMDL 0ĦHJ\HWHPL .LDGy %XGDSHVW   $ N|UQ\H]HWL MHOHQVpJHN
UpV]OHWHVHEE KLGURGLQDPLNiMiW WiUJ\DOMD D MHOHQOHJ Np]LUDW IRUPiMiEDQ OpWH]Ę MHJ\]HW 7pO
7DPiV .|UQ\H]HWL ÈUDPOiVRN (/7( 77. %XGDSHVW
.|V]|QHWQ\LOYiQtWiV
.LHPHOW N|V]|QHWWHO WDUWR]XQN N|Q\YQN OHNWRUiQDN 'U /DMRV 7DPiV SURIHVV]RUQDN
PLQGHQ UpV]OHWUH NLWHUMHGĘ DODSRV EtUiODWipUW pV V]iPRV VHJtWĘ PHJMHJ\]pVppUW .|V]|QMN
D] DONRWy V]HUNHV]WĘ 'U 7DVQiGL 3pWHU HJ\HWHPL WDQiU KDV]QRV WDQiFVDLW LV +iOiVDN YDJ\XQN
+DV]SUD 7tPHD 7XGMD eYD pV 9LQF]H 0LNOyV KDOOJDWyLQNQDN D] HJpV] Np]LUDW UpV]OHWHV
iWWDQXOPiQ\R]iVipUW PyGRVtWiVL MDYDVODWDLNpUW PHO\HNHW DEEDQ D UHPpQ\EHQ WHWWHN KRJ\
D] DQ\DJ D OHHQGĘ ROYDVyN V]iPiUD PLQpO HJ\V]HUĦEEHQ IHOGROJR]KDWy OHJ\HQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX

 IHMH]HW
.|UQ\H]HWL N|]HJHLQN |VV]HWpWHOH
UpWHJ]HWWVpJ
( EHYH]HWĘ IHMH]HWEHQ U|YLGHQ |VV]HIRJODOMXN WHUPpV]HWHV N|]HJHLQN D OpJN|U pV D] yFHiQL
Yt] OHJIRQWRVDEE WXODMGRQViJDLW (QQHN VRUiQ VHPPLNpSSHQ VHP yKDMWXQN HJ\pE N|UQ\H]HW
WXGRPiQ\L PXQNiNNDO YHUVHQ\H]QL LWW QH NHUHVVHQ D] 2OYDVy UpV]OHWHV JHROyJLDL JHRJUiILDL
KLGUROyJLDL YDJ\ OpJN|UNpPLDL DGDWRNDW &pOXQN SXV]WiQ DQQ\L KRJ\ D WRYiEEL IHMH]HWHNEHQ
IHOEXNNDQy MHOHQVpJHN IRUPXOiN OHtUiVRN PHJpUWpVpW VHJtWĘ QDJ\ViJUHQGL EHFVOpVHNKH]
|VV]HV]HGMN D V]NVpJHV GHILQtFLyNDW pV V]iPV]HUĦ DGDWRNDW PHO\HNKH] N|QQ\HQ YLVV]D
OHKHW ODSR]QL 7HUMHGHOPL RNRNEyO QHP IRJODONR]XQN HJ\ VRU VSHFLiOLV UpV]MHOHQVpJ WiUJ\iW
NpSH]Ę N|]HJJHO VHP LO\HQHN SO D Ky pV ViUODYLQiN OiYDIRO\iVRN YDJ\ JUDQXOiULV DQ\DJRN
 $ OpJN|U NpPLDL |VV]HWpWHOH
)|OGQN OpJN|UpQHN |VV]HWpWHOH QDJ\RQ HOWpU D 1DSUHQGV]HU W|EEL ERO\JyMiQDN Ji]EXUNiWyO
$]  WiEOi]DWEyO MyO OiWV]LN KRJ\ D )|OG WtSXV~QDN WHNLQWKHWĘ 0DUV pV 9pQXV] OpJN|UpQHN
G|QWĘ DONRWyMD D V]pQGLR[LG &2 PtJ H] QiOXQN FVDN Q\RPRNEDQ IRUGXO HOĘ (]]HO
V]HPEHQ D QLWURJpQ 1 pV R[LJpQ 2 D V]RPV]pGRNQiO V]LQWH DOLJ PXWDWKDWy NL -HOHQOHJL
LVPHUHWHLQN V]HULQW D 0DUV pV D 9pQXV] WHOMHV NpPLDL |VV]HWpWHOH QHP QDJ\RQ NO|QE|]LN
D I|OGLWĘO EHOHpUWYH WHUPpV]HWHVHQ D G|QWĘ W|PHJHW MHOHQWĘ V]LOiUG ERO\JyW|U]VHW LV H]pUW
OpJN|UQN NpPLDL HJ\HQV~O\WyO YDOy LO\HQ QDJ\PpUWpNĦ HOWpUpVpW FVDN D ELRV]IpUD MHOHQOpWH
PDJ\DUi]KDWMD 9DOyEDQ IRWRV]LQWp]LV KLiQ\iEDQ J\DNRUODWLODJ QHP OpWH]KHWQH V]DEDG R[L
JpQ pV D WLV]WD QLWURJpQ LV KDPDU HOWĦQQH D] yFHiQRN PpO\pQ D ELROyJLDL N|UIRUJiV QpONO (]
D] pV]UHYpWHO QDJ\EDQ DODSMiXO V]ROJiOW D QpSV]HUĦ iP VRNDW EtUiOW *DLDHOPpOHWQHN >@ PHO\
V]HULQW D ELRV]IpUD D I|OGIHOV]tQ pOHWWHOHQ DONRWy HOHPHLYHO FVDWROYD HJ\ ÄV]XSHURUJDQL]PXVW´
DONRW DPL D] HJpV] UHQGV]HUW VWDELO GLQDPLNXV HJ\HQV~O\EDQ WDUWMD
$]  WiEOi]DWEDQ V]HUHSOĘ DGDWRNKR] PpJ pUGHPHV QpKiQ\ PHJMHJ\]pVW IĦ]QL $ I|OGL
OpJN|U PLQWHJ\ iW DONRWy Yt]SiUD D WHOMHV DWPRV]IpUiUD YRQDWNR]y iWODJpUWpNHW MHO|OL
HQQHN HORV]OiVD D]RQEDQ LGĘEHQ pV WpUEHQ LV LJHQ QDJ\ LQJDGR]iVRNDW PXWDW -yO LOOXV]WUiOMD
H]W D]  iEUD DKRO HJ\ JOREiOLV PĦKROGDV PpUpVEĘO PHJKDWiUR]RWW I|OGUDM]L HORV]OiV OiWKDWy
$ WLSLNXV IHOV]tQN|]HOL WpUIRJDWV]i]DOpN pUWpNHN D] iWODJQiO MyYDO PDJDVDEEDN ± N|UO
DODNXOQDN
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 WiEOi]DW $ )|OG pV ÄWHVWYpUERO\JyLQDN´ WpUIRJDWV]i]DOpNRV OpJN|UL |VV]HWpWHOH D NpPLDL
PHJQHYH]pV PHOOHWW D PyOV~O\ OiWKDWy JPRO HJ\VpJHNEHQ >@
DONRWy )|OG 0DUV 9pQXV]
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$ Yt]SiUD OpJN|UL MHOHQWĘVpJH QHP FVXSiQ DEEyO DGyGLN KRJ\ D JOREiOLV N|UIRUJiV N|]WHV
iOORPiVD KDQHPPHVV]H H] D OHJIRQWRVDEE ÄYHJKi]Ji]´ $ WHOMHV YHJKi]KDWiV ±pUW
D OpJN|UL Yt] D IHOHOĘV HEEHQ PiU D IHOKĘNEHQ NRQGHQ]iOW FVHSSHN LV EHOHpUWHQGĘN $ NpUGpV
IRQWRVViJD PLDWW HUUH D SRQWUD PpJ UpV]OHWHVHQ YLVV]DWpUQN (OĘ]HWHVHQ DQQ\LW MHJ\H]]QN
PHJ KRJ\ D] YHJKi]KDWiV PHJKDWiUR]y WHUPLNXV NpQ\V]HUNpQW MHOHQWNH]LN D] iUDPOiVRNNDO
NDSFVRODWEDQ D] HJ\LN IĘ KDMWyHUĘQHN V]iPtWy Q\RPiVL JUDGLHQVHN XJ\DQLV HOVĘVRUEDQ D
KĘPpUVpNOHWL NO|QEVpJHN PLDWW DODNXOQDN NL $] YHJKi]KDWiV HPEHUL PyGRVtWiVD D OpJN|U
|VV]HWpWHOpQHN PHJYiOWR]WDWiViYDO EHIRO\iVROKDWMD D MHOHQOHJL iUDPOiVL UHQGV]HUHNHW PHO\
KRVV]~ WiYRQ D NOtPD PHJYiOWR]iViW HUHGPpQ\H]KHWL
6RNNDO V]pOHVHEE N|UEHQ LVPHUW YHJKi]KDWiV~ OpJN|UL |VV]HWHYĘ D &2 EiU |QPDJiEDQ
D WHOMHV KDWiV ±iW WXODMGRQtWKDWMXN FVDN QHNL $]  iEUiQ PXWDWMXN EH D KtUHV
 iEUD $ 1$6$ 02',6 PĦKROGDV pV]OHOĘUHQGV]HUH iOWDO PHJKDWiUR]RWW JOREiOLV Yt]SiUDHORV]OiV
 PiUFLXV  $ V]tQNyGROiV HJ\VpJH ÄHNYLYDOHQV FP´ D]D] D OpJN|U WHOMHV PDJDVViJiUD
|VV]HJ]HWW SiUDWDUWDORP HNNRUD IRO\pNRQ\ Yt]UpWHJ PDJDVViJiQDN IHOHOQH PHJ -yO PHJILJ\HOKHWĘ D]
LJHQ HUĘV WUySXVL IHOKĘNpS]ĘGpV ?iiT,ffKQ/Bb@iKQbX;b7+XMbX;Qpf
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 iEUD %DOUD $ 0DXQD /RD +DZDLL REV]HUYDWyULXP HOKHO\H]NHGpVH D &VHQGHVyFHiQ N|]HSpQ
*RRJOH 0DSV -REEUD $] HJ\HJ\ KyQDSUD iWODJROW &2NRQFHQWUiFLyN SSPY HJ\VpJHNEHQ $
NLHPHOpV KiURP WHOMHV pYHW iEUi]RO $GDWRN ?iiT,ffrrrX2b`HXMQX;Qpf;K/f++;;fi`2M/bf
+Qn/inKHQX?iKHV
0DXQD /RDLGĘVRUW DPHO\ WyO DGMD PHJ D OpJN|UEHQ PpUW NRQFHQWUiFLy HJ\ KyQDSUD
YHWW iWODJpUWpNpQHN IHMOĘGpVpW SSPY HJ\VpJHNEHQ SSPY 3DUWV 3HU 0LOOLRQ 9ROXPH D]D] 
SSPY HJ\VpJ D WpUIRJDW −RG UpV]H $ PpUpV NO|QOHJHV pUWpNH KRJ\ D PĦV]HU PLQGHQ
V]HQQ\H]Ę IRUUiVWyO WiYRO D &VHQGHVyFHiQ NHOOĘV N|]HSpQ WDOiOKDWy LQDNWtY YXONiQ WHWHMpQ
KHO\H]NHGLN HO  iEUD D]D] D] DGDWRN YDOyEDQ MyO MHOOHP]LN D JOREiOLV iWODJpUWpNHW $
Yt]SiUiYDO HOOHQWpWEHQ D V]pQGLR[LG WHOMHVHQ MyO NHYHUWQHN WHNLQWKHWĘ D IRUUiVRNWyO WiYRO D
WURSRV]IpUiEDQ OpQ\HJpEHQ KRPRJpQ HORV]OiV~ ±Q\L UHODWtY YiOWR]pNRQ\ViJJDO PDJDV
ViJIJJpVH HOKDQ\DJROKDWy
$]  iEUD J|UEpMpQ MyO OiWKDWy D Q|YHNYĘ WUHQG PHO\ HJ\pUWHOPĦHQ DQWURSRJpQ KDWiVQDN
IĘOHJ D IRVV]LOLV W]HOĘDQ\DJRN pJHWpVpQHN WXODMGRQtWKDWy $] LSDUL IRUUDGDORP HOĘWWL
LGĘV]DNUD UHNRQVWUXiOW DODSV]LQW NE  SSPY OHKHWHWW GH D SDOHRNOLPDWROyJLDL HOHP]pVHN
V]HULQW D WiYRODEEL P~OWEDQ LJHQ QDJ\RN YROWDN D WHUPpV]HWHV LQJDGR]iVRN LV $ VDUNL
MpJUpWHJHNEĘO V]iUPD]y PpO\I~UiVL PLQWiNEDQ PHJĘU]|WW EXERUpNRN pV ]iUYiQ\RN DODSMiQ
D] HOĘ]Ę NE  PLOOLy pYEHQ HOĘIRUGXOW MpJNRUV]DNRN OHJKLGHJHEE SHULyGXVDLEDQ  SSPY
N|UO DODNXOWDN D PLQLPXPRN D U|YLG N|]WHV PHOHJ LGĘV]DNRNEDQ SHGLJ  SSPY N|UO D
PD[LPXPRN $]  iEUiQ NLQDJ\tWRWW KiURP WHOMHV pYQ\L V]DNDV] MyO WiPDV]WMD DOi HOĘ]Ę
PHJMHJ\]pVQNHW D I|OGL OpJN|U pV ELRV]IpUD V]RURV NDSFVRODWiUyO D] pV]DNL IpOWHNH PpUVp
NHOW pV PDJDVDEE V]pOHVVpJHLQHN YHJHWiFLyV LGĘV]DNiEDQ D &2NRQFHQWUiFLy IRO\DPDWRVDQ
FV|NNHQ PDMG D ORPEKXOOiVW N|YHWĘHQ NRUD WDYDV]LJ IRO\DPDWRVDQ Q|YHNV]LN
$ WRYiEEL NpW OHJIRQWRVDEE YHJKi]KDWiV~ Ji] D PHWiQ &+ pV D] y]RQ 2 V~O\XN D
WHOMHV YHJKi]IRO\DPDWEDQ ± LOOHWYH ± /pJN|UL NpPLiMXN UpV]OHWHLUH QHP WpUQN NL
DQQiO LV LQNiEE PHUW HJ\ VRU NpUGpVUH D YiODV] HJ\HOĘUH LVPHUHWOHQ DNWtY NXWDWiVRN WiUJ\iW
NpSH]L
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 $ OpJN|U HJ\HQV~O\L UpWHJ]HWWVpJH
 $] iOODSRWHJ\HQOHW
$ WDSDV]WDODW V]HULQW D OHYHJĘ QDJ\RQ My N|]HOtWpVVHO N|YHWL D] LGHiOLV Ji]W|UYpQ\W
pV =
m
MOHYHJĘ
RT , 
DKRO p D Ji] Q\RPiVD V D WpUIRJDWD m D W|PHJH T .HOYLQEHQ PpUW DEV]RO~W KĘPpUVpNOHWH
R = ,  -.−PRO− D] XQLYHU]iOLV Ji]iOODQGy LOOHWYHMOHYHJĘ = ,  JPRO= , 
NJPRO D OHYHJĘ iWODJRV PyOW|PHJH $ Q\RPiVUD UHQGH]YH pV IHOKDV]QiOYD D VĦUĦVpJ ρ =
m/V GHILQtFLyMiW
p = ρ
R
MOHYHJĘ
T . 
(QQHN DODSMiQ HOHJHQGĘ NHWWĘW LVPHUQL D p ρ pV T iOODSRWMHO]ĘN N|]O KRJ\ WHOMHV WHUPRGL
QDPLNDL OHtUiVW DGMXQN D V]iUD] OHYHJĘUH
$ OHYHJĘ QHGYHVVpJpQHN ILJ\HOHPEH YpWHOH 'DOWRQ W|UYpQ\H DODSMiQ SpOGiXO D SDUFLiOLV
Q\RPiVRN V]iPtWiViQ NHUHV]WO OHKHWVpJHV D SDUFLiOLV Q\RPiV D] D] pUWpN DPLW D] LOOHWĘ
NRPSRQHQV HJ\PDJiEDQ KR]QD OpWUH D WHOMHV WpUIRJDWEDQ D]D] pWHOMHV = pQLWURJpQ + pR[LJpQ +
pYt]SiUD + . . . $]  WiEOi]DWEDQ OiWKDWMXN D]RQEDQ KRJ\ D Yt]SiUD WpUIRJDWDUiQ\D iWODJRVDQ
MyYDO  DODWW PDUDG D]D] QHP N|YHWQN HO QDJ\ KLEiW KD D V]iUD] OHYHJĘUH YRQDWNR]y 
iOODSRWHJ\HQOHWHW KDV]QiOMXN
 +LGURV]WDWLNDL HJ\HQV~O\
(EEHQ D IHMH]HWEHQ Q\XJYy N|]HJHW YL]VJiOXQN D]D] IHOWpWHOH]]N D PHFKDQLNDL HJ\HQV~O\
WHOMHVOpVpW LV (KKH] HJ\ IJJĘOHJHVHQ iOOy NLV KHQJHU DODN~ WpUIRJDWHOHPHW WHNLQWQN
PHO\QHN ∆z D PDJDVViJD pV DODSODSMDLQDN IHOV]tQH ∆A  iEUD $ Q\XJDORP IHOWpWHOH
D PHFKDQLNiEyO LVPHUW PyGRQ D] KRJ\ D] HUĘN YHNWRULiOLV HUHGĘMH HOWĦQLN∑
F =  . 
9HJ\N VRUUD D NLVPpUHWĦ KHQJHUUH KDWy HUĘNHW 0LYHO Yt]V]LQWHV LUiQ\EDQ VHKRO VLQFV
Q\RPiVNO|QEVpJ D KHQJHU SDOiVWMiUD |VV]HVVpJpEHQ QHP KDW HUĘ $ WpUIRJDWHOHP V~O\iEyO
V]iUPD]y HUĘ−gρ∆A∆z DKRO g D JUDYLWiFLyV J\RUVXOiV QDJ\ViJD $ QHJDWtY HOĘMHO D]W IHMH]L
NL KRJ\ D V~O\ OHIHOp PXWDW D]D] HOOHQWpWHV D z PDJDVViJL NRRUGLQiWD Q|YHNHGpVL LUiQ\iYDO
$ Q\RPiVEyO V]iUPD]y HUĘ PLQGLJ D IHOOHW pV D Q\RPiV V]RU]DWD V D WpUIRJDWHOHP EHOVHMpEH
PXWDW $ WpUIRJDWHOHP DOMiQ D] HUĘ WHKiW SR]LWtY LUiQ\~ pV p(z)∆A QDJ\ViJ~ D WHWHMpQ SHGLJ
−p(z +∆z)∆A D]D] OHIHOp LUiQ\XO $] |VV]HV HUĘ WHKiW z LUiQ\~
$ z LUiQ\~ NRPSRQHQVHN |VV]HJpQHN HJ\HQV~O\EDQ WHKiW HO NHOO WĦQQLH∑
Fz = −ρ∆zg∆A+ p(z)∆A− p(z +∆z)∆A =  . 
$] DODSODSRN ∆A IHOOHWpYHO HJ\V]HUĦVtWKHWQN V HOHPL iWUHQGH]pVVHO NDSMXN
p(z +∆z)− p(z)
∆z
= −ρ(z)g . 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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z
 iEUD $ ρ VĦUĦVpJĦ N|]HJ KHQJHU DODN~ WpUIRJDWHOHPH PHO\QHN W|PHJH m = ρ∆A∆z V~O\D
mg $] DOVy ODS z D IHOVĘ z+∆z PDJDVViJEDQ YDQ $] DOVy ODSUD p(z)∆A Q\RPiVL HUĘ KDW IHOIHOp D
IHOVĘUH p(z +∆z)∆A OHIHOp +LGURV]WDWLNDL HJ\HQV~O\EDQ D IRO\DGpNHOHPUH KDWy HUĘN HUHGĘMH ]pUXV
$ ∆A IHOOHW pV D ∆z PDJDVViJ RO\DQ NLFVL QXOOiKR] WDUWy dA LOO dz pUWpNNp LV YiODV]WKDWy PHO\HN
GLIIHUHQFLiOKiQ\DGRVRN NpS]pVHNRU V]NVpJHVHN
eUGHPHV LWW HJ\ NLV NLWpUĘW WHQQQN V IHOLGp]QQN D GLIIHUHQFLiOKiQ\DGRV GHILQtFLyMiW
PHO\ V]HULQW D EDO ROGDORQ IHOOpSĘ KiQ\DGRV D p(z) IJJYpQ\ GLIIHUHQFLDKiQ\DGRVD $
∆z →  KDWiUHVHWEHQ D GLIIHUHQFLDKiQ\DGRV D dp/dz GLIIHUHQFLiOKiQ\DGRVED PHJ\ iW +D
HOHJHQGĘHQ NLFVLQHN YiODV]WMXN D ∆z PDJDVViJRW DNNRU D  EDO ROGDOD PiU QDJ\RQ My
N|]HOtWpVVHO PHJHJ\H]LN D dp/dz GHULYiOWWDO $] LO\HQ HOHJHQGĘHQ NLFVLQHN YiODV]WKDWy
PHJYiOWR]iVRNDW D N|YHWNH]ĘNEHQ dYHO IRJMXN MHO|OQL 7HWV]ĘOHJHV Q PHQQ\LVpJ dQ
PHJYiOWR]iVD RO\DQ NLV PHQQ\LVpJHW MHOHQW PDMG PHO\ GLIIHUHQFLiOKiQ\DGRVRN NpS]pVHNRU
V]NVpJHV (]HN KDV]QiODWD D MHO|OpV MHOHQWĘV HJ\V]HUĦVtWpVpKH] YH]HW $ ∆Q MHO|OpVW D
WRYiEELDNEDQ D YpJHV D]D] QHP QXOOiKR] WDUWy NO|QEVpJHN MHO|OpVpUH WDUWMXN IHQW
(EEHQ D V]HOOHPEHQ iOWDOiQRVDQ tUKDWMXN KRJ\ WHWV]ĘOHJHV VLPD f(x) IJJYpQ\ df/dx
GHULYiOWMD D] x YiOWR]y HOHJHQGĘHQ NLV dx Q|YHNPpQ\pYHO NLIHMH]KHWĘ PLQW
df(x)
dx
=
f(x+ dx)− f(x)
dx
=
f(x)− f(x− dx)
dx
=
f(x+ dx )− f(x− dx )
dx

D MREE ROGDOL NLIHMH]pVHN D]RQRVViJD D]W IHMH]L NL KRJ\ HJ\ J|UEH x SRQWEHOL pULQWĘMpQHN
PHJKDWiUR]iViKR] PLQGHJ\ KRJ\ KRO YHV]QN IHO NpW SRQWRW D] x N|UQ\pNpQ KD D]RN
HOHJHQGĘHQ N|]HO YDQQDN HJ\PiVKR] 0LQGHQQHN HJ\V]HUĦ LOOXV]WUiOiViUD WHNLQWVN D]
f(x) = x/ IJJYpQ\ GHULYiOWMiW D] x =  SRQWEDQ 0LYHO df/dx = x D GHULYiOW
D] x =  KHO\HQ pSSHQ  $]  iEUD D]  HJ\HQOHW MREE ROGDOiQ iOOy KiURP
NLIHMH]pVW PXWDWMD HJ\UH FV|NNHQĘ dxHN IHOp 0tJ D dx = ,  N|UOL Q|YHNPpQ\HNUH
D] HUHGPpQ\HN HJ\PiVWyO LV pV D df/dx =  pUWpNWĘO LV PpJ YDODPHO\HVW HOWpUQHN MyO
OiWV]LN KRJ\ dx = , UH PiU PLQGDQQ\LDQ MyO dx = , UH PiU QDJ\RQ MyO NE 
H]UHOpN SRQWRVViJJDO PHJN|]HOtWLN D] HJ]DNW HUHGPpQ\W ÈOWDOiEDQ LV LJD] KRJ\ DNiUPLO\HQ
NLFVL HOĘtUW SRQWRVViJJDO PHJN|]HOtWKHWMN D GHULYiOW pUWpNpW PiU YpJHV NLV dx PHOOHWW $]W
$] KRJ\ D V]LPPHWULNXVDQ NpS]HWW ]|OG GLIIHUHQFLDKiQ\DGRV VRNNDO J\RUVDEEDQ WDUW D] HJ]DNW pUWpNKH]
DQQDN N|V]|QKHWĘ KRJ\ D] HOWpUpV HNNRU (dx) QDJ\ViJUHQGĦ D W|EEL HVHWEHQ YLV]RQW dxV]HO DUiQ\RV
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LV PRQGKDWMXN KRJ\ D PDWHPDWLNiEDQ KDV]QiOW ∆x →  KDWiUHVHW YDOyMiEDQ D]W MHOHQWL
KRJ\ HOHJHQGĘHQ NLFVL ∆x = dx HVHWpQ D GLIIHUHQFLDKiQ\DGRV PiU IJJHWOHQ dxWĘO DKRJ\
H]W D  iEUD LV LOOXV]WUiOMD (]W D WXODMGRQViJRW WHWV]ĘOHJHV f IJJYpQ\UH EiUNL N|QQ\HQ
HOOHQĘUL]KHWL HJ\ ]VHEV]iPROyJpS VHJtWVpJpYHO $ dYHO MHO|OW YpJHV NO|QEVpJHN HOIRJDGRWW
MHO|OpVQN V]HULQW WHKiW RO\DQ NLFVLN KRJ\ D YHON NpS]HWW GLIIHUHQFLDKiQ\DGRV PHJHJ\H]LN
D GLIIHUHQFLiOKiQ\DGRVVDO
 iEUD $] f(x) = x/ IJJYpQ\QHN D] x =  SRQWEDQ YHWW GLIIHUHQFLiOKiQ\DGRViW D
 MREE ROGDOiQ iOOy (f(x + dx) − f(x))/dx SLURV SRQWRN (f(x) − f(x − dx))/dx NpN
SRQWRN (f(x+ dx/)− f(x− dx/))/dx ]|OG SRQWRN PHQQ\LVpJJHO N|]HOtWYH D]W OiWMXN KRJ\
D]RN D dx = ,  NO|QEVpJJHO PiU PLQGDQQ\LDQ My N|]HOtWpVVHO D] df/dx =  HJ]DNW pUWpNHW
DGMiN $ d PHJYiOWR]iVW PLQGLJ HEEHQ D] pUWHOHPEHQ KDV]QiOMXN D YHOH NpS]HWW GLIIHUHQFLDKiQ\DGRV
J\DNRUODWLODJ PHJHJ\H]LN D GLIIHUHQFLiOKiQ\DGRVVDO
$  |VV]HIJJpVW IHOKDV]QiOYD EyO D KLGURV]WDWLND DODSHJ\HQOHWpW NDSMXN
dp(z)
dz
= −ρ(z)g . 
$ Q\RPiV PDJDVViJ V]HULQWL GHULYiOWMiQDN DUiQ\RVQDN NHOO OHQQLH D] XJ\DQDKKR] D PDJDVViJ
KR] WDUWR]y VĦUĦVpJJHO V D] DUiQ\RVViJL HJ\WWKDWy −g $ QHJDWtY HOĘMHO D]W IHMH]L NL KRJ\
HJ\HQV~O\L iOODSRWEDQ D Q\RPiVQDN FV|NNHQQLH NHOO D PDJDVViJ Q|YHNHGpVHNRU
(]W N|QQ\HQ LQWHJUiOKDWMXN HJ\ z V]LQWWĘO >DKRO D Q\RPiV p(z)@ zLJ
p(z)− p(z) = −g
∫ z
z
ρ(z′)dz′ . 
+D IHOWpWHOH]]N D OpJN|UL Q\RPiV HOWĦQpVpW D z →∞ KDWiUHVHWEHQ D]W NDSMXN KRJ\ 
p(z) = −g
∫ z
∞
ρ(z′)dz′ = g
∫
∞
z
ρ(z′)dz′ . 
$] DGRWW z V]LQWHQ pU]pNHOKHWĘ Q\RPiV WHKiW D V]LQW IHOHWWL A DODSWHUOHWĦ YpJWHOHQ KHQJHUEHQ
HOKHO\H]NHGĘ DQ\DJ Ag ∫∞
z
ρ(z′)dz′ V~O\D RV]WYD D IHOOHWWHO
9HJ\N pV]UH KRJ\ D KLGURV]WDWLNDL OHYH]HWpVEHQ QHP KDV]QiOWXN IHO KRJ\ PLO\HQ
N|]HJUĘO YDQ V]y $]  HJ\HQOHW EiUPLO\HQ Q\XJYy Ji]UD YDJ\ IRO\DGpNUD pUYpQ\HV 0RVW
D OHYHJĘUH IRJMXN DONDOPD]QL GH V]NVpJ OHV] Ui D YL]HN NDSFViQ LV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD $] ´86 6WDQGDUG $WPRVSKHUH ´ V]DEYiQ\ iOWDO DGRWW IJJĘOHJHV YHUWLNiOLV SURILORN
T DEV]RO~W KĘPpUVpNOHW p Q\RPiV ρ VĦUĦVpJ $] N %UXQW±9lLVlOlIUHNYHQFLD PDJ\DUi]DWD D
V]|YHJEHQ $ NpW N|]pSVĘ SDQHOHQ D Yt]V]LQWHV WHQJHO\HN ORJDULWPLNXVDN $GDWRN ?iiT,ff7+mHivX
pB`;BMBX2/mf`B#M/QfKQ/mH2bftHbf
 $ OpJN|U HJ\HQV~O\D
$ IJJĘOHJHV Q\RPiVL SURILO D]D] p(z)PHJiOODStWiViKR] LVPHUQQN NHOOHQH D VĦUĦVpJ PHQH
WpW D]D] D ρ(z) IJJYpQ\W (UUH KDV]QiOKDWXQN PpUpVL DGDWRNDW D PHWHRUROyJLDL EDOORQRV
V]RQGiN UHQGV]HUHV LGĘN|]|QNpQW NHUOQHN IHOERFViWiVUD D]]DO D FpOODO KRJ\ D] LGĘMiUiVL
HOĘUHMHO]pVKH] V]NVpJHV LQIRUPiFLyW J\ĦMWVHQHN (]HN D PpUpVHN D]  iEUiQ OiWKDWyKR]
QDJ\RQ KDVRQOy J|UEpNHW HUHGPpQ\H]QHN $ OpJN|U DOVy KiURP ÄV]IpUiMiW´ WQWHWWN IHO EiU
D WRYiEELDNEDQ D V]iPXQNUD IRQWRV GLQDPLNDL IRO\DPDWRN G|QWĘHQ D WURSRV]IpUiEDQ ]DMODQDN
$]  iEUD EDO V]pOpQ OiWKDWy IJJĘOHJHV KĘPpUVpNOHWL SURILO NRPSOLNiOWQDN WĦQLN GH
YHJ\N pV]UH KRJ\ D J|UEH QHP KDJ\MD HO D  ±  .HV ViYRW +D HOVĘ N|]HOtWpVNpQW
HOWHNLQWQN H NE RV LQJDGR]iVWyO DNNRU T = NRQVWDQV =  . IHOWpWHOH]pVVHO DODSMiQ
QHN D OHYHJĘ  iOODSRWHJ\HQOHWpW ILJ\HOHPEH YHYĘ DODNMD
dp
dz
= −gMOHYHJĘp
RT
≡ − p
H
. 
$ MREE ROGDOL D]RQRVViJJDO EHYH]HWWN D H = RT/(gMOHYHJĘ) SDUDPpWHUW DPL D] ~Q
ÄVNiODPDJDVViJ´ (] LQWHJUiOiV XWiQ H[SRQHQFLiOLVDQ FV|NNHQĘ Q\RPiVL SURILOW HUHGPpQ\H]
p(z) = p exp
(
− z
H
)
, 
DKRO p D IHOV]tQL z =  Q\RPiV pUWpNH DPHO\ H PDJDVViJEDQ pSSHQ eDG UpV]pUH
FV|NNHQ $]  iEUiQ V]DJJDWRWW YRQDOODO IHOWQWHWWN  PHQHWpW D p = ,  K3D
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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H = ,  NP DGDWRNNDO $ N|]HOtWpV OiWKDWyDQ LJHQ My DQQDN HOOHQpUH KRJ\ L]RWHUPLNXV
OpJN|UW IHOWpWHOH]YH V]iPROWXQN $ WHQJHO\HN D] iEUiQ IRUGtWRWWDN D]D] YDOyMiEDQ D z(p)
LQYHU] IJJYpQ\ OiWKDWy 7HOMHVHQ KDVRQOy PyGRQ YiOWR]yFVHUH XWiQ NDSMXN KRJ\ D VĦUĦVpJ
LV H[SRQHQFLiOLV IJJYpQ\QHN PHJIHOHOĘHQ FV|NNHQ D PDJDVViJ IJJYpQ\pEHQ
ρ(z) = ρ exp
(
− z
H
)
, 
LWW D IHOV]tQ N|]HOL LOOHV]WHWW pUWpN NE ρ = ,  NJP
0DJ\DUi]DWRW LJpQ\HO D]  iEUD MREE ROGDOiQ iEUi]ROW N  D] ~Q %UXQW±9lLVlOl
IUHNYHQFLD PHO\QHN pUWHOPH]pVpW D N|YHWNH]Ę IHMH]HW DGMD PHJ
 $ %UXQW±9lLVlOlIUHNYHQFLD
(] D IUHNYHQFLD HJ\ EULW pV HJ\ ILQQ WXGyV QHYpW YLVHOL DNLN HJ\PiVWyO IJJHWOHQO WHWWpN
KDV]QiODWRVVi H PHQQ\LVpJHW D UpWHJ]HWWVpJ MHOOHP]pVpUH (J\ UpWHJ]HWW N|]HJEHQ VWDELO
JUDYLWiFLyV HJ\HQV~O\ HVHWpQ ρ D z PDJDVViJQDN FVDN FV|NNHQĘ IJJYpQ\H OHKHW 9L]VJiOMXN
PHJ KRJ\DQ PR]RJ D]  IHMH]HWEHQ YL]VJiOW dAdz QDJ\ViJ~ WpUIRJDWHOHP KD NH]GHWL
z HJ\HQV~O\L PDJDVViJiEyO NLVPpUWpNEHQ HOPR]GXO +D IHOIHOp PR]GXO ULWNiEE N|]HJEH
NHUO V~O\D H]pUW OHIHOp PR]JDWMD ,WW IHOWpWHOH]]N KRJ\ D NLPR]GtWiV U|YLG LGHMH QHP HOpJ
DKKR] KRJ\ D WpUIRJDWHOHPHQ EHOOL VĦUĦVpJ V]iPRWWHYĘHQ PHJYiOWR]]RQ +D D WpUIRJDWHOHP
OHIHOp PR]GXO D VĦUĦEE N|]HJEHQ Ui IHOIHOp KDWy HUHGĘ HUĘ KDW V HOĘEEXWyEE YLVV]DIRUGXO $
NLPR]GtWRWW IRO\DGpNHOHP H]pUW YiUKDWyDQ UH]JĘPR]JiVW YpJH] HJ\HQV~O\L PDJDVViJL V]LQWMH
N|UO +DWiUR]]XN PRVW PHJ HQQHN D UH]JpVQHN D MHOOHP]ĘLW
7HJ\N IHO KRJ\ D IRO\DGpNHOHP NLV z QDJ\ViJ~ HOPR]GXOiVVDO IHOIHOp WpU NL (z > 
D z PDJDVViJ~ HJ\HQV~O\L KHO\]HWpEĘO $ PHJYiOWR]RWW z + z PDJDVViJL V]LQWHQ QXOOiWyO
NO|QE|]Ę HUHGĘ HUĘ MHOHQWNH]LN KLV]HQ N|UQ\H]HWpQHN PiV OHV] D VĦUĦVpJH $] HUĘN HUHGĘMH
FVDN D IJJĘOHJHV LUiQ\EDQ NO|QE|]LN QXOOiWyO V H]pUW z LUiQ\~ J\RUVXOiV DODNXOKDW FVDN NL
$ PR]JiVW OHtUy 1HZWRQHJ\HQOHW
maz =
∑
Fz 
DODN~ DKRO az D J\RUVXOiV IJJĘOHJHV NRPSRQHQVH∑Fz D] HUĘN z LUiQ\~ HUHGĘMHm SHGLJ
D IRO\DGpNHOHP W|PHJH 0LYHO IHOWHKHWĘ KRJ\ U|YLG LGĘ DODWW QHP YiOWR]LN D VĦUĦVpJ D
IRO\DGpNHOHP VĦUĦVpJH D NLPR]GXOW iOODSRWEDQ LV ρ(z) W|PHJH H]pUWm = ρ(z)dzdA
$] HUĘNHW XJ\DQ~J\ KDWiUR]KDWMXN PHJ PLQW D]  IHMH]HWEHQ FVDN DUUD NHOO ILJ\HOQL
KRJ\ D V~O\EDQ D z V]LQWQHN PHJIHOHOĘ VĦUĦVpJ V]HUHSHO PtJ D Q\RPiVRNDW D z + z V]LQW
N|UQ\pNpQ NHOO NLpUWpNHOQL $ V~O\EyO D] DOVy pV D IHOVĘ ODSUD KDWy Q\RPiVL HUĘNEĘO DGyGy
HUHGĘ ∑
Fz = −ρ(z)gdzdA+ p(z + z)dA− p(z + z + dz)dA,
DPL HW KDV]QiOYD D ∑
Fz =
[
−dp(z + z)
dz
− ρ(z)g
]
dzdA 
$ d MHO|OpV D  IHMH]HWEHQ PHJEHV]pOW PyGRQ pUWHQGĘ $ dz WHKiW RO\DQ NLV PHQQ\LVpJ PHO\QHN pUWpNH
HJ\UH NLVHEEQHN YiODV]WKDWy V tJ\ KD GLIIHUHQFLDKiQ\DGRVEDQ OpS IHO DNNRU D] PiU My N|]HOtWpVVHO PHJHJ\H]LN
D GLIIHUHQFLiOKiQ\DGRVVDO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD +D D IRO\DGpNHOHPHW z Q\XJDOPL V]LQWMpUĘO NLV z pUWpNNHO PDJDVDEE V]LQWUH MXWWDWMXN D Ui
KDWy HUĘN HUHGĘMH PiU QHP PDUDG QXOOD KDQHP D NLWpUpVVHO HOOHQWpWHV LUiQ\ED PXWDW $ IRO\DGpNHOHP
UH]JĘPR]JiVW YpJH] Q\XJDOPL KHO\]HWH N|UO (QQHN N|UIUHNYHQFLiMD D] N %UXQW±9lLVlOlIUHNYHQFLD
DODNED tUKDWy $  KLGURV]WDWLNDL HJ\HQOHW V]HULQW D]RQEDQ D Q\RPiV LWW PHJMHOHQĘ
GHULYiOWMD pSSHQ D z + z PDJDVViJEDQ pUYpQ\HV VĦUĦVpJJHO IHMH]KHWĘ NL V D]W NDSMXN KRJ\∑
Fz = [ρ(z + z)− ρ(z)] gdzdA . 
9HJ\N pV]UH KRJ\ H] pSSHQ D] Ff KLGURV]WDWLNDL IHOKDMWyHUĘ $UNKLPpGpV] W|UYpQ\H D
IRO\DGpNHOHP−ρ(z)gdzdA V~O\D D z+z V]LQWHQ NLV]RUtWRWW N|]HJ−ρ(z+z)gdzdA V~O\iYDO
FV|NNHQ
$ N|YHWNH]Ę OpSpVEHQ NLKDV]QiOMXN KRJ\ D z HOPR]GXOiV NLFVL V D GHULYiOiV GHILQtFLyMD
 pUWHOPpEHQ D VĦUĦVpJHN NO|QEVpJH NLIHMH]KHWĘ D VĦUĦVpJ z V]HULQWL GHULYiOWMiQDN pV D z
HOPR]GXOiVQDN V]RU]DWDNpQW
∑
Fz =
dρ(z)
dz
∣∣∣∣
z
z gdzdA . 
$ WHOMHV PR]JiVHJ\HQOHW WHKiW
maz = −
∣∣∣∣dρdz
∣∣∣∣ gdzdA z . 
$ MHO|OpVEHQ NLIHMH]pVUH MXWWDWWXN KRJ\ D VĦUĦVpJ PDJDVViJ V]HULQWL dρ/dz = dρ(z)/dz
GHULYiOWMD QHJDWtY D MREE ROGDO WHKiW DUiQ\RV D NLWpUpV HOOHQWHWWMpYHO $] HJ\HQOHW PHJIHOHO D]
x LUiQ\EDQ KDUPRQLNXV UH]JĘPR]JiVW YpJ]Ę WHVW MyO LVPHUW
ma = −Dx 
HJ\HQOHWpQHN DKROD D UXJyiOODQGy $ UH]JĘ IRO\DGpNHOHP UXJyiOODQGyMD WHKiW  V]HULQW
D =
∣∣∣∣dρdz
∣∣∣∣ gdzdA . 
7XGMXN KRJ\ D]  HJ\HQOHWWHO OHtUW UH]JpV ω N|UIUHNYHQFLiMD
ω =
√
D
m
. 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 iEUD $ 1DSNRURQJ WRU]tWRWWQDN WĦQĘ DODNMD D %UXQW±9lLVlOlIUHNYHQFLiEDQ PHJILJ\HOKHWĘ
XJUiVRNUD XWDO ?iiT,ffrrrXpmQMHKXmbfnLJf6n>BM?M?fJih`QBf
(QQHN PHJIHOHOĘHQ D]  HJ\HQOHWWHO OHtUW IRO\DGpNUH]JpV N|UIUHNYHQFLiMiW PHJNDSMXN D
 UXJyiOODQGy pV D]m = ρdzdA W|PHJ EHKHO\HWWHVtWpVH XWiQ ω = N  DKRO
N =
√
g
ρ
∣∣∣∣dρdz
∣∣∣∣ 
D %UXQW±9lLVlOlIUHNYHQFLD ,WW ρ ≡ ρ(z) D z V]LQWHQ PpUW VĦUĦVpJ 0LYHO PLQG D VĦUĦVpJ
dρ/dz GHULYiOWMD PLQG D] ρ HJ\HQV~O\L pUWpN PDJDVViJIJJĘ OHKHWN LV IJJKHW D NLLQGXOiVL
z PDJDVViJWyO $QQDN KRJ\ D OpJN|UEHQ D VĦUĦVpJ pV tJ\ D %UXQW±9lLVlOlIUHNYHQFLD IJJ
D PDJDVViJWyO MyO PHJILJ\HOKHWĘ N|YHWNH]PpQ\H  iEUD KD QDSQ\XJWDNRU D 1DS SHUHPH
QHP HJ\HQOHWHVHQ tYHOWQHN KDQHP OpSFVĘVQHN WĦQLN
$] iWODJRV %UXQW±9lLVlOlIUHNYHQFLiUD My EHFVOpV DGKDWy RO\DQ H PpO\VpJĦ N|]HJEHQ
PHO\QHN DOMD pV WHWHMH N|]|WW ∆ρ D NLVPpUWpNĦ VĦUĦVpJNO|QEVpJ 0LYHO D] iWODJRV VĦUĦVpJ
JUDGLHQV HNNRU ∆ρ/H  D %UXQW±9lLVlOlIUHNYHQFLiUD My N|]HOtWpVVHO IHQQiOO KRJ\
N  = g
∆ρ
ρ

H
. 
(]W D] |VV]HIJJpVW D NpVĘEELHNEHQ J\DNUDQ KDV]QiOMXN PDMG
$ IRO\DGpNHOHP PR]JiViW OHtUy N|]|QVpJHV GLIIHUHQFLiOHJ\HQOHW IHOKDV]QiOYD KRJ\ D z
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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LUiQ\~ J\RUVXOiV D NLWpUpV PiVRGLN LGĘ V]HULQWL GHULYiOWMD az = dz/dt
dz
dt
= −N z, 
DPL D MyO LVPHUW KDUPRQLNXV UH]JĘPR]JiV GLIIHUHQFLiOHJ\HQOHWH $ PHJROGiV WHKiW HJ\ N
N|UIUHNYHQFLiM~ IJJĘOHJHV UH]JpV $ z+Z PDJDVViJEDQ NH]GĘVHEHVVpJ QpONO HOHQJHGHWW
WpUIRJDWHOHP NLWpUpVLGĘ IJJpVH HNNRU
z(t) = z + Z cos (Nt), 
XJ\DQD] PLQW D UXJyUD N|W|WW WHVWp IJJĘOHJHV NLWpUtWpV XWiQ FVDN QHP D√D/m KDQHP D]
N N|UIUHNYHQFLiYDO
$QQiO QDJ\REE D N|UIUHNYHQFLD PLQpO QDJ\REE D VĦUĦVpJJUDGLHQV (EEHQ D] pUWHOHPEHQ
D %UXQW±9lLVlOlIUHNYHQFLD D UpWHJ]HWWVpJ PpUĘV]iPD +RPRJpQ N|]HJEHQ DKRO ρ iOODQGy
V H]pUW dρ/dz =  QHP OpWH]LN LO\HQ UH]JpV N IRUPiOLVDQ ]pUXV
$] ω N|UIUHNYHQFLiM~ UH]JpV SHULyGXVLGHMH T = π/ω $]N %UXQW±9lLVlOlIUHNYHQFLiM~
UpWHJ]HWW N|]HJEHQ NLDODNXOy UH]JpVHN SHULyGXVLGHMH H]pUW
T =
π
N
. 
0LQGH]W D  VĦUĦVpJSURILO~ OpJN|UUH DONDOPD]YD HOYpJH]]N D EHQ V]HUHSOĘ GHUL
YiOiVW V tJ\ HJ\V]HUĦ EHFVOpVW NDSXQN D OpJN|U %UXQW±9lLVlOlIUHNYHQFLiMiUD QHYH]HWHVHQ D
PDJDVViJWyO IJJHWOHQ N = √g/H ≈ ,  V− pUWpNHW 9HJ\N pV]UH KRJ\ D]  iEUD
HPSLULNXV pUWpNHL YpJLJ D , ±,  V− ViYEDQPDUDGQDN DPL LVPpW LJHQ My N|]HOtWpVQHN
WHNLQWKHWĘ (] D IUHNYHQFLD T = π/N ≈  SHUF N|UOL SHULyGXVLGĘQHN D]D] PHJOHKHWĘVHQ
ODVV~ NLOHQJpVHNQHN IHOHO PHJ
 %HOVĘ KXOOiPRN
$QQDN HOOHQpUH KRJ\ iUDPOiVRNUyO V D]RN UpV]OHWHV HOHP]pVpUĘO FVDN NpVĘEEL IHMH]HWHNEHQ
OHV] V]y pUGHPHV LWW PHJHPOtWHQL HJ\ D %UXQW±9lLVlOlIUHNYHQFLiKR] V]RURVDQ NDSFVROyGy
NROOHNWtY PR]JiVW $ IRO\DGpNHOHPHN IJJĘOHJHV LUiQ\~ UH]JpVpEĘO XJ\DQLV KXOOiP iOOKDW
|VV]H $ %UXQW±9lLVlOlIUHNYHQFLiM~ UH]JpVHNEĘO NLDODNXOy KXOOiPRW EHOVĘ KXOOiPQDN
QHYH]]N ,O\HQNRU D V]RPV]pGRV WpUIRJDWHOHPHN PLQGHJ\LNH D  IJJYpQQ\HO OHtUW
PR]JiVW YpJ]L GH YDODPHNNRUD Ii]LVNO|QEVpJJHO $GRWW KHO\WĘO MREEUD D IRO\DGpNHOHP SO
HOĘEE pUL HO D NLWpUpV PD[LPXPiW EDOUD SHGLJ NpVĘEE 0LQGHQ KHO\HQ D]RQEDQ D Z DPSOLW~Gy
XJ\DQDNNRUD pV D IUHNYHQFLD D] N %UXQW±9lLVlOlIUHNYHQFLD $ KXOOiPEDQ PLQGHQ HOHP
HJ\ U|J]tWHWW KHO\ SO D z V]LQW N|UO UH]HJ iWODJRV HOPR]GXOiVD ]pUXV +XOOiPPDO H]pUW
DQ\DJWUDQV]SRUW QHP WiUVXO D KXOOiPRN D N|]HJ Q\XJDOPL iOODSRWD N|UOL NLV UH]JpVpQHN
WHNLQWKHWĘN $ EHOVĘ KXOOiP HOQHYH]pV DEEyO DGyGLN KRJ\ D N|]HJ EHOVHMpEHQ OHYĘ iOODQGy
VĦUĦVpJĦ IHOOHWHN KXOOiPR]QDN KDVRQOyDQ DKKR] DKRJ\ D YL]HN IHOV]tQL KXOOiPDL HVHWpQ D
NOVĘ IHOV]tQ
$ OpJN|UEHQ J\DNRULDN D EHOVĘ KXOOiPRN NLDODNXOiVXNpUW OHJLQNiEE D GRPERN KHJ\HN
I|O|WW I~My Yt]V]LQWHV V]HOHN IHOHOĘVHN $ V]HOHN pV D GRPERU]DW KDWiViUD D] iOODQGy VĦUĦVpJĦ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD %HOVĘ KXOOiPRN NLDODNXOiViQDN VHPDWLNXV UDM]D $ KHJ\ MHOHQOpWH PHJ]DYDUMD D V]HOHW V
HQQHN N|YHWNH]WpEHQ D] iOODQGy VĦUĦVpJĦ IHOOHWHN EHKXOOiPRVRGQDN D KHJ\ V]pO DODWWL OHH ROGDOiQ
0HJIHOHOĘ PHWHRUROyJLD IHOWpWHOHN PHOOHWW D KXOOiPKHJ\HNEHQ OHQFVHIHOKĘN NpS]ĘGQHN
 iEUD $ OHQFVHIHOKĘN EHOVĘ V]HUNH]HWpEHQ PHJPXWDWNR]LN D OHYHJĘ UpWHJ]HWWVpJH $ 0RXQW
0F.LQOH\ $ODV]ND PHOOHWW NLDODNXOW IHOKĘ + *DUEHU IHOYpWHOH
IHOOHWHN KXOOiPRVDNNi YiOQDN V D IHOOHWHN iOODQGy V]pOHUĘVVpJ HVHWpQ J\DNUDQ PLQWHJ\
N|YHWLN D GRPERU]DWRW D]D] LGĘEHQ YiOWR]DWODQ DODN~DN  iEUD $] LO\HQ EHOVĘ KXOOiPRNDW
V]RNiV KHJ\ P|J|WWL YDJ\ OHH KXOOiPRNQDN LV QHYH]QL
$ EHOVĘ KXOOiPRN MyO OiWKDWy pUGHNHV MHOHQVpJJHO WiUVXOQDN KD D KXOOiPKHJ\HNEHQ
D OHYHJĘ HOpUL D NLFVDSyGiVL V]LQWHW $ KXOOiP]iV RNR]WD IHOiUDPOiV WpUEHQ SHULRGLNXV
LGĘEHQ YiOWR]DWODQ V H]pUW D NLDODNXOy IHOKĘV|GpV LV SHULRGLNXV D WpUEHQ  iEUD $
KXOOiPKHJ\HNEHQ NLDODNXOy ORNDOL]iOW IHOKĘN PDJXN LV UpWHJHV V]HUNH]HWĦHN pV VRNV]RU
NRURQJ DODN~DN  iEUD (]pUW OHQFVHIHOKĘNQHN YDJ\ OHQWLNXOiULV IHOKĘNQHN QHYH]LN
ĘNHW D ODLNXVRN J\DNUDQ WHNLQWLN ĘNHW UHSOĘ FVpV]HDOMDNQDN XIyNQDN $ KHJ\P|J|WWL
KXOOiPRNEDQ PHJMHOHQĘ OHQFVHIHOKĘNHW D V]pO QHP HOI~MMD KDQHP pSSHQ HOOHQNH]ĘOHJ iWI~M
UDMWXN D KXOOiPY|OJ\HNEH NHUOYH D Yt]JĘ] HOSiURORJ YLV]RQW ~M OpJFVRPDJRN pUNH]QHN D
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ /e*.g5 (*<(16Ò/<, 5e7(*=(776e*( 
KXOOiPKHJ\HNEH DKRO YpJEHPHJ\ D NLFVDSyGiV $ IHOKĘ GLQDPLNXV HJ\HQV~O\EDQ OpWH]LN
DODNMD KHO\KH] N|W|WW D VWDFLRQiULXV iUDPOiVQDN PHJIHOHOĘHQ
 +ĘPpUVpNOHWL LQYHU]Ly
$ OpJN|UEHQ J\DNUDQ HOĘIRUGXO D] D NO|QOHJHV LQYHU]LyQDN QHYH]HWW KHO\]HW KRJ\ D
KĘPpUVpNOHW QĘ D PDJDVViJJDO D V]RNiVRV FV|NNHQpV KHO\HWW (NNRU IHOIHOp KDODGYD QDJ\RQ
J\RUVDQ FV|NNHQ D VĦUĦVpJ LV V H]pUW D] LQYHU]Ly PLQGLJ HUĘV UpWHJ]HWWVpJQHN IHOHO PHJ 0iV
V]yYDO LQYHU]Ly HVHWpQ PLQGLJ OpQ\HJHV D %UXQW±9lLVlOlIUHNYHQFLD PDJDVViJIJJpVH V D]
LQYHU]LyV UpWHJEHQ RWW DKRO D KĘPpUVpNOHW HPHONHGLN D %UXQW±9lLVlOlIUHNYHQFLD PLQGLJ
MyYDO QDJ\REE PLQW D]RQ NtYO $] LQYHU]Ly MHOHQWĘVpJH DEEyO DGyGLN KRJ\ KD D] LQYHU]LyV
UpWHJ DODWWL WDUWRPiQ\EyO KLGHJ OpJFVRPDJRN NHUOQHN D PHOHJEH DNNRU D]RN N|UQ\H]HWNQpO
MyYDO QHKH]HEEHN pV H]pUW J\RUVDQ YLVV]DHVQHN $ UpWHJ VRN V]HPSRQWEyO ~J\ KDW PLQWKD HJ\
PHUHY Yt]V]LQWHV ]iUyODS OHQQH D] DODWWD OHYĘ UpWHJ I|O|WW (QQHN PHJIHOHOĘHQ D NpW UpWHJEHQ
NLDODNXOy EHOVĘ KXOOiPRN VHP NHUOKHWQHN NDSFVRODWED HJ\PiVVDO
$] LQYHU]Ly HJ\LN IDMWiMD DNNRU M|Q OpWUH KD V]pOFVHQGHV LGĘEHQ D WDODM pMV]DNDL NLVXJiU]iV
RNR]WD OHKĦOpVH PLDWW D WDODMKR] N|]HOL OpJW|PHJHN LV OHKĦOQHN V tJ\ KĘPpUVpNOHWN D I|O|WWN
HOKHO\H]NHGĘ OHYHJĘpQpO NLVHEE OHV] $ NpW WDUWRPiQ\ N|]|WW LQYHU]LyV UpWHJ DODNXO NL D
iEUD $] LO\HQ WDODM N|]HOL NLVXJiU]iVL LQYHU]Ly iOWDOiEDQ D] DOVy ± PW pULQWL GH WpOL
KDMQDORNRQ DNiU D W|EE V]i] PpWHUW LV HOpUKHWL
$] LQYHU]Ly PiVLN J\DNRUL IRUPiMD OHV]iOOy OpJW|PHJHNNHO NDSFVRODWRV $ PDJDVEyO
OHIHOp PR]Jy OHYHJĘ QDJ\REE Q\RPiV~ N|]HJEH NHUO V H]pUW iOWDOiEDQ IHOPHOHJV]LN +ĘPpU
VpNOHWH tJ\ PiU YpJHV PDJDVViJEDQ PHJKDODGKDWMD D WDODM IHOHWWL OHYHJĘ KĘPpUVpNOHWpW $]
LO\HQ OHiUDPOiVL LQYHU]Ly PiV QpYHQ ]VXJRURGiVL LQYHU]Ly HVHWpQ D WDODMWyO IHOIHOp KDODGYD
D KĘPpUVpNOHW HOHLQWH FV|NNHQ PDMG HJ\ NHVNHQ\ UpWHJEHQ D WDODMV]LQWLWĘO PDJDVDEE pUWpNUH
QĘ V RQQpW LVPpW FV|NNHQ E iEUD $] LQYHU]LyV UpWHJ LO\HQNRU QpKiQ\ NP PDJDVViJED
LV NHUOKHW
 iEUD $] LQYHU]Ly NpW IDMWiMD D WDODMN|]HOL LQYHU]Ly E OHiUDPOiVL LQYHU]Ly $] HJ\PiV PHOOHWWL
J|UEpN D KĘPpUVpNOHW pV D VĦUĦVpJSURILOW YDODPLQW D %UXQW±9lLVlOlIUHNYHQFLD PDJDVViJIJJpVpW
PXWDWMiN VHPDWLNXVDQ
$] LQYHU]Ly N|UQ\H]HWL YHV]pO\HNNHO MiU $] LQYHU]LyV UpWHJ ]iUyODS MHOOHJH PLDWW XJ\DQLV D
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V]HQQ\H]pVHN FVDSGiED HVQHN H]HQ UpWHJ DODWW $ WpOL WDODMN|]HOL LQYHU]LyW UiDGiVXO HUĘVtWKHWL
HJ\ OHiUDPOiVL KHO\]HW KLGHJ OpJSiUQD $ PHWHRUROyJLDL WDSDV]WDODW V]HULQW PHO\QHN PD
J\DUi]DWiW D]  IHMH]HW DGMD PDMG PHJ D] DQWLFLNORQRNEDQ PLQGLJ OHiUDPOiV W|UWpQLN (]pUW
D] DQWLFLNORQRNNDO MiUy V]pOPHQWHV WpOL LGĘV]DNEDQ J\DNRUL D QDJ\YiURVL V]PRJ PHO\ DNiU
KRVV]~ LGHLJ LV HOWDUWKDW DGGLJ DPtJ HJ\ LGĘMiUiVYiOWR]iV EH QHP N|YHWNH]LN +HJ\HNNHO
N|UOYHWW YiURVRN PLQW SO /RV $QJHOHV YDJ\ 0H[LFR &LW\ NO|Q|VHQ KRVV]~ V]PRJRV LGĘ
V]DNRNQDN YDQQDN NLWpYH KLV]HQ D KHJ\HN D] LGĘMiUiVL IURQWRN pUNH]pVpW DNDGiO\R]]iN -yYDO
QDJ\REE WHUOHWHNHW pULQW D V]XEWUySXVL VLYDWDJRV ]yQiUD MHOOHP]Ę OHiUDPOiV UpV]OHWHVHEEHQ
O  IHMH]HW (] V]LQWH iOODQGyVXOW LQYHU]LyW DODNtW NL D QpKiQ\ NPHV PDJDVViJEDQ D] ~Q
V]XEWUySXVL LQYHU]LyW DQJROXO WUDGH LQYHUVLRQ $ V]HQQ\H]pVHN HQQpO PDJDVDEEUD WHKiW QHP
NHUOKHWQHN V H] VDMiWRV JRQGRW MHOHQW W|EE IHMOĘGĘ RUV]iJ SO .tQD V]iPiUD
$ OpJN|U OHJDOVy UpWHJH D WURSRV]IpUD I|O|WW D ± NP PDJDVViJEDQ NH]GĘGĘ V]WUDWR
V]IpUD LV UHQGHONH]LN D]]DO D WXODMGRQViJJDO KRJ\ EHQQH D KĘPpUVpNOHW QĘ D PDJDVViJJDO
NE D]  NPHV V]LQWLJ (] WHKiW HJ\ KDWDOPDV iOODQGy HOKHO\H]NHGpVĦ LQYHU]LyV UpWHJQHN
LV WHNLQWKHWĘ PHO\ LJHQ VWDELODQ V]WUDWLILNiOW LQQpW HUHG HOQHYH]pVH V H]pUW EL]WRVtW VLPD
KDODGiVW D UHSOĘJpSHNQHN $ WURSRV]IpUD pV D V]WUDWRV]IpUD N|]|WWL iWPHQHWL UpWHJ D
WURSRSDX]D H]pUW PLQWHJ\ ]iUyUpWHJNpQW KHO\H]NHGLN HO D WURSRV]IpUD IHOHWW $ NpW UpWHJ
N|]|WW DQ\DJNLFVHUpOĘGpV QpKiQ\ LJHQ HUĘV IHOiUDPOiVVDO MiUy IRO\DPDW QDJ\ YLKDUIHOKĘN
YXONiQNLW|UpV NLYpWHOpYHO QHP PHJ\ YpJEH (]pUW WHNLQWKHWMN D OpJN|U DOVy UpWHJpW D IHOHWWH
HOKHO\H]NHGĘNWĘO IJJHWOHQQHN V H]pUW V]RUtWNR]XQN H]XWiQ LV IĘOHJ D WURSRV]IpUDEHOL OpJN|UL
MHOHQVpJHN YL]VJiODWiUD
 $ SODQHWiULV KDWiUUpWHJ
$ WURSRV]IpUD DOVy UpWHJpW PHO\HQ NHUHV]WO D OpJN|U NDSFVRODWED NHUO D IHOV]tQQHO SOD
QHWiULV KDWiUUpWHJQHN QHYH]]N (EEHQ D] ± NP YDVWDJViJ~ WDUWRPiQ\EDQ HJpV]HQ PiV
MHOOHJĦ IRO\DPDWRN ]DMODQDN PLQW D I|O|WWH HOWHUOĘ V]DEDG OpJN|UEHQ DPLQW D]W D  iEUD
V]HPOpOWHWL $ SODQHWiULV KDWiUUpWHJEHQ D IHOV]tQ V]DEiO\WDODQViJD PLDWW D V]HOHN UHQGH]HWOHQ
IJJĘOHJHV VHEHVVpJNRPSRQHQVVHO LV UHQGHONH]Ę iUDPOiVRNUD YH]HWQHN (KKH] MiUXO PpJ D
IHOV]tQ IHOPHOHJHGpVH N|YHWNH]WpEHQ NLDODNXOy IHOiUDPOiVRN D NRQYHNFLy ERQ\ROXOW UHQGV]HUH
O  IHMH]HW
gVV]HVVpJpEHQ D SODQHWiULV KDWiUUpWHJEHQ D] iUDPOiV WXUEXOHQV (] D]W MHOHQWL KRJ\
D] iUDPOiV WpUEHQ pV LGĘEHQ LV V]DEiO\WDODQ $ WXUEXOHQFLD HOHPL IRUPiMD ~J\ WHNLQWKHWĘ
PLQW NO|QIpOH PpUHWĦ D PLOOLPpWHUHV PpUHWWĘO D QpKiQ\ NLORPpWHUHVLJ WHUMHGĘ |UYpQ\HN
YpOHWOHQV]HUĦ HJ\WWHVH $] HOHPL WXUEXOHQFLiEDQ D] iWODJRV iUDPOiVL VHEHVVpJ QXOOD GH D
KHO\L pV SLOODQDWQ\L VHEHVVpJ HWWĘO LJHQ HUĘVHQ HOWpUĘ LV OHKHW $KRJ\ D  iEUD VHPDWLNXVDQ
PXWDWMD D] iUDPOiV DODSYHWĘHQ NO|QE|]LN D ODPLQiULV iUDPOiVWyO PHO\EHQ D] HJ\PiVPHOOHWW
KDODGy IRO\DGpNUpWHJHN N|]|WW J\DNRUODWLODJ QLQFV NDSFVRODW $ ODPLQiULV iUDPOiV PLQGLJ
MHOHQWĘV HUHGĘ HOPR]GXOiVVDO DQ\DJWUDQV]SRUWWDO MiU $ SODQHWiULV KDWiUUpWHJEHOL iUDPOiV
iOWDOiEDQ DGRWW ODPLQiULV V]pO pV D] HOHPL WXUEXOHQFLD |VV]HJpQHN WHNLQWKHWĘ $] tJ\ NLDODNXOy
WXUEXOHQV V]pOEHQ D] HOHPL WXUEXOHQFLD WHUHPW NDSFVRODWRW pV DQ\DJNLFVHUpOĘGpVW D V]RPV]pGRV
IRO\DGpNUpWHJHN N|]|WW
ÈOWDOiEDQ KDWiUUpWHJQHN QHYH]]N D]W D WDUWRPiQ\W DKRO D IRO\DGpN EHOVĘ V~UOyGiVD OpQ\HJHV V]HUHSHW
MiWV]LN
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 iEUD $ WURSRV]IpUD VHPDWLNXV V]HUNH]HWH EHQQH D IHOV]tQW N|YHWĘ SODQHWiULV KDWiUUpWHJJHO DKRO
D OpJN|U HUĘVHQ NHYHUW
 iEUD $ ODPLQiULV iUDPOiV EDO ROGDOL iEUD pV D] HOHPL WXUEXOHQFLD MREE ROGDOL iEUD
N|]|WWL NO|QEVpJ $ YRQDODN D IRO\DGpNUpV]HFVNpN SiO\iMiW V]HPOpOWHWLN $] HOHPL WXUEXOHQFLiEDQ
D] DQ\DJWUDQV]SRUWQDN QLQFV NLWQWHWHWW LUiQ\D D] HUHGĘ DQ\DJWUDQV]SRUW tJ\ HOKDQ\DJROKDWy
$  iEUD PXWDWMD KRJ\ D KDWiUUpWHJ YDVWDJViJD IJJKHW D I|OGUDM]L KHO\WĘO D IHOV]tQ
MHOOHJpWĘO Yt] YDJ\ V]iUD]I|OG $ IHOKĘN DOMD UHQGV]HULQW N|]HO HVLN D KDWiUUpWHJ IHOVĘ
SHUHPpKH] $ KDWiUUpWHJ YDVWDJViJD MHOHQWĘV QDSV]DNRV YiOWR]iVW LV PXWDWKDW N|]HSHV
V]pOHVVpJHNHQ D] pMV]DNDL QpKiQ\ V]i] PpWHUHV pUWpNWĘO D NpVĘ GpOXWiQL NLORPpWHUHVLJ WHUMHG
D NRQYHNFLy XJ\DQLV GpOXWiQ D OHJHUĘWHOMHVHEE $ KDWiUUpWHJQHN pYV]DNRV YiOWR]iVD LV YDQ
WpOHQ iOWDOiEDQ NHVNHQ\HEE $] HOĘ]Ę IHMH]HWEHQ HPOtWHWW V]pOFVHQGHV LGĘEHQ NLDODNXOy WpOL
WDODM N|]HOL LQYHU]Ly HVHWpQ D KDWiUUpWHJ LGHLJOHQHVHQ PHJV]ĦQKHW
$ YpJHV YDVWDJViJ~ KDWiUUpWHJEHQ D WXUEXOHQFLD PLDWW HUĘV NHYHUHGpV W|UWpQLN (] D]W
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 iEUD $ OpJN|U DOVy UpV]pQHN VHPDWLNXV VĦUĦVpJHORV]OiVD $ KDWiUUpWHJEHQ D VĦUĦVpJ
J\DNRUODWLODJ NRQVWDQV D My NHYHUpVW D NRQYHNFLy pV D GRPERU]DWRQ LUiQ\W YiOWR]WDWRWW V]pO DODNtWMD
NL 5pWHJ]HWWVpJ FVDN IHOHWWH D V]DEDG OpJN|UEHQ MHOHQLN PHJ
MHOHQWL KRJ\ D KDWiUUpWHJ J\DNRUODWLODJ KRPRJpQ (] D WDUWRPiQ\ WHKiW iOODQGy VĦUĦVpJĦ
V]HPEHQ D V]DEDG OpJN|U UpWHJ]HWWVpJpYHO V YDVWDJViJD PLDWW D]  iEUiQ QHP LV MHOHQW
PHJ $ OpJN|U DOVy QpKiQ\ NLORPpWHUpQHN WLSLNXV VĦUĦVpJHORV]OiViW D  iEUD PXWDWMD
$ KDWiUUpWHJUH D] MHOOHP]Ę KRJ\ EHQQH D] iWODJRV VĦUĦVpJ NRQVWDQV D]D] D %UXQW±9lLVlOl
IUHNYHQFLD ]pUXV ,WW WHKiW EHOVĘ KXOOiPRN QHP OpWH]KHWQHN $]RN FVDN D KDWiUUpWHJHQ NtYOL
V]DEDG OpJN|UEHQ MHOHQKHWQHN PHJ $ SODQHWiULV KDWiUUpWHJQHN NO|Q|VHQ IRQWRV D] D V]HUHSH
KRJ\ D OpJN|UyFHiQ N|OFV|QKDWiV LV H]HQ D UpWHJHQ NHUHV]WO W|UWpQLN O  IHMH]HW V H] D]
pJKDMODWYiOWR]iV V]HPSRQWMiEyO LV QDJ\ MHOHQWĘVpJĦYp WHV]L
 $] yFHiQRN NpPLDL |VV]HWpWHOH
)|OGQN IHOV]tQpQHN PLQWHJ\ iW ERUtWMD Yt] PHO\QHN QDJ\ UpV]H D VyV YLOiJyFHiQ (QQHN
W|PHJH NE  ×  NJ D ERO\Jy |VV]W|PHJpQHN PLQG|VV]H D (]]HO V]HPEHQ
KĘNDSDFLWiVD D OpJN|UpQpO H]HUV]HU QDJ\REE H]pUW D NOtPD DODNtWiViEDQ DEV]RO~W PHJKDWiUR]y
V]HUHSHW MiWV]LN
.pPLDL |VV]HWpWHO V]HPSRQWMiEyO QLQFVHQ QDJ\ YiOWR]DWRVViJ  NJ WHQJHUYt] iWODJRVDQ
 J ROGRWW VyWDUWDORPPDO UHQGHONH]LN DQRPiOLV HVHWHNWĘO HOWHNLQWYH PLQW SO D +ROWWHQJHU
D PDJD  JNJRV WHOtWpVKH] N|]HOL pUWpNpYHO $ WHQJHUYt] VyNRQFHQWUiFLyMiW V]DOLQLWiVQDN
QHYH]]N eUWpNpW J/NJ HJ\VpJHNEHQ D] ~Q Ä3UDFWLFDO 6DOLQLW\ 8QLW´EDQ 368EDQ V]RNiV
PHJDGQL (] J\DNRUODWLODJ D VyWDUWDORP W|PHJV]i]DOpND H]UHOpNEHQ NLIHMH]YH $ WHQJHUYt]
iWODJRV VyWDUWDOPD WHKiW  368 $ IHOV]tQL V]DOLQLWiV HJ\ pYUH iWODJROW HORV]OiViW PXWDWMD
D]  iEUD $ PLQWi]DW HJ\V]HUĦHQ pUWKHWĘ D] HJ\HQOtWĘW |YH]Ę PHOHJ pV FVDSDGpNKLiQ\RV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD $] iWODJRV IHOV]tQL VyNRQFHQWUiFLy I|OGUDM]L HORV]OiVD $ NRQW~UYRQDODN 368 VNiOiQ
DGRWWDN Ä3UDFWLFDO 6DOLQLW\ 8QLW´  368 HJ\VpJ PHJIHOHO  J Vy NJ WHQJHUYt] W|PHJDUiQ\QDN
$GDWRN ?iiT,ffrrrXMQ/+XMQX;QpfP*f
WHUOHWHNHQ D] LQWHQ]tY SiUROJiV PLDWW D VyNRQFHQWUiFLy NLVPpUWpNEHQPHJQ|YHNV]LN D VDUNRN
N|UQ\H]HWpEHQ YLV]RQW D FVDSDGpN pV D] ROYDGpNYt] IHOV]tQL KtJXOiVW RNR] $ VyWDUWDORP
OHJIRQWRVDEE |VV]HWHYĘL D &O− 1D+ 62−  0J+ &D+ .+ %U− VWE LRQRN H]HNQHNIĘOHJ ELROyJLDL MHOHQWĘVpJH YDQ KDVRQOyDQ D] ROGRWW R[LJpQKH] pV QLWURJpQKH] $ JOREiOLV
IRO\DPDWRN V]HPSRQWMiEyO LWW LV NO|QOHJHV V]HUHSH YDQ D V]pQGLR[LGQDN GH H] QHP WiUJ\D
WRYiEEL YL]VJiODWDLQNQDN
 $] yFHiQRN UpWHJ]HWWVpJH
$ WHQJHUYt] S V]DOLQLWiViQDN SO D] HOĘ]Ę V]DNDV]EDQ LVPHUWHWHWW JNJ HJ\VpJHNEHQPHJDGYD
V]iPXQNUD PRVW OpQ\HJHV N|YHWNH]PpQ\H KRJ\ D Yt] iOODSRWHJ\HQOHWpEHQ ~M YiOWR]yNpQW
MHOHQLN PHJ D T KĘPpUVpNOHW pV p Q\RPiV PHOOHWW
ρ = ρ(S, T, p) . 
$ VĦUĦVpJ H]HQ IJJYpQ\H LJHQ NRPSOLNiOW QHPOLQHiULV PyGRQ IJJ YiOWR]yLWyO H]pUW V]iPRV
HPSLULNXV N|]HOtWĘ IRUPXOD KDV]QiODWRV D J\DNRUODWL DONDOPD]iVRNQiO
)RQWRV GLQDPLNDL IRO\DPDWRN NLYiOWyMD KRJ\ D VyWDUWDORP pV D KĘPpUVpNOHW Q|YHNHGpVH D
VĦUĦVpJ HOOHQNH]Ę HOĘMHOĦ YiOWR]iViW RNR]]D $ NpW KDWiV HJ\PiVVDO YHUVHQJYH LQVWDELOLWiVRNDW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  g66=(7e7(/ 5e7(*=(776e*
RNR] DPHO\HN IJJĘOHJHV YHUWLNiOLV NHYHUHGpVL IRO\DPDWRNKR] YH]HWKHWQHN +D D] S
VyNRQFHQWUiFLy pV D T KĘPpUVpNOHW FVDN HJ\ V]ĦN WDUWRPiQ\EDQ YiOWR]LN D]S pV T UHIHUHQFLD
pUWpNHN N|UO iOODQGy p IHOV]tQL Q\RPiV PHOOHWW DNNRU D]  iOODSRWHJ\HQOHW OLQHiULV
N|]HOtWpVpW KDV]QiOKDWMXN
ρ(S, T ) = ρ [− α(T)(T − T) + γ(T)(S − S)] , 
DKRO α(T) D WpUIRJDWL KĘWiJXOiVL HJ\WWKDWy WLSLNXV pUWpNH T = ◦&RQ ,  × − .−
LOOHWYH γ(T) D NRQFHQWUiFLyV VĦUĦVpJL HJ\WWKDWy ◦&RQ ,  × − 368− $] α(T)
pV γ(T) MHO|OpVHN D]W IHMH]LN NL KRJ\ D] HJ\WWKDWyN V]iPpUWpNH IJJ D WHUPRGLQDPLNDL
iOODSRWMHO]ĘNWĘO iP H]HN N|]O D KĘPpUVpNOHW KDWiVD D] LJD]iQ PHJKDWiUR]y
0LQW HPOtWHWWN D] HJ\WWKDWyN HOOHQNH]Ę HOĘMHOH IJJĘOHJHV NHYHUHGpVL IRO\DPDWRN
HOLQGtWyMD OHKHW PpJ iOODQGy KĘPpUVpNOHW HVHWpQ LV +D D] S NRQFHQWUiFLy Q|YHNHGQL NH]G
± H] MiWV]yGLN OH D] HJ\HQOtWĘK|] N|]HO LQWHQ]tY SiUROJiV HVHWpQ ± D IHOVĘ UpWHJ VĦUĦVpJH
PDJDVDEEUD QĘKHW PLQW D] DODWWD HOKHO\H]NHGĘ Yt]W|PHJp H] RNR]]D D] ~Q OHV]iOOy
ÄVyXMMDN´ PHJMHOHQpVpW D OHJIHOVĘ YpNRQ\ Yt]UpWHJEHQ OiVG ?iiT,ffF`KMX2Hi2X?mf
\t4FBb2`H2i2FfbQbmDDF ÈOODQGy VyWDUWDORP PHOOHWW D KĘPpUVpNOHW FV|NNHQpVH KDVRQOy
KDWiV~ H]pUW EXNLN OH D PpO\WHQJHUL V]LQWLJ D *ROI±iUDPODW HJ\ UpV]pQHN HUHGHWLOHJ PHOHJ
pV VyV YL]H pV]DNRQ D UpV]OHWHNHW O D  IHMH]HWEHQ D VDUNL |YH]HWEHQ DKRO D N|UQ\H]Ę
Yt]W|PHJHN D PHOHJHEE IpOpY ROYDGpNYL]H PLDWW MHOHQWĘVHQ KtJDEEDN
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 .pN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7LSLNXV IJJĘOHJHV SURILORNDW LOOXV]WUiO D]  iEUD $] yFHiQL PpUpVHNHW PHUOĘ
V]RQGiNNDO YpJ]LN D VĦUĦVpJ pUWpNHNHW D] (S, T ) DGDWSiURNEyO V]iPtWMiN D SRQWRV iOODSRW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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HJ\HQOHW DODSMiQ $]  iOODSRWHJ\HQOHWEHQ V]HUHSOĘ Q\RPiVL YiOWR]yW iOWDOiEDQ D] 
KLGURV]WDWLNXV N|]HOtWpVVHO KDWiUR]]iNPHJ iOODQGy VĦUĦVpJHW IHOWpWHOH]YH YHJ\N pV]UH KRJ\
D WHOMHV VĦUĦVpJYiOWR]iV MyYDO NLVHEE D]  NJ/P iWODJRV Yt]VĦUĦVpJ iQiO PLQGNpW
SURILO HVHWpQ H] D PpO\VpJ IJJYpQ\pEHQ OLQHiULVDQ Q|YHNYĘ Q\RPiVW MHOHQW $ IHOV]tQ
DODWW WLSLNXVDQ HUĘV JUDGLHQVHN WDOiOKDWyN PLQG D KĘPpUVpNOHW PLQG D VyWDUWDORP WHNLQWHWpEHQ
NE  NP PpO\VpJLJ (]W D WDUWRPiQ\W QHYH]]N WHUPRNOLQ ]yQiQDN $ ]yQD DODWW PiU DOLJ
YiOWR]LN YDODPL H] D PpO\WHQJHU YLOiJD $]  iEUD MREE ROGDOiQ OiWKDWy %UXQW±9lLVlOl
IUHNYHQFLD IJJĘOHJHV HORV]OiVD QDJ\RQ NO|QE|]LN OpJN|UL PHJIHOHOĘMpWĘO  iEUD %iU
D WHUPRNOLQ ]yQiEDQ HOĘIRUGXOQDN DNiU N = ,  V− pUWpNHN LV D PpO\EHQ HQQpO ±
V]RU NLVHEE IUHNYHQFLiN WHNLQWKHWĘHN WLSLNXVQDN $ WpUIRJDWHOHPHN IJJĘOHJHV UH]JpVpQHN
T = π/N SHULyGXVLGHMH D WHUPRNOLQ ]yQiEDQ HQQHN PHJIHOHOĘHQ  SHUF N|UOL D PpO\EHQ
SHGLJ yUD QDJ\ViJUHQGĦ $ OpJN|UK|] KDVRQOyDQ D UpWHJ]HWW yFHiQL Yt]EHQ LV NLDODNXOKDWQDN
EHOVĘ KXOOiPRN  iEUD PHO\HN IUHNYHQFLiMD D] DGRWW V]LQWKH] WDUWR]y %UXQW±9lLVlOl
IUHNYHQFLD
 iEUD %HOVĘ KXOOiPRN 6]RPiOLD SDUWYLGpNpQHN N|UQ\pNpQ $ KXOOiPRN D] $UDEWHQJHU UHODWtY
DODFVRQ\ VyWDUWDOP~ IHOVĘ pV D WHUPRNOLQ ]yQD OiVG  iEUD KDWiUiQ PR]RJQDN 1$6$ -6& 'LJLWDO
,PDJH &ROOHFWLRQ
$]  iEUD J|UEpLQ QHP OiWKDWy D IHOERQWiV PLDWW KRJ\ N|]YHWOHQO D IHOV]tQ DODWW
PLQGLJ WDOiOXQN HJ\ ± P YDVWDJ NHYHUHGpVL UpWHJHW PHO\ iWODJEDQ WHOMHVHQ KRPRJpQQHN
WHNLQWKHWĘ (QQHN RND KRJ\ D IHOV]tQL V]pO D KXOOiPRN pV D KHO\L KĘPpUVpNOHW NO|QEVpJHNEĘO
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  g66=(7e7(/ 5e7(*=(776e*
DGyGy NRQYHNFLy HUĘV NHYHUHGpVW YiOWDQDN NL tJ\ QHP HQJHGLN D VWDELO UpWHJ]ĘGpV IHQQPD
UDGiViW $  iEUD H]W D UpWHJHW LV EHPXWDWMD VHPDWLNXV UDM]RQ $ NHYHUHGpVL UpWHJEHQ D
%UXQW±9lLVlOlIUHNYHQFLD D] iOODQGy VĦUĦVpJ PLDWW HOWĦQLN (] D UpWHJ WHKiW KDVRQOy V]HUHSHW
MiWV]LN D] yFHiQEDQ pV D WHQJHUHNEHQ PLQW D OpJN|UEHQ D SODQHWiULV KDWiUUpWHJ $] iOWDOiEDQ
PR]Jy Yt]IHOV]tQQHO LWW D OHJN|]YHWOHQHEE D NDSFVRODW H]pUW H] D UpWHJ YHV]L iW D V]pOQ\tUiVEyO
DGyGy HUĘKDWiVW DPLQW DQQDN UpV]OHWHLW PDMG D  IHMH]HWEHQ OiWMXN ÈOWDOiEDQ D OpJN|U pV D
YL]HN N|OFV|QKDWiVD D SODQHWiULV KDWiUUpWHJHQ pV D NHYHUHGpVL UpWHJHQ NHUHV]WO YDOyVXO PHJ
 iEUD $ NHYHUHGpVL UpWHJ pV D] DODWWD HOKHO\H]NHGĘ WHUPRNOLQ ]yQD VHPDWLNXV UDM]D 9HJ\N pV]UH
KRJ\ H] V]HUNH]HWpEHQ WN|UNpSH D OpJN|UL KDWiUUpWHJHW pV D WURSRV]IpUiW EHPXWDWy  iEUiQDN
$]  iEUD DGDWDL NpW PpUpVL SRQWUyO V]iUPD]QDN PHO\HN I|OGUDM]L WiYROViJD  NP
.O|Q|VHQ V]HPEH|WOĘ D KDUPDGLN SDQHOHQ KRJ\ D]RQRV V]LQWHNHQ V]iPRWWHYĘ KRUL]RQWiOLV
VĦUĦVpJEHOL NO|QEVpJHN OpSKHWQHN IHO (] EL]WRVDQ QHP IHOHOPHJ D WHUPLNXV YDJ\ JUDYLWiFLyV
HJ\HQV~O\L iOODSRWQDN D]D] HJ\ LO\HQ KHO\]HW W|UYpQ\V]HUĦHQ iUDPOiVRNDW LQGtW HO D Yt]V]LQWHV
VtNEDQ
$ IHMH]HW IRQWRV ]HQHWH D] KRJ\ D IHOV]tQN|]HOL NHVNHQ\ KRPRJpQ UpWHJHNHQ NtYO
PLQGNpW QDJ\ N|UQ\H]HWL N|]HJQN UpWHJ]HWW V D UpWHJ]HWWVpJ KHO\WĘO pV LGĘWĘO LV IJJ
(J\HQV~O\L iOODSRW QHP DODNXOKDW NL Yt]V]LQWHV VĦUĦVpJNO|QEVpJHN HVHWpQ H]pUW D] LO\HQ
N|]HJHNEHQ W|UYpQ\V]HUĦHQ MHOHQ YDQQDN QDJ\ VNiOiM~ Yt]V]LQWHV PR]JiVRN WUDQV]SRUWIR
O\DPDWRN 5iDGiVXO OiWWXN D]W LV KRJ\ D UpWHJ]HWW N|]HJHNEHQ WHUPpV]HWHV PR]JiVIRUPD D
IJJĘOHJHV UH]JpV pV D EHOVĘ KXOOiP PHO\HNQHN QLQFVPHJIHOHOĘMN KRPRJpQ IRO\DGpNRNEDQ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 IHMH]HW
*OREiOLV HQHUJLDPpUOHJ
 1DSiOODQGy DOEHGy IHOV]tQL EHVXJiU]iV
0DMGQHP PLQGHQ I|OGL IRO\DPDW PHJKDMWy HQHUJLDIRUUiVD D 1DS VXJiU]iVD $ VXJiU]iV
OpJN|U|Q NtYOL iWODJRV LQWHQ]LWiVD D] ~Q QDSiOODQGy D]D] N|]HSHV 1DS±)|OGWiYROViJ
HVHWpQ D 1DS LUiQ\iUD PHUĘOHJHV  PHV IHOOHWHQ HJ\ PiVRGSHUF DODWW iWKDODGy HQHUJLD
eUWpNH D PpUpVHN DODSMiQ  :P .|]SRQWL FVLOODJXQN EHOVHMpEHQ pV IHOV]tQpQ LJHQ
GLQDPLNXV IRO\DPDWRN ]DMODQDN H]pUW D VXJiU]iV HUĘVVpJH LGĘEHQ YiOWR]y (]HQ EHOO YDQQDN
U|YLGWiY~ YpOHWOHQV]HUĦ HVHPpQ\HN SO D QDSNLW|UpVHN GH KRVV]DEE WiY~ N|]HO SHULRGLNXV
YiOWR]pNRQ\ViJ LV SO D  pYHV QDSIROWFLNOXVRN $]  :P pUWpN D SLOODQDWQ\L PpUW
pUWpNHN iWODJD
$] DWPRV]IpUD WHWHMpW HOpUĘ VXJiU]iV WHOMHV PHQQ\LVpJH QHP MXW OH D )|OG IHOV]tQpUH $
OpJN|UL Ji]RNEDQ W|UWpQĘ N|]YHWOHQ HOQ\HOpV PHOOHWW H] NE  HJ\ WRYiEEL UpV]H 
D IHOV]tQUĘO pV D OpJN|UEĘO YLVV]DYHUĘGLN SO KyPH]ĘN IHOKĘN $] DGRWW KHO\HQ PHJMHOHQĘ
LQWHQ]LWiVW D )|OG J|UEOWVpJpEĘO DGyGyDQ iOWDOiEDQ  IRNQiO NLVHEE EHHVpVL V]|J WRYiEE
FV|NNHQWL  iEUD $ IHOV]tQ YLVV]DYHUĘ NpSHVVpJpW NLIHMH]Ę PHQQ\LVpJ D] DOEHGy DPL
HJ\V]HUĦHQ D YLVV]DYHUW pV D EHHVĘ LQWHQ]LWiVRN KiQ\DGRVD J\DNUDQ V]i]DOpNRV IRUPiEDQ
 iEUD $ I|OGIHOV]tQ J|UEOWVpJH PLDWW D 1DSEyO pUNH]Ę D YLOiJĦUEHQ XJ\DQDNNRUD IHOOHWHQ
iWKDODGy VXJiU]iV D PDJDVDEE V]pOHVVpJL N|U|NQpO QDJ\REE WHUOHWHQ RV]OLN HO H]pUW HJ\VpJQ\L
IHOOHWUH D] (J\HQOtWĘWĘO WiYRORGYD HJ\UH NHYHVHEE HQHUJLD MXW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  */2%È/,6 (1(5*,$0e5/(*
 iEUD $ IHOV]tQL QHWWy EHVXJiU]iVL LQWHQ]LWiV pYHV iWODJiQDN I|OGUDM]L HORV]OiVD )RUUiV ?iiT,
ffQ+2MrQ`H/XiKmX2/mf`2bQm`+2bfQ+M;ni2ti#QQFf
)HOVRUROXQN QpKiQ\ WLSLNXV DOEHGy pUWpNHW D  WiEOi]DWEDQ
 WiEOi]DW 7LSLNXV IHOV]tQL DOEHGy pUWpNHN D OHJJ\DNRULEE WtSXVRN HVHWpQ V]i]DOpNRV
HJ\VpJHNEHQ
IHOV]tQ WtSXVD DOEHGy a >@
yFHiQRN IHOV]tQH 
HUGĘVpJHN 
V]iQWyI|OGHN 
IYHV PH]ĘN 
YiURVRN 
VLYDWDJL KRPRN 
IHOKĘN 
MpJPH]ĘN 
KDYDV IHOV]tQ 
$ V]pOHVQHN WĦQĘ ViYRN D]W WNU|]LN KRJ\ D IHOKĘN YDJ\ D KyPH]ĘN QDJ\RQ HOWpUĘ
WXODMGRQViJ~DN LV OHKHWQHN Q\LOYiQ H] EHIRO\iVROMD D YLVV]DYHUĘ NpSHVVpJHW $ )|OG WHOMHV
WHUOHWpUH pV W|EE pYUH NLiWODJROW pUWpN D SODQHWiULV DOEHGy QDJ\ViJD  PHO\QHN pYHQ
EHOOL LQJDGR]iVD NE  PLYHO D] pV]DNL IpOWHNH KyYDO ERUtWRWW WHUOHWHL VRNNDO HUĘVHEE
pYV]DNRV YiOWR]pNRQ\ViJ~DN GH D SODQHWiULV DOEHGyEDQ pYUĘO pYUH LV MHOHQWNH]LN PLQWHJ\
Q\L HOWROyGiV
$ QDSVXJiU]iV IHOV]tQHQPpUW pYHV iWODJRV QHWWy LQWHQ]LWiViQDN I|OGUDM]L HORV]OiViW PXWDWMD
EH D  iEUD $ ÄQHWWy´ MHO]Ę D WpQ\OHJHVHQ HOQ\HOW VXJiU]iVUD XWDO WHKiW D PpUpVHN D IHOV]tQL
DOEHGy ILJ\HOHPEH YpWHOpYHO W|UWpQWHN PLQGHPHOOHWW HQQHN FVHNpO\ D PyGRVtWy KDWiVD (QQHN
RND KRJ\ D OpJN|U WHWHMpQPpUW WHOMHV YLVV]DYHUW VXJiU]iV PLQG|VV]H D pUNH]LN D IHOV]tQUĘO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 63(.75È/,6 78/$-'216È*2. 
D D IHOKĘNUĘO WRYiEEL  N|]YHWOHQO D] DWPRV]IpUiEyO UHIOHNWiOyGLN (]HN |VV]HJH
DGMD D SODQHWiULV DOEHGy RV pUWpNpW (]pUW D  WpUNpS (J\HQOtWĘ PHQWL PLQWi]DWD VRNNDO
LQNiEE D IHOKĘNpS]ĘGpV J\DNRULViJiYDO NDSFVRODWRV O  iEUD 0DJ\DURUV]iJRQ D] HOQ\HOW
VXJiU]iV KRVV]~ LGHLJ PpUW iWODJD D QDSiOODQGy NE HJ\WL]HGH  :P D YLOiJiWODJ
HQQHN NpWV]HUHVH QDJ\MiEyO  :P OiVG NpVĘEE
 6SHNWUiOLV WXODMGRQViJRN
$] RSWLNDL SUL]PD IHOIHGH]pVH D P~OW KRPiO\iED YpV] YLV]RQW MyO LVPHUW 1HZWRQ PXQNiVViJD
H]HQ D WHUOHWHQ LV DNL EL]RQ\tWRWWD D QDSIpQ\ |VV]HWHWW MHOOHJpW $  iEUD D 1DSEyO pUNH]Ę
HOHNWURPiJQHVHV VXJiU]iV HQHUJLDVĦUĦVpJpQHN D]D] D] HJ\VpJQ\L WpUIRJDWUD HVĘ HQHUJLiQDN
HORV]OiViW PXWDWMD D KXOOiPKRVV] IJJYpQ\pEHQ .O|Q|VHQ D IRO\WRQRV EXUNROy J|UEH MREE
ROGDOL LQIUDY|U|V ,5 WDUWRPiQ\iUD LOOHV]NHGLN MyO D 3ODQFNHORV]OiV D]D] HJ\  ◦&
KĘPpUVpNOHWĦ LGHiOLV IHNHWHWHVW KĘVXJiU]iViUD MHOOHP]Ę HORV]OiVIJJYpQ\
$ OpJN|U RSWLNDL V]ĦUĘ KDWiVDL MHOHQWĘVHN NO|Q|VHQ D] y]RQO\XN PHJMHOHQpVH QDJ\MiEyO
 yWD WHNLQWKHWĘ N|]LVPHUWQHN KRJ\ D] XOWUDLERO\D 89 pV H[WUpP XOWUDLERO\D (89
NRPSRQHQVHN J\DNRUODWLODJ QHP pULN HO D )|OG IHOV]tQpW D iEUD SRQWR]RWW YRQDO OHJDOiEE
LV QRUPiOLV N|UOPpQ\HN N|]|WW $ OiWKDWy 9,6 KXOOiPKRVV]WDUWRPiQ\EDQ D] HOQ\HOpV QHP
W~O MHOHQWĘV H]pUW HOVĘVRUEDQ D SRU NRURP YXONiQL KDPX pV KDVRQOy V]HPFVpN D IHOHOĘVHN
(]]HO V]HPEHQ D] LQIUDY|U|V ,5 WDUWRPiQ\EDQ VSHFLiOLV KXOOiPKRVV] ÄDEODNRN´ WDOiOKDWyDN
DPHO\HNEHQ D OpJN|UW DONRWy PROHNXOiN V]LQWH D WHOMHV EHpUNH]Ę VXJiU]iVW HOQ\HOLN (QQHN D]
HOQ\HOpVQHN D N|YHWNH]PpQ\H D] YHJKi]KDWiV pV D] HEEHQ V]HUHSOĘ NpPLDL DQ\DJRNDW KtYMXN
YHJKi]Ji]RNQDN
7DOiQ QHP HQQ\LUH N|]LVPHUW D E iEUD J|UEpMH DPHO\ HJ\ WLSLNXV  pYHV QDSFLNOXV
PD[LPXP pV PLQLPXP pUWpNHL N|]|WW PXWDWMD D VSHNWUiOLV HORV]OiVIJJYpQ\HN NO|QEVpJpW
(OĘV]|U LV pUGHPHVPHJMHJ\H]QL KRJ\ D QDSIROWJ\DNRULViJPD[LPXPDLKR] pV PLQLPXPDLKR]
WDUWR]y WHOMHV VXJiU]iVL LQWHQ]LWiVEDQ PLQG|VV]H  NO|QEVpJ WDSDV]WDOKDWy E iEUD
Yt]V]LQWHV V]DJJDWRWW YRQDO (N|]EHQ HJ\UH W|EE N|UQ\H]HWL MHOHQVpJEHQ YpOLN I|OIHGH]QL
D QDSWHYpNHQ\VpJ YiOWR]pNRQ\ViJiQDN KDWiViW SpOGiXO D ;9,, V]i]DG PiVRGLN IHOpEHQ
EHN|YHWNH]HWW ~Q 0DXQGHUPLQLPXP D QDSIROWRN V]LQWH WHOMHV KLiQ\D MHOHQVpJpW VRNDQ
D] (XUySiEDQ NRPRO\ YiOViJRN VRUiYDO MHOOHP]HWW ÄNLV MpJNRUV]DNNDO´ OiWMiN RNRNR]DWL
|VV]HIJJpVEHQ (J\HOĘUH Q\LWRWW NpUGpV KRJ\ KRJ\DQ YH]HWKHW QpKiQ\ WL]HG V]i]DOpNQ\L
VXJiU]iVL LQWHQ]LWiVYiOWR]iV NRPRO\ pJKDMODWL HOWROyGiVRNKR] UiDGiVXO H] D WL]HG V]i]DOpNQ\L
LQJDGR]iV LV D VSHNWUXP (89 pV 89 WDUWRPiQ\iEyO DGyGLN E iEUD DPL D OpJN|U OHJIHOVĘ
UpWHJHLEHQ HOQ\HOĘGLN
$ D iEUiQ SRQWR]RWW YRQDOODO pV V]tQH]pVVHO MHO|OW WDUWRPiQ\EDQ D VXJiU]iV HOpUL D
IHOV]tQW DKRO D WDODMEDQ pV D] yFHiQRNEDQ HOQ\HOĘGLN $] HOQ\HOW VXJiU]iV D WHUPRGLQDPLND
W|UYpQ\HL V]HULQW Q|YHOL D ERO\Jy KĘPpUVpNOHWpW GH H] QHP WDUWKDW D YpJWHOHQVpJLJ (OĘEE
XWyEE NLDODNXO HJ\ GLQDPLNDL HJ\HQV~O\L iOODSRW DPLNRU D NLPHQĘ KĘPpUVpNOHWL VXJiU]iV
Ä)|OGIpQ\´ WHOMHV HQHUJLiMD OpQ\HJpEHQ D]RQRV OHV] D EHpUNH]Ę PHQQ\LVpJJHO $ NLPHQĘ
VXJiU]iV WLSLNXV KXOOiPKRVV]WDUWRPiQ\D D KĘVXJiU]iV ViYMiED D] LQIUDY|U|V ViYED HVLN HJ\
NE  . KĘPpUVpNOHWĦ 3ODQFNHORV]OiVQDN PHJIHOHOĘHQ (] D KĘPpUVpNOHWpUWpN DODSYHWĘ
PyGRQ IJJ D OpJN|U OpWpWĘO pV |VV]HWpWHOpWĘO YHJKi]KDWiV H]pUW H]W D MHOHQVpJHW D 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  */2%È/,6 (1(5*,$0e5/(*
 iEUD D $ 1DSEyO pUNH]Ę HOHNWURPiJQHVHV VXJiU]iV HQHUJLDVĦUĦVpJpQHN HORV]OiVD D OpJN|U|Q
NtYO IRO\WRQRV YRQDO LOOHWYH D )|OG IHOV]tQpQ SRQWR]RWW YRQDO ]|OGHV V]tQ D KXOOiPKRVV] IJJYp
Q\pEHQ $ MHO]HWW VSHNWUiOLV ViYRN H[WUpP XOWUDLERO\D (89 XOWUDLERO\D 89 OiWKDWy 9,6 LOOHWYH
LQIUDY|U|V ,5 E $] HJ\HV KXOOiPKRVV]DNUD MHOOHP]Ę HQHUJLDVĦUĦVpJQHN D  pYHV QDSIROWFLNOXVRN
VRUiQ PpUW UHODWtY YiOWR]pNRQ\ViJD D PD[LPiOLV pV D PLQLPiOLV pUWpN NO|QEVpJpQHN D PLQLPiOLVKR]
YLV]RQ\tWRWW pUWpNH $ WHQJHO\HN ORJDULWPLNXVDN >@ Q\RPiQ
V]DNDV]EDQ NO|Q UpV]OHWH]]N
 $ JOREiOLV PpUOHJ UpV]IRO\DPDWDL
0LHOĘWW D] YHJKi]KDWiV HOHP]pVpUH WpUQpQN YHVVQN HJ\ SLOODQWiVW D JOREiOLV HQHUJLDPpUOHJ
HJ\HV UpV]IRO\DPDWDLUD D  iEUD DODSMiQ %iU N|]HO KiURP pYWL]HGH IRO\QDN OpJN|U|Q NtYO
PĦKROGDV PpUpVHN D] HQHUJLDKi]WDUWiV SRQWRV PHJLVPHUpVH pUGHNpEHQ FVDN D] XWyEEL LGĘEHQ
NH]GHQHN D NO|QE|]Ę PĦV]HUHN iOWDO V]ROJiOWDWRWW IĘ V]iPRN QDJ\MiEyO PHJHJ\H]QL
$] iEUD EDO ROGDOiQ D EHpUNH]Ę IĘOHJ D OiWKDWy IpQ\ KXOOiPKRVV]WDUWRPiQ\iED HVĘ
VXJiU]iV PHJRV]OiVD WHNLQWKHWĘ iW D V]iPpUWpNHN PHJEt]KDWyViJD HOpJJp HOWpUĘ $ WHOMHV
EHpUNH]Ę IOX[XV I = , :P iWODJD SpOGiXO LJHQ SRQWRV DGDW D 1DSiOODQGy HJ\QHJ\HGH
XJ\DQLV D )|OG RFπ NHUHV]WPHWV]HWpUH HVĘ WHOMHV VXJiU]iVW D J|PE RFπ IHOV]tQpQ NHOO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ */2%È/,6 0e5/(* 5e6=)2/<$0$7$, 
 iEUD *OREiOLV HQHUJLDPpUOHJ D ± pYHN PĦKROGUyO PpUW DGDWDL DODSMiQ $ V]iPpUWpNHN
PLQGHJ\LNH :P HJ\VpJHNEHQ DGRWW )RUUiV >@
HORV]WDQXQN V D IHOV]tQ V]HUHVH D NHUHV]WPHWV]HWQHN (]]HO V]HPEHQ D IHOKĘNUĘO LOOHWYH D
IHOV]tQUĘO N|]YHWOHQO YLVV]DYHUW KiQ\DG QDJ\RQ QDJ\ I|OGUDM]L pV LGĘEHOL YiOWR]pNRQ\ViJJDO
WHUKHOW D NO|QE|]Ę IHOKĘWtSXVRN WDODMERUtWRWWViJ GH PpJ D] LGĘMiUiVL N|UOPpQ\HN LV PLQG
EHIRO\iVROMiN D YLVV]DYHUĘ NpSHVVpJ SLOODQDWQ\L QDJ\ViJiW $] iEUD D JOREiOLV I|OGL iWODJQDN
PHJIHOHOĘ V]iPpUWpNHNHW DGMD PHJ
$  iEUD N|]HSpQ OiWKDWy KRJ\ D] HOQ\HOW HQHUJLD HJ\ UpV]H D OpJN|U IHOV]tQL KDWiUUpWH
JpEHQ NLDODNXOy iUDPOiVL IRO\DPDWRN WHUPLNHN KĘPpUVpNOHWL NRQYHNFLy  :P LOOHWYH D
Yt] SiUROJiViYDO pV NLFVDSyGiViYDO HJ\WW MiUy OiWHQV KĘFVHUH  :P VHJtWVpJpYHO IĦWL D
OpJN|U DOVy UpWHJHLW (QQpO pUGHNHVHEE KRJ\ D N|]YHWOHQ KĘVXJiU]iVVDO D IHOV]tQUĘO NLPHQĘ
LQIUDY|U|V ,5 IOX[XV HPLVV]Ly  :P OpQ\HJHVHQ QDJ\REE PLQW D OiWKDWy IpQ\
WDUWRPiQ\EDQ EHpUNH]Ę  :P (] WHUPpV]HWHVHQ FVDN ~J\ OHKHWVpJHV KRJ\ D NLPHQĘ
VXJiU]iV G|QWĘ UpV]H HOQ\HOĘGLN D OpJN|UL YHJKi] Ji]RNEDQ DPHO\ ÄIHOIĦWL´ D WURSRV]IpUiW
pV DPHO\QHN PHJKDWiUR]y KiQ\DGD  :P YLVV]D LV VXJiU]yGLN D IHOV]tQUH H] PDJD D]
YHJKi]KDWiV eUGHPHV HONpV]tWHQL D] iEUD DODSMiQ SpOGiXO D IHOV]tQ N|]HOpEHQ D WHOMHV EHM|YĘ
pV NLPHQĘ IOX[XVRN PpUOHJpW PLQGHQ V]iPpUWpN :P HJ\VpJHNEHQ pUWHQGĘ
(↓)− (↑)− (↑)− (↑) + (↓) = (↓) , 
DPL QHP PiV PLQW D JOREiOLV IHOPHOHJHGpVpUW IHOHOĘVVp WHKHWĘ NL QHP VXJiU]RWW D]D] H[WUD
EHpUNH]Ę IOX[XV SRQWRVDEEQDN YpOW V]iPpUWpNH  :P D  iEUD DOMiQ OiWKDWy 0LQGHQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  */2%È/,6 (1(5*,$0e5/(*
UpV]OHW D]RQEDQ H]]HO NDSFVRODWEDQ VHP WLV]Wi]RWW SpOGiXO QHP WXGQL KRJ\ SRQWRVDQ KRYD
LV NHUO H] D QHWWy EHM|YĘ HQHUJLD $ IRJ\DWNR]y MpJWDNDUyN PLDWW D IĘ MHO|OW D] yFHiQRN
Yt]W|PHJH GH H]W N|]YHWOHQ PpUpVHNNHO PpJ QHP VLNHUOW LJD]ROQL
 $] YHJKi]KDWiV HOHPL PRGHOOMHL
7HUPRGLQDPLNDL LVPHUHWHLQN IHOHOHYHQtWpVpYHO SRQWRVDEEDQ PHJpUWKHWMN D] YHJKi]KDWiV
IL]LNDL OpQ\HJpW HJ\ OHHJ\V]HUĦVtWHWW PRGHOO VHJtWVpJpYHO $] DEV]RO~W IHNHWH WHVW HJ\ RO\DQ
LGHDOL]iOW IL]LNDL UHQGV]HU PHO\ PLQGHQ UiHVĘ HOHNWURPiJQHVHV VXJiU]iVW HOQ\HO D]D] a
DOEHGyMD QXOOD IHOPHOHJV]LN pV D] HOQ\HOW KĘW KĘPpUVpNOHWL VXJiU]iV IRUPiMiEDQ ERFViWMD
NL $ 6WHIDQ±%ROW]PDQQW|UYpQ\ V]HULQW D VXJiU]iV LQWHQ]LWiVD HJ\VpJQ\L LGĘ DODWW HJ\VpJQ\L
IHOOHWHQ NHUHV]WO D]D] D IOX[XV HJ\ DEV]RO~W IHNHWH WHVW HVHWpQ D NHOYLQEHQ PpUW DEV]RO~W
KĘPpUVpNOHW QHJ\HGLN KDWYiQ\iYDO DUiQ\RV
Iki(↑) = σT  , 
DKRO σ = , × − :P−.− D 6WHIDQ±%ROW]PDQQiOODQGy pV T D IHOOHW KĘPpUVpNOHWH
$ YDOyGL ÄV]UNH´ WHVWHN HVHWpQ D EHHVĘ HQHUJLD HJ\ UpV]H HOQ\HOĘGLN D] H]W PHJKDWiUR]y
DQ\DJL SDUDPpWHU D] r DEV]RUEFLyV iOODQGy  < r <  (NNRU D NLVXJiU]RWW LQWHQ]LWiV
(− r)σT 
-HO|OMN D )|OG IHOOHWpUH pUNH]Ę VXJiU]iV LQWHQ]LWiViW Ibe(↓)YHO (J\HQV~O\ HVHWpQ RO\DQ
T KĘPpUVpNOHW iOO EH PHOO\HO EHpUNH]Ę LQWHQ]LWiV pV D NLVXJiU]RWW LQWHQ]LWiV V]LJRU~DQ
HJ\HQOĘ H]pUW
Ibe(↓) ≡ Iki(↑) = σT  . 
7pWHOH]]N PRVW IHO KRJ\ )|OGQN IHOV]tQH My N|]HOtWpVVHO IHNHWHWHVW OpJN|U SHGLJ
QLQFVHQ $ N|]YHWOHQ OpJN|UL HOQ\HOĘGpVW ILJ\HOHPEH YHYĘ RV iWODJRV SODQHWiULV DOEHGy
a = ,  HVHWpQ D EHpUNH]Ę iWODJRV LQWHQ]LWiV D] I = ,  :P LQWHQ]LWiV (−a)V]RURVD
Ibe(↓) = (− a)I D]D] Ibe(↓) =  :P $] HJ\HQV~O\  IHOWpWHOH H]pUW
(− a)I = σT  , 
DPLEĘO
T =
(− a
σ
I
)/
. 
$] tJ\ NDSRWW N|]pSKĘPpUVpNOHW V]iPpUWpNH T =  .  ◦& OHQQH 6]HUHQFVpUH D )|OG
iWODJRV pJKDMODWD HQQpO YDODPLYHO EDUiWViJRVDEE DPL D] YHJKi]KDWiVQDN N|V]|QKHWĘ
%XUNROMXN EH PRVW ERO\JyQNDW KRPRJpQ ÄV]UNH´ OpJN|UUHO  iEUD DPHO\ |VV]HWpWHOH
PLDWW D EHpUNH]Ę OiWKDWy IpQ\ VXJiU]iV V]HPSRQWMiEyO iWOiWV]y GH D] LQIUDY|U|V WDUWRPiQ\
EDQ r DEV]RUEFLyV iOODQGyYDO HOQ\HOĘ $ IHOV]tQUĘO pUNH]Ę HOQ\HOĘGĘ HQHUJLD Ta DWPRV]IHULNXV
KĘPpUVpNOHWL pUWpNHW HUHGPpQ\H] 0pJ D]W LV IHO NHOO WpWHOH]QQN KRJ\ D Ta KĘPpUVpNOHWĦ
OpJN|UL W|PHJ NLVXJiU]iVD L]RWUyS D]D] WHOMHVHQ LUiQ\IJJHWOHQ $ OHIHOp LUiQ\XOy IOX[XV
Q\LOYiQ KR]]iMiUXO D 1DSEyO pUNH]Ę HQHUJLDiUDPKR] tJ\ D IHOV]tQL KĘPpUVpNOHW Tf QHPPDUDG
D OpJN|U QpONOL HVHWUH MHOOHP]Ę T pUWpN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $= h9(*+È=+$7È6 (/(0, 02'(//-(, 
 iEUD 6XJiU]iVL PpUOHJ HJ\UpWHJĦ ÄV]UNH´ DWPRV]IpUDPRGHOO VHJtWVpJpYHO MHO|OpVHN D V]|YHJ
EHQ
0LQGH]HQ IHOWHYpVHN PHOOHWW D  iEUD VHJtWVpJpYHO D N|YHWNH]Ę PpUOHJHW tUKDWMXN IHO $
IHOV]tQUĘO pUNH]Ę σT f LQWHQ]LWiV rV]HUHVH HOQ\HOĘGLN D OpJN|UEHQ pV (−r)σT f NLVXJiU]yGLN$ OpJN|U PDJD LV VXJiUR] σT a LQWHQ]LWiVVDO $ WHOMHV NLVXJiU]RWW LQWHQ]LWiV WHKiW
Iki(↑) = (− r)σT f + σT a .
$ EHVXJiU]iV WRYiEEUD LV Ibe(↓) = ( − a)I $] HJ\HQV~O\ IHOWpWHOH WHKiW D OpJN|U WHWHMpQ
IHOtUYD
(− a)I = (− r)σT f + σT a . 
$ IHOV]tQ N|]HOpEHQ D OpJN|UEĘO DGyGy σT a LQWHQ]LWiV KR]]iDGyGLN ( − a)IKR] V H]pUW D]HJ\HQV~O\ IHOWpWHOH LWW
Ibe(↓) = (− a)I + σT a = Iki(↑) = σT f . 
$  HJ\HQOHW DODSMiQ IW NLNV]|E|OKHWMN D] HOĘ]Ę EHFVOpV T KĘPpUVpNOHWpYHO (]]HO D
6WHIDQ±%ROW]PDQQiOODQGy NLHVLN V D]W NDSMXN KRJ\
T  = (− r)T f + T a = T f − T a . 
(EEĘO TaW NLNV]|E|OYH D IHOV]tQ KĘPpUVpNOHWpUH D]W NDSMXN KRJ\
Tf =
( 
− r
)/
T . 
(V]HULQW WHWV]ĘOHJHV r >  DEV]RUSFLyV iOODQGyM~ OpJN|U HVHWpEHQ D IHOV]tQL Tf KĘPpUVpNOHW
QDJ\REE OHV] PLQW T $] r →  W|NpOHWHVHQ HOQ\HOĘ KDWiUHVHWEHQ
Tf = /T.
$ IHOV]tQL KĘPpUVpNOHW HNNRU WHKiW V]HU QDJ\REE D OpJN|U OpWH]pVpW ILJ\HOHPEH VHP YHYĘ
EHFVOpVQpO ËJ\ Tf ≈  .  ◦& DGyGQD DPL D] pV]OHOW  .QpO  ◦& MyYDO PHOHJHEE
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  */2%È/,6 (1(5*,$0e5/(*
 iEUD 6XJiU]iVL PpUOHJ HJ\UpWHJĦ ÄV]UNH´ DWPRV]IpUiEDQ D Yt]N|U]pV ILJ\HOHPEHYpWHOpYHO $
V]iPpUWpNHN PHJHJ\H]QHN D  iEUD DGDWDLYDO :P HJ\VpJHNEHQ
+D EĘO Tf HW HMWMN NL D OpJN|U
Ta =
(
r
− r
)/
T 
KĘPpUVpNOHWpW NDSMXN $ NpW HUHGPpQ\W |VV]HYHWYH
Ta =
(r

)/
Tf . 
(V]HULQW D OpJN|UL Ta KĘPpUVpNOHW PLQGLJ DODFVRQ\DEE D Tf IHOV]tQL pUWpNQpO (J\EHQ
DODFVRQ\DEE TQiO LV KLV]HQ r/(− r) PLQGLJ NLVHEE QpO KD r <  $] r =  W|NpOHWHVHQ
HOQ\HOĘ KDWiUHVHWEHQ Ta = T YDJ\LV HNNRU D] HOĘ]Ę EHFVOpV IHOV]tQL KĘPpUVpNOHWH OHQQH
D]RQRV D OpJN|UpYHO D IHOV]tQ KĘPpUVpNOHWH SHGLJ D OpJN|U KĘPpUVpNOHWpQHN /V]HUHVH
OHQQH
(]W D] HOHPL PRGHOOW VRN V]HPSRQWEyO WRYiEE OHKHW ILQRPtWDQL LWW PRVW NpW IRQWRV OpSpVUH
WpUQN NL $] HJ\LN D]RQ D] pV]OHOpVHQ DODSXO KRJ\ D] DWPRV]IpUD WHWHMpQ VRNNDO DODFVRQ\DEE
D KĘPpUVpNOHW PLQW D IHOV]tQ N|]HOL DOVy UpWHJHNEHQ 0iUSHGLJ D] ĦUEH W|UWpQĘ LQIUDY|U|V
NLVXJiU]iV D] DWPRV]IpUD OHJIHOVĘ PtJ D OHIHOp LUiQ\XOy KiQ\DG D OHJDOVy V]LQWMpUĘO HUHG H]pUW
D  iEUiQ OiWKDWy HJ\HQOĘVpJ FVDN YpNRQ\ L]RWHUPLNXV OpJN|U HVHWpQ DG HOIRJDGKDWy N|]H
OtWpVW $ KĘPpUVpNOHWNO|QEVpJ ILJ\HOHPEHYpWHOpYHO UHiOLVDEE HJ\ DV]LPPHWULNXV LQIUDY|U|V
NLVXJiU]iVW IHOWpWHOH]QL PHO\ V]HULQW D OpJN|UEĘO NLOpSĘ LQWHQ]LWiV OHIHOp NE  PtJ IHOIHOp
 >@
$] HQHUJLDPpUOHJ V]iPtWiViQiO EHpStWHQGĘ PiVLN ~M WpQ\H]Ę D Yt]N|U]pV MiUXOpND $]
yFHiQRN pV D NRQWLQHQVHN IHOOHWpUĘO HOSiUROJy Yt] XJ\DQLV OiWHQV KĘW ÄYRQ NL´ D IHOV]tQL
UpWHJHNEĘO D Yt]SiUD D OpJN|U PDJDVDEE V]LQWMHLUH HPHONHGLN DKRO D NLFVDSyGiVW N|YHWĘHQ
IRO\DGpN KDOPD]iOODSRW~ FVHSSHFVNpNHW NpVĘEE IHOKĘNHW LOOHWYH FVDSDGpNRW DONRW $ Ji]
IRO\DGpN Ii]LViWPHQHW VRUiQ IHOV]DEDGXOy OiWHQV KĘ  :P OiVG  iEUD D WURSRV]IpUD
N|]pSVĘIHOVĘ UpWHJHLW IĦWL tJ\ D] HQHUJLDPpUOHJEHQ V]HUHSOĘ WpQ\H]ĘN V]iPpUWpNH PHJYiOWR
]LN 0pJ SRQWRVDEE EHFVOpVW NDSXQN KD D NRQYHNWtY HQHUJLDWUDQV]SRUW WHUPLNHN NRQYHNFLyV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $= h9(*+È=+$7È6 (/(0, 02'(//-(, 
FHOOiN MiUXOpNiW :P OiVG  iEUD LV KR]]iDGMXN D PpUOHJKH] $ IHQWL NpW WDJ |VV]HVHQ
 :P W|EEOHWIOX[XVW MHOHQW PHO\ QHP D IHOV]tQUĘO LQGXOy LQIUDY|U|V NLVXJiU]iV HOQ\HOpVpQ
DODSXO
$ WRYiEELDNEDQ HOWHNLQWQN D VXJiU]iVL pV WUDQV]SRUWHJ\HQOHWHN WHOMHV IRUPDOL]PXViQDN
PHJOHKHWĘVHQ NRPSOLNiOW UpV]OHWHLWĘO KHO\HWWH D PpUOHJEHQ V]HUHSOĘ V]iPpUWpNHNHW YHVV]N
VRUUD D NRQ]LV]WHQFLD GHPRQVWUiOiViUD
7HNLQWVN D  iEUD DGDWDLW D ILQRPtWRWW EHFVOpVKH] PHO\EHQ D QDSVXJiU]iVEyO DGyGy
IHOV]tQL LQWHQ]LWiV FVDN  :/P D] HGGLJ KDV]QiOW  :/P KHO\HWW $ IHOV]tQL
LQIUDY|U|V NLVXJiU]iV H]HN V]HULQW PHJHJ\H]LN D] HOQ\HOW QHWWy U|YLGKXOOiP~ EHHVĘ IOX[XV
D] DWPRV]IpUiEyO YLVV]DVXJiU]RWW LQIUDY|U|V VXJiU]iV YDODPLQW D NRQYHNWtY pV OiWHQV KĘEĘO
DGyGy LQWHQ]LWiV HOĘMHOHV |VV]HJpYHO
(↓) + (↓)− (↑)−  = (↑) . 
$ EDO ROGDOL XWROVy WDJ D JOREiOLV IHOPHOHJHGpVW RNR]y H[WUD  :P DPHO\ YDODKRO
HOQ\HOĘGLN O  iEUD
$ OpJN|U IĦWpVpW EL]WRVtWy SR]LWtY HOĘMHOĦ WDJRN D N|]YHWOHQ U|YLGKXOOiP~ HOQ\HOpV 
:P D WDODMEyO DGyGy QHWWy LQIUDY|U|V EHVXJiU]iV  :P YDODPLQW D NRQYHNWtY pV
OiWHQV KĘ MiUXOpND  :P (]W FV|NNHQWL D WDODMEyO NLLQGXOy LQIUDY|U|V VXJiU]iV HJ\
UpV]pQHN ÄHOV]|NpVH´ LQIUDY|U|V DEODN  :P D YpJHUHGPpQ\
(↓) + (↓) + (↓)− (↑) =  . 
0LYHO D IHOV]tQL NLVXJiU]RWW LQWHQ]LWiV  :P D 6WHIDQ±%ROW]PDQQW|UYpQ\ N|]YHWOHQ
DONDOPD]iViYDO D IHOV]tQL KĘPpUVpNOHW  DODSMiQ 6, HJ\VpJHNEHQ
Tf =
(
σ
)/
=  . ≈  ◦& , 
DPL PiU QHP LV iOO WiYRO D  ◦& pV]OHOW iWODJpUWpNWĘO $ OpJN|U DOMiQ D KĘPpUVpNOHW
(/σ)/ =  .  ◦&) D WHWHMpQ SHGLJ (/σ)/ =  .  ◦&)
( PpUOHJ V]HULQW WHKiW D] YHJKi]KDWiV OHJIRQWRVDEE WpQ\H]ĘL D OpJN|U iWOiWV]yViJD
D U|YLGKXOOiP~ OiWKDWy IpQ\ WDUWRPiQ\EDQ LOOHWYH D My HOQ\HOĘNpSHVVpJ D KĘVXJiU]iVUD
MHOOHP]Ę LQIUDY|U|V KXOOiPKRVV]DNRQ $ IHOV]tQL HOQ\HOpV IĦWĘ KDWiViW FV|NNHQWL D OiWHQV KĘ
pV NRQYHNWtY WUDQV]SRUW DPL YLV]RQW D OpJN|UEHQ H[WUD IĦWpVL MiUXOpNNpQW MHOHQWNH]LN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
 IHMH]HW
$ JOREiOLV OpJN|U]pV
 $ WUDQV]SRUWIRO\DPDWRN KDMWyHUHMH
$] HOĘ]Ę IHMH]HW  iEUiMD MyO PXWDWMD D]W D N|]LVPHUW WpQ\W KRJ\ D 1DSEyO pUNH]Ę HQHUJLD
PHQQ\LUH HJ\HQHWOHQO RV]OLN HO D IHOV]tQHQ HOVĘVRUEDQ D )|OG J|UEOWVpJH PLDWW $ 
JUDILNRQ NpN J|UEpMH XJ\DQH]W D] LQIRUPiFLyW HUĘVtWL PHJ PtJ pYHV iWODJEDQ D] (J\HQOtWĘL
|YH]HWUH ± :P HQHUJLD HVLN D VDUNRN N|]HOpEHQ HQQHN FVDN D] |W|GH PpUKHWĘ
 iEUD $ EHpUNH]Ę OiWKDWy IpQ\ HQHUJLiMiQDN NpN YRQDO pV D] LQIUDY|U|V NLVXJiU]iV HQHUJLiMiQDN
SLURV YRQDO iWODJRV JOREiOLV HORV]OiVD D V]pOHVVpJL IRNRN IJJYpQ\pEHQ pYHV pV KRVV]~ViJL N|U|NUH
YHWW iWODJRV pUWpNHN :P HJ\VpJHNEHQ
$  WpUNpSKH] KDVRQOyDQ iEUi]ROKDWy D] DWPRV]IpUD WHWHMpQ PpUW NLPHQĘ LQIUDY|U|V
VXJiU]iV I|OGUDM]L HORV]OiVD LV VRN KDVRQOy iEUD WDOiOKDWy D YLOiJKiOyQ MDYDVROW NHUHVpVL
NXOFVV]y ÄRXWJRLQJ ORQJZDYH UDGLDWLRQ´ +D D NLPHQĘ LQWHQ]LWiV pUWpNHLW iWODJROMXN D
KRVV]~ViJL N|U|N PHQWpQ DNNRU D  JUDILNRQ SLURV J|UEpMpW NDSMXN HUHGPpQ\O $ NpN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ +ė0e56e./(7, .219(.&,Ï $/$3-$, 
EHM|YĘ pV SLURV NLPHQĘ LQWHQ]LWiVW iEUi]ROy J|UEpN FVDN NpW SRQWEDQ PHWV]LN HJ\PiVW NE
D ± ◦ V]pOHVVpJL N|U|NQpO PLQGNpW IpOWHNpQ $ N|]WHV ViYEDQ D] (J\HQOtWĘ N|UQ\pNpQ
MyO OiWKDWyDQ EHpUNH]Ę HQHUJLDW|EEOHW MHOHQWNH]LN D EHVXJiU]iV LQWHQ]LWiVD PHJKDODGMD D
NLVXJiU]iVpW PtJ D VDUNL |YH]HWHNEHQ KLiQ\RV D PpUOHJ W|EE HQHUJLD VXJiU]yGLN NL PLQW
DPL EHpUNH]LN (] D IDMWD NLHJ\HQV~O\R]DWODQViJ FVDN ~J\ OHKHWVpJHV KD JOREiOLV VNiOiM~
WUDQV]SRUWIRO\DPDWRN PyGRVtWMiN D] HQHUJLD HORV]OiViW HJ\V]HUĦHQ V]yOYD KĦWLN D WUySXVL
|YH]HWHNHW PLN|]EHQ MHOHQWĘV PHQQ\LVpJĦ KĘW MXWWDWQDN D IDJ\RV SyOXVRN LUiQ\iED
 iEUD $] pV]DN IHOp PXWDWy pYHV iWODJRV HQHUJLDiUDPOiV QDJ\ViJiQDN KRVV]~ViJL N|U|NUH YHWW
pV LGĘHJ\VpJUH YRQDWNR]y iWODJRV pUWpNH 3: SHWDZDWW  : HJ\VpJHNEHQ )RUUiV >@
$ WDSDV]WDODW V]HULQW D JOREiOLV HQHUJLDiUDPOiVW D OpJN|UL pV yFHiQL iUDPOiVRN EL]WRVtWMiN
PpJKR]]i QDJ\MiEyO NpWKDUPDGHJ\KDUPDG DUiQ\EDQ $  iEUD J|UEpLQHN pUWHOPH]pVHNRU
QH IHOHMWVN HO KRJ\ D] iEUi]ROW PHQQ\LVpJ PRVW QHP IHOOHWHJ\VpJUH HVĘ IOX[XV KDQHP
DGRWW V]pOHVVpJL N|U|Q HJ\VpJQ\L LGĘ  V DODWW iWKDODGy HQHUJLD $ IJJYpQ\ DODNMiW D
JOREiOLV iUDPOiVL UHQGV]HUHN SDUDPpWHUHL PHOOHWW PpJ NpW WpQ\H]Ę EHIRO\iVROMD (OĘV]|U LV
D  iEUiEyO YLOiJRVDQ N|YHWNH]LN KRJ\ KD HJ\ WpUIRJDWHOHP pV]DNUD YDJ\ GpOUH KDODG
D ◦ V]pOHVVpJL N|U|NLJ IRO\DPDWRVDQ QĘ D] HQHUJLiMD KĘPpUVpNOHWH HQQpO QDJ\REE
V]pOHVVpJHNHQ D QHWWy VXJiU]iVL PpUOHJ HOOHQNH]Ę HOĘMHOH PLDWW YLV]RQW IRO\DPDWRVDQ FV|NNHQ
$] VHP HOKDQ\DJROKDWy KRJ\ D V]pOHVVpJL N|U|N KRVV]D D] (J\HQOtWĘWĘO WiYRORGYD D V]pOHVVpJL
IRN NRV]LQXV]iQDN PHJIHOHOĘHQ U|YLGO
 $ KĘPpUVpNOHWL NRQYHNFLy DODSMDL
7HUPRGLQDPLNDL HJ\HQV~O\ HVHWpQ ]iUW IL]LNDL UHQGV]HUEHQ QHP OpWH]KHWQHN KĘPpUVpNOHWL
Q\RPiVL VWE NO|QEVpJHN H] LV PXWDWMD KRJ\ D] DWPRV]IpUD pV D KLGURV]IpUD LV HJ\HQV~O\WyO
WiYROL Q\tOW UHQGV]HU +D DNiU NOVĘ EHDYDWNR]iV DNiU EHOVĘ LQJDGR]iV KDWiViUD PpJLV HOWpUĘ
KĘPpUVpNOHWHN DODNXOQDN NL DODSYHWĘHQ KiURPIpOH IRO\DPDWWDO LQGXOKDW PHJ D KĘPpUVpNOHWL
NLHJ\HQOtWĘGpV
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6]LOiUG WHVWHNEHQ MHOOHP]ĘHQ D KĘYH]HWpV NRQGXNFLy D PHJKDWiUR]y IRO\DPDW $
V]RNiVRV LVNRODL NtVpUOHWEHQ SO HJ\ IpPU~G YpJpW PiUWMXN IRUUy Yt]EH pV QpKiQ\ PpUpV XWiQ
IHOtUKDWMXN D )RXULHUIpOH KĘYH]HWpVL W|UYpQ\W OHJHJ\V]HUĦEE DODNMiEDQ
dQ
dt
= −kAdT
dx
, 
DKRO dQ D dt LGĘ DODWW iWDGRWW KĘPHQQ\LVpJ D dQ/dt KiQ\DGRV D] ~Q KĘiUDP HJ\VpJH WHU
PpV]HWHVHQ -V  : k D] DQ\DJL PLQĘVpJWĘO IJJĘ KĘYH]HWpVL iOODQGy HJ\VpJH :.−P−
A D U~G NHUHV]WPHWV]HWH P pV dT . D dx KRVV]~ViJ~ V]DNDV]RQ NLDODNXOy KĘPpUVpNOHW
NO|QEVpJ 0LNURV]NRSLNXV V]LQWHQ D KĘYH]HWpV YDOyMiEDQ HJ\ GLII~]LyV IRO\DPDWNpQW tUKDWy
OH DPLNRU D] DQ\DJRW DONRWy UpV]HFVNpN WN|]pVHL VRUiQ ÄKĘ´ D]D] NLQHWLNXV HQHUJLD DGyGLN
WRYiEE WpUUpV]UĘO WpUUpV]UH
$ PiVRGLN OHKHWVpJHV KĘNLHJ\HQOtWĘ IRO\DPDW D PiU HPOtWHWW KĘVXJiU]iV LOOHWYH SRQWR
VDEEDQ D] LQIUDY|U|V VXJiU]iV /pQ\HJpEHQ PLQGHQ WHVW YDJ\ DQ\DJJDO NLW|OW|WW WpUIRJDWHOHP
VXJiU]iVL NDSFVRODWEDQ iOO D N|UQ\H]HWpYHO KLV]HQ D] HOHNWURPiJQHVHV VXJiU]iV WHUMHGpVpKH]
QHP NHOO N|]YHWtWĘ N|]HJ $ PiVLN NpW PHFKDQL]PXVVDO V]HPEHQ H] PLQGLJ NpWLUiQ\~
dQ
dt
= A (Φe − Φa) , 
DKRO Φe LOOHWYH Φa D] HPLWWiOW NLVXJiU]RWW pV DEV]RUEHiOW HOQ\HOW HQHUJLDIOX[XVW MHO|OL $
N|UQ\H]HWL LQIUDY|U|V VXJiU]iVVDO NDSFVRODWRV QpKiQ\ DODSYHWĘ WpQ\UĘO D] HOĘ]Ę IHMH]HWEHQ
PiU HVHWW V]y LWW WRYiEEL UpV]OHWHNHW QHP WiUJ\DOXQN
$ KDUPDGLN KĘNLHJ\HQOtWĘ PHFKDQL]PXV QDJ\RQ IRQWRV V]HUHSHW MiWV]LN IRO\DGpNRN pV
Ji]RN HVHWpQ (]HNEHQ D N|]HJHNEHQ LV OHKHW V]HUHSH D KĘYH]HWpVQHN pV KĘVXJiU]iVQDN GH
LJHQ J\DNUDQ HOĘIRUGXO KRJ\ D GLII~]LyV IRO\DPDW PHOOHWWPDNURV]NRSLNXV iUDPOiV NRQYHNFLy
LQGXO PHJ D UHQGV]HUEHQ (QQHN RND D KHO\L IHOPHOHJHGpV $ MHOHQVpJ NYDOLWDWtY V]LQWHQ
N|QQ\HQ pUWKHWĘ FVDN D KĘWiJXOiVL W|UYpQ\W NHOO IHOLGp]QQN
V (T ) = V (+ α∆T ) , D]D] ∆V = V (T )− V = Vα∆T , 
DKROα MHO|OL D] DGRWW N|]HJUH Ji]UD MHOOHP]Ę WpUIRJDWL KĘWiJXOiVL HJ\WWKDWyW PpUWpNHJ\VpJH
. pV∆T = T−T D KĘPpUVpNOHW YiOWR]iV $  N|]HOtWpV FVDN D U|J]tWHWW T KĘPpUVpNOHW
N|UOL V]ĦN WDUWRPiQ\EDQ pUYpQ\HV V H]pUW α IJJ D T KĘPpUVpNOHWWĘO pV D p Q\RPiVWyO $
KĘWiJXOiVL HJ\WWKDWy V]iPpUWpNH Yt]UH  ◦& RQ pV OpJN|UL Q\RPiVRQ αYt] = ,  × −
.  WiEOi]DW GH SO  ◦& N|UQ\pNpQ HQQHN SRQWRVDQ KiURPV]RURVD (]]HO V]HPEHQ
D OHYHJĘ D V]RNiVRV N|UQ\H]HWL KĘPpUVpNOHWHN WDUWRPiQ\iEDQ LGHiOLV Ji]QDN WHNLQWKHWĘ
PHO\QHN WpUIRJDWL KĘWiJXOiVL HJ\WWKDWyMD VHP D] DQ\DJL PLQĘVpJWĘO VHP D Q\RPiVWyO QHP
IJJ NLIHMH]pVH DPLQW D  IHMH]HWEHQ OHYH]HWMN αOHYHJĘ(T ) = /T   ◦& KĘPpUVpNOHWHQ
αOHYHJĘ = / = , × − .  ◦& N|UQ\pNpQ NLVHEE FVDN , × − .
$ PHOHJHGpV KDWiViUD OpWUHM|YĘ FVHNpO\ WiJXOiV N|]YHWOHQ N|YHWNH]PpQ\H D VĦUĦVpJ
FV|NNHQpVH D V]iPXQNUD IRQWRV IRO\DPDWRN HVHWpQ D] DQ\DJPHJPDUDGiV PLQGLJ WHOMHVO
(] HJ\V]HUĦHQ IHOtUKDWy
∆ρ =
m
V (T )
− m
V
=
m−m (+ α∆T )
V (+ α∆T ) = −ρ
α∆T
+ α∆T ≈ −ρα∆T , 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LWW m D W|PHJHW ∆ρ = ρ(T ) − ρ D ∆T KĘPpUVpNOHWQ|YHNHGpV KDWiViUD EHN|YHWNH]Ę
VĦUĦVpJFV|NNHQpVW MHO|OL $] XWROVy OpSpVEHQ IHOKDV]QiOWXN KRJ\ D Q|YHNPpQ\ NLFVL
α∆T ≪  V H]pUW D QHYH]Ę My N|]HOtWpVVHO HJ\VpJQ\L $  |VV]HIJJpV PHJHJ\H]LN
D  iOODSRWHJ\HQOHWWHO HOKDQ\DJROKDWy V]DOLQLWiVYiOWR]iV HVHWpQ (] PXWDWMD KRJ\ NLV
YiOWR]iVRNUD D IRO\DGpNRN pV Ji]RN iOODSRWHJ\HQOHWH D]RQRV PLQGNHWWĘ OHtUKDWy D KĘWiJXOiVL
W|UYpQQ\HO
 iEUD 1DSVWpVHV V]pOPHQWHV LGĘEHQ J\DNUDQ DODNXO NL VtN IHOV]tQ I|O|WW NRQYHNFLyV FHOOD EHQQH
WHUPLN PHO\QHN WHWHMpQ NXPXOXV]IHOKĘ NpS]ĘGKHW
$ N|UQ\H]HWQNEHQ WDOiOKDWy QDJ\ N|]HJHNEHQ D PHOHJHGpV VRKD QHP KRPRJpQ DNiU
N|]HOL KHO\HN N|]|WW LV MHOHQWĘV HOWpUpVHN OHKHWQHN $] DOVy OpJUpWHJHN IHOIĦWpVpQpO SpOGiXO
PHJKDWiUR]y WpQ\H]ĘN D WDODM VXJiU]iVHOQ\HOĘ NpSHVVpJH DOEHGy DQQDN QHGYHVVpJWDUWDO
PD D KHO\L IHOKĘERUtWRWWViJ D] iUDPOiV V]pO VHEHVVpJH pV WHUPpV]HWHVHQ D QDSVXJiU]iV
LQWHQ]LWiVD 1\DUDQWD D IULVVHQ V]iQWRWW I|OGHN YDJ\ DODFVRQ\ Q|YpQ\]HWWHO WDNDUW PH]ĘN
I|O|WW J\DNUDQ DODNXO NL D  iEUiQ Yi]ROW KHO\]HW PLNRU D IHOV]tQN|]HOL OpJUpWHJ ORNiOLVDQ
IHOPHOHJV]LN N|UQ\H]HWpKH] NpSHVW VĦUĦVpJH OHFV|NNHQ (NNRU IHOOpS D]  IHMH]HWEHQ PiU
HPOtWHWWFf QHWWy KLGURV]WDWLNDL IHOKDMWyHUĘ D NLV]RUtWRWW pV D WpUIRJDWED ]iUW IRO\DGpN V~O\iQDN
NO|QEVpJH 
Ff = V (T )ρg − Vρg = ρgVα∆T . 
(QQHN QDJ\ViJD HOHJHQGĘ OHKHW HJ\ IHOV]iOOy iUDPOiVPHJLQGtWiViKR] ,WW IHOWpWHOH]WN KRJ\ D
N|UQ\H]Ę WpUIRJDWEDQ D VĦUĦVpJ D] HUHGHWL ρ PDUDGW $] HPHONHGĘ OHYHJĘ HJ\ LGĘ XWiQ OHKĦO
VĦUĦVpJH PHJQĘ tJ\ D PR]JiV LUiQ\D PHJIRUGXO NLDODNtWYD D MyO LVPHUW NRQYHNFLyV FHOOiW
YDJ\ PiV QpYHQ WHUPLN RV]ORSRW $] HPHONHGĘ OHYHJĘ HJ\UH DODFVRQ\DEE KĘPpUVpNOHWH D
PDJDVEDQ DNiU D KDUPDWSRQW DOi LV FV|NNHQKHW tJ\ D IHOV]iOOy iUDPOiV iOWDO V]iOOtWRWW Yt]SiUD
NLFVDSyGKDW DPL D MHOOHJ]HWHV NXPXOXV]IHOKĘN NpS]ĘGpVpKH] YH]HW  iEUD $ KĘPpUVpNOHWL
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NRQYHNFLy QDJ\RQ KDVRQOy HJ\ WĦ]KHO\UH KHO\H]HWW HGpQ\EHQ OHYĘ Yt]EHQ HJ\ WLV]WD YL]Ħ
VHNpO\ WyEDQ YDJ\ DNiU D I|OGN|SHQ\ DOXOUyO IĦW|WW IRO\pNRQ\ UpWHJHLEHQ LV
)L]LNDL LQWXtFLyQN LV D]W VXJDOOMD KRJ\ WHWV]ĘOHJHVHQ J\HQJH DOVy IĦWpV QHP OHKHW HOHJHQGĘ
HJ\ NRQYHNFLyV iUDPOiVL FHOOD NLDODNtWiViKR] pV IHQQWDUWiViKR] 9DOyEDQ KD D] DOVy KĘPpU
VpNOHW FVDN QDJ\RQ NLV PpUWpNEHQ KDODGMD PHJ D IHOVĘ pUWpNHW NOVĘ ]DYDU KLiQ\iEDQ D Ji]
YDJ\ IRO\DGpNUpWHJ Q\XJDORPEDQ PDUDG D KĘPpUVpNOHWL NLHJ\HQOtWĘGpV SHGLJ KĘYH]HWpVVHO
W|UWpQLN D  HJ\HQOHWQHN PHJIHOHOĘHQ
$ IRO\DGpNUpWHJ Q\XJDOPL KHO\]HWpW NpW WpQ\H]Ę EL]WRVtWMD FVHNpO\ KĘPpUVpNOHWL NO|QEVpJ
HVHWpQ $] HJ\LN D EHOVĘ V~UOyGiV PiV QpYHQ YLV]NR]LWiV (QQHN PpUĘV]iPD HJ\ DQ\DJL
PLQĘVpJWĘO pV KĘPpUVpNOHWWĘO IJJĘ η GLQDPLNDL YLV]NR]LWiV 1\RPiVIJJpVH OpQ\HJpEHQ
HOKDQ\DJROKDWy PpUWpNHJ\VpJH [η] = 1·V·P− = NJ·P−·V− = 3D·V $ PiVLN DNDGiO\R]y
WpQ\H]Ę D KĘYH]HWpVEĘO DGyGLN D]D] KD D WpUIRJDWHOHP W~O J\RUVDQ KĦO OH D] HPHONHGpV QHP
PDUDGKDW WDUWyV (] V]LQWpQ HJ\ DQ\DJL PLQĘVpJWĘO IJJĘ iOODQGy D κ = k · (ρ · cp)−
KĘGLII~]LyV HJ\WWKDWy IJJYpQ\H DKRO ρ D VĦUĦVpJ cp D] iOODQGy Q\RPiVRQ PpUW IDMKĘ
k SHGLJ D  HJ\HQOHWEHQ GHILQLiOW KĘYH]HWpVL iOODQGy pV D PpUWpNHJ\VpJ GLII~]LyV
iOODQGyQDN PHJIHOHOĘHQ [κ] = P·V− 9HJ\N pV]UH KRJ\ κ · η PpUWpNHJ\VpJH 1HZWRQ
D]D] H] HUĘ MHOOHJĦ PHQQ\LVpJ $ H YDVWDJViJ~ IRO\DGpNUpWHJEHQ D H WpUIRJDWWDO YDOy
RV]WiV XWiQ NDSRWW κ · η/H PHQQ\LVpJ WHNLQWKHWĘ D KĘYH]HWpV iOWDO NLDODNtWRWW iUDPOiVUD
WpUIRJDWHJ\VpJHQNpQW KDWy YLV]Ny]XV HUĘQHN
 iEUD $ NRQYHNWtY IHOKĘN D NXPXOXV] &X pV D NXPXORQLPEXV] &E VHPDWLNXV |VV]HKDVRQOtWiVD
$ KĘPpUVpNOHWL NRQYHNFLyYDO NDSFVRODWRV V]iPWDODQ NtVpUOHW HJ\LN IĘ HUHGPpQ\H KRJ\
D] iUDPOiV DNNRU LQGXO EH pV PDUDG IHQQ WDUWyVDQ KD D V]iOOtWRWW HQHUJLD PHJKDODGMD D EHOVĘ
V~UOyGiV PLDWW EHN|YHWNH]Ę HQHUJLDYHV]WHVpJHW (]W D YLV]RQ\W IHMH]L NL D] ~J\QHYH]HWW
5D\OHLJKV]iP Ra DPHO\ IHOIRJKDWy D V QDJ\ViJ~ HOHPL WpUIRJDWUD KDWy NpW HUĘ D 
HJ\HQOHWWHO GHILQLiOW QHWWy IHOKDMWyHUĘ pV D YLV]NR]LWiVVDO NDSFVRODWRV κ · ηV/H IpNH]Ę HUĘ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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KiQ\DGRVDNpQW
Ra =
ρgVα∆T
κηV/H
=
gα∆TH
νκ
. 
,WW D PiVRGLN DODNEDQ IHOKDV]QiOWXN KRJ\ η/ρ = ν D] ~J\QHYH]HWW NLQHPDWLNDL YLV]NR]LWiV
D OHYHJĘUH YRQDWNR]y α, ν, κ pUWpNHN PHJWDOiOKDWyN D]  WiEOi]DWEDQ
$ WDSDV]WDODW V]HULQW NRQYHNFLy D]Ra 5D\OHLJKV]iP HJ\ NULWLNXVRac pUWpNH I|O|WW LQGXO
EH .O|QE|]Ę HOUHQGH]pVHN HVHWpQ D]Rac NULWLNXV 5D\OHLJK V]iP pUWpNH PiV pV PiV SO NpW
PHUHY ODS N|]p ]iUW DOXOUyO IĦW|WW N|]HJ HVHWpQRac ≈  PtJ D V]DEDG IHOV]tQPHJN|QQ\tWL
D NRQYHNFLy NLDODNXOiViW PHUW HNNRU Rac ≈  +D NLV]iPtWMXN D 5D\OHLJKV]iP pUWpNHW
HJ\ H =  NP PDJDV DOXO FVDN  IRNNDO PHOHJHEE ∆T =  . OpJUpWHJUH DNNRU D] 
WiEOi]DW DGDWDL KDV]QiOYD D]W NDSMXN KRJ\ Ra =  (] D] pUWpN VRNVRN QDJ\ViJUHQGGHO D
NULWLNXV pUWpN I|O|WW YDQ DPL DUUD XWDO KRJ\ D NRQYHNFLy D] DOXO PHOHJHEE OpJN|UEHQ V]LQWH
PLQGLJ EHLQGXO
 iEUD .RQYHNWtY IHOKĘN D &VHQGHVyFHiQ GpOL UpV]pQ ĦUUHSOĘJpSUĘO NpV]OW IHOYpWHOHQ $
NXPXORQLPEXV]RN IHOVĘ OOĘV UpV]H NLUDM]ROMD D WURSRV]IpUD IHOVĘ KDWiUiW *RRJOH JSZ
1$6$
$ NRQYHNWtY IHOKĘNQHN DODSYHWĘHQ NpW NO|QE|]Ę IDMWiMD YDQ D NRUiEEDQ PiU HPOtWHWW
NXPXOXV] &X  iEUD PHOOHWW LJHQ HUĘV NRQYHNFLy HVHWpQ NXPXORQLPEXV] &E DODNXO
NL $ IHOKĘDODSRW PLQGNpW HVHWEHQ D NRQGHQ]iFLyV V]LQW KDWiUR]]D PHJ  iEUD $
NXPXOXV]RNDW V]RNiV MyLGĘIHOKĘQHN QHYH]QL iOWDOiEDQ QHP MiUQDN FVDSDGpNNDO V PLQG|VV]H
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 P ±  NP PDJDVDN $ NXPXORQLPEXV]RN ]LYDWDUIHOKĘN %HQQN D IHOiUDPOiV RO\DQ HUĘV
KRJ\ WHWHMN HOpUKHWL D WURSRSDX]iW LV VĘW D]RQ W~O LV Q\~OKDW $ OHYHJĘ EHQQN DQQ\LUD OHKĦO
KRJ\ IHOVĘ UpV]NEHQ DKRO D V]pOQ\tUiV D] ~Q OOĘW OpWUHKR]]D MpJNULVWiO\RN NpS]ĘGQHN 
iEUD $ V]XEWySXVL YLGpNHN OHiUDPOiVL LQYHU]LyMD  IHMH]HW D IHOiUDPOiVW JiWROMD H]pUW
RWW D] XUDONRGy IHOKĘWtSXV D NXPXOXV] $] (J\HQOtWĘ PHQWpQ D] DP~J\ LV MHOHQOHYĘ iWODJRV
IHOiUDPOiV D NXPXORQLPEXV]RNDW VHJtWL D]  iEUiQ OiWKDWy QDJ\ Yt]JĘ] NRQFHQWUiFLy D
NXPXORQLPEXV]RNEyO DGyGLN
 $ JOREiOLV OpJN|U]pV FHOOiV V]HUNH]HWH
$ KĘPpUVpNOHWL NRQYHNFLy My NLLQGXOiVL DODS DKKR] KRJ\ D OpJN|U DODSYHWĘ iUDPOiVL UHQG
V]HUpUĘO iWIRJy NpSHW DONRWKDVVXQN (VHWW V]y D EHHVĘ QDSVXJiU]iV HJ\HQHWOHQ I|OGUDM]L
HORV]OiViUyO PHO\ KDWiUR]RWW PD[LPXPPDO UHQGHONH]LN D] HJ\HQOtWĘL |YH]HWEHQ  iEUD
,WW D IHOPHOHJHGpV RO\DQ LQWHQ]tY KRJ\ D IHOV]iOOy PR]JiV VRUiQ D] DOVy OpJUpWHJHN ± NP
PDJDVViJLJ LV HPHONHGKHWQHN (N|]EHQ D KĘPpUVpNOHW FV|NNHQpVH PLDWW D V]iOOtWRWW Yt]SiUD
NLFVDSyGLN LQWHQ]tY IHOKĘNpS]ĘGpVW RNR]YD $ Ii]LViWPHQHW VRUiQ IHOV]DEDGXOy OiWHQV KĘ
D N|UQ\H]Ę WpUIRJDWEDQ PpJ WRYiEEL PHOHJHGpVW RNR] DPL PpJ QDJ\REE PDJDVViJRNED
ÄKDMWMD´ D IHOV]iOOy OHYHJĘW (EEHQ D WUySXVL I|OGUDM]L |YH]HWUH D IRUUyViJ PHOOHWW MHOOHP]Ę
D QDSL UHQGV]HUHVVpJJHO EHN|YHWNH]Ę LQWHQ]tY HVĘ pV D J\HQJH Yt]V]LQWHV OpJPR]JiV
 iEUD D +D D )|OG QHP IRURJQD D EHVXJiU]iV HJ\HQHWOHQVpJH D] ~Q GLIIHUHQFLiOLV PHOHJtWpV
PLDWW D] (J\HQOtWĘ pV D VDUNRN N|]|WW FVDN HJ\HJ\ NRQYHNFLyV FHOOD NpS]ĘGQH E $ IRUJiV pV D]
DWPRV]IpUD VHNpO\VpJH PLDWW IpOWHNpQNpQW KiURP NRQYHNFLyV FHOOD DODNXO NL PDJ\DUi]DW D V]|YHJEHQ
$ IHOV]iOOy OpJW|PHJHN HPHONHGpVL PDJDVViJiW D WURSRV]IpUD LQYHU]LyV UpWHJH NRUOiWR]]D
 IHMH]HW $ WURSRSDX]D WHKiW D IJJĘOHJHV LUiQ\~ iUDPOiVW HUĘVHQ IpNH]L D]D] D OHYHJĘ
PR]JiVLUiQ\D NpQ\V]HUĦHQ HOWpU pV]DN LOOHWYH GpO IHOp $ PDJDVEDQ D VDUNYLGpNHN IHOp
W|UWpQĘ iUDPOiV VRUiQ D KĘPpUVpNOHW HJ\UH FV|NNHQ D VĦUĦVpJ SHGLJ Q|YHNV]LN +D D )|OG
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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QHP IRURJQD YDJ\ QpKiQ\ HJ\pE SDUDPpWHU SO D WURSRV]IpUD YDVWDJViJD YDJ\ KĘYH]HWpVL
WXODMGRQViJRN PHJIHOHOĘ pUWpNĦ OHQQH DNiU D D iEUiQ OiWKDWy HJ\V]HUĦ NpWFHOOiV iUDPOiVL
UHQGV]HU LV IHOpSOKHWQH D] (J\HQOtWĘ N|UQ\pNpQ IHOV]iOOy OHYHJĘ D PDJDVEDQ D SyOXVRNLJ
YiQGRUROQD DKRO D IHOV]tQUH VOO\HGYH YLVV]DiUDPROQD D] (J\HQOtWĘ LUiQ\iED $] XUDONRGy
IHOV]tQ N|]HOL V]pOMiUiV D] pV]DNL IpOWHNpQ pV]DNLDV D GpOLQ SHGLJ GpOLHV OHQQH $ QDJ\RQ
ODVVDQ  I|OGL QDS SHULyGXVLGĘYHO IRUJy 9pQXV] ERO\Jy OpJN|U]pVH H]pUW YDOyEDQ D D
iEUiKR] KDVRQOy V]HUNH]HWĦ
$ )|OG D]RQEDQ D UDMWD NLDODNXOy iUDPODWRNKR] NpSHVW PHJOHKHWĘVHQ J\RUVDQ IRURJ
WHQJHO\H N|UO O  IHMH]HW $ IRUJiV SHULyGXVLGHMH QpKiQ\ SHUFFHO U|YLGHEE PLQW HJ\
WHOMHV QDS O V]|NĘpY V]iPpUWpNH TF  K P V D]D] V]|JVHEHVVpJH
Ω =
π
TF
= , × − V. 
(] LJHQ NLFVLQHN WĦQKHW PpJLV HJ\ ĦUEHQ Q\XJYy PHJILJ\HOĘK|] NpSHVW %XGDSHVW I|OGUDM]L
V]pOHVVpJpQ D NHOHWUH LUiQ\XOy NHUOHWL VHEHVVpJ NE  NPK
$  IHMH]HWEHQ UpV]OHWHVHQ PHJYL]VJiOMXN KRJ\ D )|OG IRUJiVD PLNpQW PyGRVtWMD D
WHVWHN LOOHWYH IRO\WRQRV N|]HJHN PR]JiViW OHtUy PHFKDQLNDL HJ\HQOHWHNHW HJ\ IHOV]tQKH]
U|J]tWHWW HJ\WW IRUJy PHJILJ\HOĘ V]iPiUD (UUH SUDNWLNXV RNRNEyO YDQ V]NVpJ XJ\DQLV
OpJN|UL PHJILJ\HOpVHLQN PpUpVHLQN W~OQ\RPy W|EEVpJH D )|OGK|] U|J]tWHWW PpUĘiOORPiVRNRQ
W|UWpQLN (OĘ]HWHVHQ DQQ\LW MHJ\H]]QN PHJ KRJ\ D PHFKDQLNDL HJ\HQOHWHNEHQ PHJMHOHQLN
NpW WHKHWHWOHQVpJL HUĘ D FHQWULIXJiOLV pV D &RULROLVHUĘ $] HOĘEEL PLQGHQ WHVWUH YDJ\
DQ\DJJDO NLW|OW|WW WpUIRJDWHOHPUH KDW iP QDJ\ViJD RO\DQ NLFVL D] HUHGĘ JUDYLWiFLyV HUĘK|]
NpSHVW KRJ\ D] iUDPOiVRN OHtUiViQiO iOWDOiEDQ HOKDQ\DJROKDWy $] XWyEEL D &RULROLVHUĘ
FVDN D IHOV]tQKH] NpSHVWPR]Jy REMHNWXPRNUD KDW YLV]RQW D V]iPXQNUD pUGHNHV QDJ\ VNiOiNRQ
H] YiOLN PHJKDWiUR]y MHOHQWĘVpJĦYp RO\DQQ\LUD KRJ\ DPLQW OiWQL IRJMXN HJpV] LGĘMiUiVXQN
NLDODNtWiViQDN G|QWĘ WpQ\H]ĘMH $ &RULROLVHUĘ PLQGHQ IHOV]tQW N|YHWĘ D]D] Yt]V]LQWHV
PR]JiVW HOWpUtWHQL LJ\HNV]LN D] pV]DNL IpOWHNpQ D PR]JiVLUiQ\UD PHUĘOHJHVHQ MREEUD PtJ
D GpOL IpOJ|PE|Q EDOUD
7pUMQN YLVV]D D] (J\HQOtWĘ N|UQ\pNL HUĘV IHOiUDPOiVUD $ PDJDVEDQ D WURSRSDX]iED
WN|]Ę OpJW|PHJHN FVDN pV]DNUD pV GpOUH IRO\WDWKDWMiNPR]JiVXNDW iP D &RULROLVHUĘPLQGNpW
LQGXOy iUDPOiVW D PDJDVEDQ NHOHW IHOp WpUtWL HO $ PR]JiV VRUiQ D KĘPpUVpNOHW IRO\DPDWRVDQ
FV|NNHQ tJ\ D]WiQ HJ\LN IpOWHNpQ VHP MXWQDN PHVV]HEEUH D OpJW|PHJHN PLQW D±◦ I|OGUDM]L
V]pOHVVpJHN WpUtWĘN|U|N DKRO OHV]iOOy PR]JiV LQGXO $] tJ\ IRUPiOyGy JLJDQWLNXV NRQYHN
FLyV FHOOD ]iUyGiViKR] D IHOV]tQ N|]HOpEHQ D] (J\HQOtWĘ IHOp LUiQ\XOy iUDPOiV V]NVpJHV DPLW
D &RULROLVHUĘ V]LQWpQ HOWpUtW FVDN PRVW Q\XJDWL LUiQ\ED ËJ\ DODNXO NL D] (J\HQOtWĘ N|UQ\pNpQ
D IHOV]tQL NHOHWL SDVV]iWV]HOHN |YH]HWH LOOHWYH D E LOOHWYH  iEUiQ OiWKDWy HJ\HJ\+DGOH\
FHOOD HOVĘ OHtUyMiUyO HOQHYH]YH
(]]HO HOOHQWpWHV KDMWyHUĘ DODNtWMD NL D NpW VDUNL FHOOiW ,WW D IHOV]tQL HUĘV KĦWpV PLDWW D VDUNRN
I|O|WW OHV]iOOy iUDPOiV GRPLQiO D IHOV]tQUH pUNH]Ę OpJW|PHJHN D] (J\HQOtWĘ IHOp LQGXOQDN
$] KRJ\ D &RULROLVHUĘ PLQW YHNWRU LV J\DNRUODWLODJ D Yt]V]LQWHV VtNEDQ KDW N|]HOtWpV PHO\ FVDN D]
DWPRV]IpUD pV yFHiQRN UHODWtY ODVV~ iUDPOiVDLUD pUYpQ\HV ÈOWDOiEDQ PpJ Yt]V]LQWHV PR]JiVRN HVHWpQ LV YDQ
D &RULROLVHUĘQHN IJJĘOHJHV NRPSRQHQVH (J\ NLOĘWW iJ\~JRO\y YDJ\ UDNpWD HVHWpQ ± I|OGUDM]L KHO\WĘO pV
PR]JiVLUiQ\WyO IJJĘHQ ± IJJĘOHJHV YHUWLNiOLV LUiQ\~ HOWpUtWpVVHO LV V]iPROQL NHOO O (|WY|VKDWiV 
IHMH]HW
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 iEUD $ FHOOiV iUDPOiVL UHQGV]HU pV]DN±GpOL PHULGLRQiOLV PHWV]HWpQHN Yi]ODWD $ ◦ pV ◦
pV]DNL V]pOHVVpJL IRNRNQiO ]|OG V]tQ MHO|OL D VDUNL LOOHWYH D V]XEWUySXVL MHWHW $ VDUNL FHOOiW D )HUUHO
FHOOiWyO HOYiODV]Wy IHOOHW D VDUNL YDJ\ SROiULV IURQW
$ &RULROLVHUĘ HOWpUtWĘ KDWiVD PLDWW LWW LV NHOHWLHV V]HOHN XUDONRGQDN PLN|]EHQ D IRNR]DWRV
PHOHJHGpV D VĦUĦVpJ FV|NNHQpVpW RNR]]D $ VDUNRNUyO LQGXOy OHYHJĘ VHP MXWKDW D] (J\HQOtWĘ
N|]HOpEH D±◦ I|OGUDM]L V]pOHVVpJHN N|UQ\pNpQ VDUNN|U|N IHOV]iOOy PR]JiV NH]GĘGLN $
WURSRSDX]D DPL LWW FVDN D ± NP PDJDVViJEDQ WDOiOKDWy XJ\DQ~J\ ÄIHGĘNpQW´ PĦN|GLN
PLQW D] (J\HQOtWĘ N|UQ\pNpQ D]D] D PDJDVEDQ D IHOV]tQLKH] NpSHVW HOOHQWpWHV LUiQ\~ iUDPOiVW
NpQ\V]HUtW NL
$ Yi]ROW N|]YHWOHQ JHUMHV]WpVĦ +DGOH\ pV VDUNL FHOOiN N|]UH]iUQDN HJ\HJ\ N|]YHWHWW
JHUMHV]WpVĦ J\DNUDQ )HUUHOFHOOD QpYHQ HPOHJHWHWW iUDPOiVL UHQGV]HUW (]HQ N|]WHV ViYEDQ
D PR]JiVW HOVĘVRUEDQ D NpW HOVĘGOHJHV FHOOD NpQ\V]HUtWL NL XJ\DQLV LWW MHOHQWĘV PHULGLRQiOLV
KĘPpUVpNOHWNO|QEVpJ YDJ\ HJ\pE KDMWyHUĘ QHP D]RQRVtWKDWy (QQHN PHJIHOHOĘHQ D E
LOOHWYH  iEUiN LJHQ HJ\V]HUĦVtWHWW NpSHW WNU|]QHN XJ\DQLV D )HUUHOFHOOD IHOVĘ iJD
YDOyMiEDQ QHP OpWH]LN (J\ ]iUW NRQYHNFLyV FHOOiYDO XJ\DQLV D PDJDVEDQ NHOHWLHV V]HOHN
OHQQpQHN |VV]KDQJEDQ H]]HO V]HPEHQ D] iUDPOiV PLQGNpW IpOWHNpQ LQNiEE Q\XJDWLDV 
iEUD QHP LV EHV]pOYH D  iEUiQ IHOWQWHWHWW VDUNL pV V]XEWUySXVL MHW NLXJUyDQ HUĘV Q\XJDWL
V]HOHLUĘO $ IHOV]tQ N|]HOpEHQ PpUKHWĘ Q\XJDWL V]HOHN MHOOHJH LV HOWpU D] HJ\HQOtWĘL LOOHWYH
VDUNL NHOHWL SDVV]iWV]HOHNpWĘO 0tJ H] XWyEELDN LJHQ VWDELO iUDPOiVL LUiQQ\DO pV HUĘVVpJJHO
MHOOHPH]KHWĘHN D N|]HSHV V]pOHVVpJL IRNRN V]pOMiUiViW D SLOODQDWQ\L LGĘMiUiVL KHO\]HW HUĘVHQ
EHIRO\iVROMD PLQG D] LUiQ\ PLQG D V]pOVHEHVVpJ WHNLQWHWpEHQ O  IHMH]HW
 )HOV]tQL V]pOUHQGV]HU V]pOHQHUJLD
$  iEUiQ MyO OiWKDWy KRJ\ D] HJ\HQOtWĘL |YH]HWEĘO D SyOXVRN IHOp LUiQ\XOy HQHUJLDWUDQV]SRUW
OHJQDJ\REE UpV]H D OpJN|UL iUDPOiVL UHQGV]HUHN N|]YHWtWpVpYHO ]DMOLN $] HPEHULVpJ HOĘWW
iOOy HJ\LN QDJ\ pV HJ\UH VUJHWĘEE NLKtYiV D IRVV]LOLV HQHUJLDKRUGR]yN NLYiOWiVD HEEHQ
YiUKDWyDQ PHJKDWiUR]y V]HUHSHW MiWV]LN PDMG D OpJN|UL PR]JiVRN NLQHWLNXV HQHUJLiMiQDN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD eYHV iWODJRV KRVV]~ViJL N|U|NNHO SiUKX]DPRV ]RQiOLV LUiQ\~ V]pOVHEHVVpJ D I|OGUDM]L
V]pOHVVpJ pV D PDJDVViJ IJJYpQ\pEHQ $ ]|OGHV WHUOHWHN IRO\WRQRV NRQW~UYRQDODN Q\XJDWL PtJ D
Uy]VDV]tQHV V]DJJDWRWW NRQW~URN NHOHWL LUiQ\~ V]HOHW MHO|OQHN $] iEUiQ FVDN NpW ]RQiOLV V]pOHUĘVVpJ
PD[LPXPRW OiWXQN D ± IRNRV V]pOHVVpJL N|U|N N|UQ\pNpQ PHO\HN D V]XEWUySXVL MHWQHN IHOHOQHN
PHJ $ SROiULV MHWHN LWW QHP MHOHQQHN PHJ D]RN XJ\DQLV D VDUNL IURQWRNNDO HJ\WW QDJ\ DPSOLW~GyM~
UH]JĘPR]JiVW YpJH]QHN V H]pUW D KRVV]~ LGHMĦ iWODJEDQ HOPRVyGQDN )RUUiV >@
ÄPHJFVDSROiVD´ $ MHOHQOHJL WHFKQROyJLiN D IHOV]tQN|]HOL V]pOHQHUJLD KDV]QRVtWiViW WHV]LN
OHKHWĘYp YHJ\N H]pUW U|YLGHQ V]HPJ\UH H]W D] iUDPOiVL UpJLyW
$ E pV  iEUiNRQ OiWKDWy VHPDWLNXV iUDPOiVL NpS D VRNNDO NRPSOLNiOWDEE YDOyV YLV]R
Q\RNDW FVDN LJHQ QDJ\ YRQDODNEDQ MHOOHP]L $] HOĘ]Ę V]DNDV] YpJpQ PiU XWDOWXQN DUUD KRJ\
D N|]HSHV I|OGUDM]L V]pOHVVpJHN LGĘMiUiVD HQQHN PHJIHOHOĘHQ D V]pOPH]Ę LJHQ V]HV]pO\HVHQ
YiOWR]LN D] pYV]DNRV iWODJRV LQJDGR]iVQiO LV QDJ\REE YiOWR]pNRQ\ViJRW PXWDWYD (QQHN
HOVĘGOHJHV RND D] KRJ\ D VDUNL FHOOiN (J\HQOtWĘ IHOp HVĘ V]pOH D SROiULV IURQW LJHQ LQVWDELO
D ◦±◦ N|]p HVĘ ViYEDQ KXOOiP]y PR]JiV PHOOHWW O  IHMH]HW iOODQGyDQ YiOWR]WDWMD
SR]tFLyMiW $ QDJ\ DPSOLW~GyM~ NLOHQJpVHN PHOOHWW J\DNUDQ KDWDOPDV |UYpQ\HN V]DNDGQDN
OH D SROiULV IURQWUyO D] LGĘMiUiVL HOĘUHMHO]pVHNEĘO MyO LVPHUW PpUVpNHOW pJ|YL FLNORQRN pV
DQWLFLNORQRN HOĘIXWiUDL (QQHN LV N|V]|QKHWĘ KRJ\ D  iEUiQ OiWKDWy iWODJRV IHOV]tQL
V]HOHNHW IHOWQWHWĘ WpUNpSHQ D] LGHiOLV YLVHONHGpV MREEiUD D Q\tOW yFHiQRN IHOHWW ILJ\HOKHWĘ
FVDN PHJ
$  WpUNpSHQ pV D FVDWROW DQLPiFLyQ V]HPEH|WOĘ PyGRQ OiWV]LN KRJ\ D V]LOiUG IHOV]tQ
PLO\HQ HUĘVHQ IpNH]L D] DODFVRQ\ V]LQWĦ OpJN|UL iUDPOiVRNDW (QQHN RND D] pUGHV V]HOGHOW
IHOOHWHN PHQWpQ IHOOpSĘ MHOHQWĘV V~UOyGiV LOOHWYH D V]iUD] YDJ\ Q|YpQ\]HWWHO ERUtWRWW WDODM
PDJDV DEV]RUEFLyV iOODQGyMD $ ORNiOLV IHOPHOHJHGpV D  V]DNDV]EDQ OHtUWDNQDNPHJIHOHOĘHQ
IJJĘOHJHV LUiQ\~ PR]JiVRNDW JHUMHV]W DPL PLQWHJ\ ÄV]pW]LOiOMD´ D Yt]V]LQWHV V]pOPH]ĘNHW
$ V]LOiUG IHOV]tQQHO KDWiURV SODQHWiULV KDWiUUpWHJEHQ D] u¯ iWODJRV Yt]V]LQWHV V]pOVHEHVVpJ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD *OREiOLV IHOV]tQN|]HOL  PHV PDJDVViJEDQ PpUW V]pOHUĘVVpJ D] ± N|]|WWL
LGĘV]DN DGDWDLQDN iWODJROiVD DODSMiQ $ V]tQNyGRN D VHEHVVpJHN DEV]RO~W pUWpNpW MHOOHP]LN )RUUiV
>@
 iEUD  DQLPiFLy
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z PDJDVViJWyO IJJĘ YiOWR]iViW HJ\ IpOHPSLULNXV ORJDULWPLNXV SURILOODO V]RNWiN N|]HOtWĘHQ
MHOOHPH]QL
u¯(z) =
u∗
κ
ln
(
z − d
z
)
, 
DKRO D] u∗ SDUDPpWHU D] ~Q V~UOyGiVL VHEHVVpJ κ D .iUPiQIpOH NRQVWDQV ,  d D NLV]R
UtWiVL UpWHJYDVWDJViJ pV z D] pUGHVVpJL SDUDPpWHU $ d NLV]RUtWiVL UpWHJYDVWDJViJ D] D V]LQW
DKRO D V]pOVHEHVVpJ QXOOiUD FV|NNHQ D WDODM IHOHWW H] Q\LOYiQ FVDN PDJDV IHOV]tQL DNDGiO\RN
HVHWpQ pUWHOPH]KHWĘ 1DJ\ViJD D] iWODJRV DNDGiO\PpUHW NpWKDUPDGD N|UOL SpOGiXO HJ\  P
PDJDV HUGĘEHQ  P pUWpNĦ $ z pUGHVVpJL SDUDPpWHU D IHOV]tQ ÄGXUYDViJiQDN´ PpUĘV]iPD
VLPD Yt]IHOOHW HVHWpQ QDJ\ViJD ± PLNURQ ± P IYHV PH]Ę IHOHWW ±
FP ERNURV YDJ\ HUGĘV IHOV]tQHQ ± P
0DQDSViJ VRNDW KDOODQL D IRVV]LOLV HQHUJLDKRUGR]yN NpV]OHWHLQHN YiUKDWy NLPHUOpVpUĘO
pV D V]NVpJOHWHW NLHOpJtWHQL KLYDWRWW DOWHUQDWtY IRUUiVRNUyO (]HQ EHOO LV NLHPHOW V]HUHSHW
V]iQQDN D V]pOHQHUJLD KDV]QRVtWiViQDN H]pUW pUGHPHV HUUĘO D NpUGpVUĘO QpKiQ\ V]yW HMWHQL
$ V]pOHQHUJLD NLDNQi]iViQDN IL]LNDL DODSMDL HJ\V]HUĦHN (J\VpJQ\L WpUIRJDW~ iUDPOy
OpJW|PHJ NLQHWLNXV HQHUJLiMD Ek = ρu/ DKRO ρ D VĦUĦVpJ pV u D Yt]V]LQWHV iUDPOiVL
VHEHVVpJ QDJ\ViJD +D HJ\ V]pONHUpN ODSiWMDL iOWDO V~UROW WHUOHWA D OpJW|PHJ WHOMHV iUDPOiVL
WHOMHVtWPpQ\H HJ\VpJQ\L LGĘ DODWW YpJ]HWW PD[LPiOLV PXQND P = ̺Au/ KLV]HQ HJ\VpJQ\L
LGĘ DODWW Au WpUIRJDW~ OpJW|PHJ KDODG iW D] A IHOOHWHQ (]W D WHOMHVtWPpQ\W QHP OHKHW
PDUDGpNWDODQXO KDV]QRVtWDQL QLQFV RO\DQ WXUELQD DPHO\ P|J|WW D] iUDPOiV WHOMHVHQ OHiOOQD
D] HOYL KDWiU D] ~Q %HW]IpOH OLPLW ∼ $ J\DNRUODWEDQ SHUV]H H] VHP pUKHWĘ
HO PLQGHQHVHWUH D PpUQ|NL FV~FVWHOMHVtWPpQ\W UHSUH]HQWiOy PRGHUQ NRQVWUXNFLyN DOLJ SiU
V]i]DOpNNDO PDUDGQDN HO D] DEV]RO~W HOYL NRUOiWWyO
0DQDSViJ YLOODPRVHQHUJLDWHUPHOpVUH PDMGQHP NL]iUyODJ D KiURP ODSiWRV V]pONHUHNHNHW
KDV]QiOMiN (] HJ\ WHFKQROyJLDL RSWLPDOL]iFLy HUHGPpQ\H PHO\QHN FpOMD pSSHQ D KDWiVIRN
PD[LPDOL]iOiVD YROW $ V]pOHQHUJLDKDV]QRVtWiV PHFKDQLNDL KDWiVIRND DQQiO QDJ\REE PLQpO
MREEDQ N|]HOtW D ODSiWRN FV~FVVHEHVVpJH D V]pOVHEHVVpJKH] H] SHGLJ PLQpO NLVHEE ODSiWV]iP
PDO pUKHWĘ HO YDOyEDQ WHV]WHOWHN HJ\HWOHQ ODSiWRV V]pONHUHNHNHW LV $ IRUJDWyQ\RPDWpN
YLV]RQW D ODSiWV]iPPDO HJ\WW QĘ H]pUW KDV]QiOMiN SO Yt]V]LYDWW\~]iVUD D VRNODSiWRV ODVV~
V]pONHUHNHNHW PLQG D PDL QDSLJ
$ V]pOHUĘPĦYL HQHUJLDWHUPHOpV OHJQDJ\REE SUREOpPiMD KRJ\PDJD D] HUĘIRUUiV UHQGNtYO
PHJEt]KDWDWODQ D V]pO QpKD I~M QpKD KD]iQNEDQ W|EEQ\LUH QHP $] LQJDGR]iVRN U|YLG LGĘ
WDUWDPRN DODWW LV UHQGNtYO QDJ\RN OHKHWQHN WXUEXOHQFLD pV UHQGNtYO QHKH]HQ MHOH]KHWĘHN
HOĘUH $ V]pOVHEHVVpJ pUWpNHN DGRWW KHO\HQ HUĘVHQ DV]LPPHWULNXV J\DNRULViJHORV]OiVW PXWDW
QDN HJ\ SpOGD OiWKDWy D D iEUD KLV]WRJUDPMiQ  pY WXUELQDWRURQ\ PpUpVHL 0RVRQV]ROQRN
N|]HOpEHQ
$ PRGHUQ WXUELQiN WHOMHVtWPpQ\J|UEpL HOHNWURPRV NLPHQĘ WHOMHVtWPpQ\ D V]pOVHEHVVpJ
IJJYpQ\pEHQ QDJ\RQ KDVRQOyDN DKKR] PLQW DPLW D NpN YRQDO LOOXV]WUiO XJ\DQH]HQ D
JUDILNRQRQ D iEUD $ JHQHUiWRURN PHJKDMWiViKR] V]NVpJHV PLQLPiOLV V]pOVHEHVVpJ
ÄFXWLQ´ pUWpN iOWDOiEDQ ± PV ± NP/K H I|O|WW D NLPHQĘ WHOMHVtWPpQ\ D V]pOVH
EHVVpJ N|]HO KDUPDGLN KDWYiQ\iYDO QĘ ± PV N|UO V]NVpJHV D] DNWtY WXUELQDNRQWUROO
EHNDSFVROiVD DPLW D ODSiWRN KDMOiVV]|JpQHN YiOWR]WDWiViYDO pUQHN HO (EEHQ D WDUWRPiQ\EDQ
D NLPHQĘ HOHNWURPRV WHOMHVtWPpQ\ HJ\ NRQVWDQV pUWpN N|UO SpOGiQNEDQ  N: LQJDGR]LN
7~OViJRVDQ HUĘV V]pOEHQ D ODSiWRNDW pV D WRUQ\RW LV NULWLNXV PHFKDQLNDL WHUKHOpV pUKHWL
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD D (J\ (QHUFRQ (± WtSXV~ WXUELQD JRQGRODPDJDVViJiEDQ  P PpUW V]pOVHEHVVpJ
pUWpNHN QRUPiOW KLV]WRJUDPMD  SHUFHV iWODJRN  ]HPpY DGDWDL YDODPLQW WHOMHVtWPpQ\J|UEpMH NpN
YRQDO MREE ROGDOL VNiOD E .LPHQĘ HOHNWURPRV WHOMHVtWPpQ\ HJ\ KHWL PpUW LGĘVRUD  SHUFHV iWODJRN
 HOVĘ KHWH XJ\DQH]HQ WXUELQiQiO +iURP pY NDSDFLWiVIDNWRUDL   
H]pUW EL]WRQViJL RNRN PLDWW  PV VHEHVVpJ N|UO ÄFXWRXW´ pUWpN D WXUELQiNDW OHiOOtWMiN
$ D iEUD NpN J|UEpMH PXWDWMD KRJ\ D] DODFVRQ\ iWODJRV V]pOVHEHVVpJĦ KHO\HNHQ D]
HOHNWURPRV WHOMHVtWPpQ\ QHP HJ\V]HUĦHQ FVDN HOPDUDG D QpYpUWpNWĘO KDQHP D WHUPpV]HWHV
VHEHVVpJLQJDGR]iVRN D WHOMHVtWPpQ\J|UEH SODWy HOĘWWL QHPOLQHiULV V]DNDV]D PLDWW H[WUpP
IOXNWXiFLyNDW SURGXNiOQDN D WHOMHVtWPpQ\EHQ (WWĘO IJJHWOHQO LV HJ\ V]pOWXUELQD HOHNWURPRV
WHOMHVtWPpQ\H IRO\DPDWRVDQ LQJDGR]LN D QXOOD pV D QpYpUWpN N|]|WW 3pOGDNpQW EHPXWDWMXN D
PiU HPOtWHWW HUĘPĦ HJ\ KHWL NLPHQĘ DGDWVRUiW D E iEUD JUDILNRQMiQ
$ V]pOWXUELQiN KDV]QRVViJiQDN LV IRQWRV PpUĘV]iPD D NDSDFLWiVIDNWRU DPL D KRVV]~
LGHMĦ iWODJRV NLPHQĘ WHOMHVtWPpQ\ pV D QpYOHJHV WHOMHVtWPpQ\ KiQ\DGRVD .LYpWHOHVHQ My
V]pOMiUiV~ KHO\HNHQ SDUWWyO WiYRO D Q\tOW YL]HNHQ D NDSDFLWiV IDNWRU PHJKDODGKDWMD D
RW  I|O|WW HJ\ V]pOWXUELQD LJHQ My WHOMHVtWPpQ\ĦQHN V]iPtW QiOXQN D OHJMREE
KHO\HNHQ pV OHJMREE pYHNEHQ VHP LJHQ KDODGWD PHJ D RV V]LQWHW HJ\HWOHQ V]pOHUĘPĦ VHP
gVV]HKDVRQOtWiVNpSSHQ D IRVV]LOLV YDJ\ QXNOHiULV W]HOĘDQ\DJJDO PĦN|GĘ DODSHUĘPĦYHN
V]RNiVRV NDSDFLWiVIDNWRUD 
$ WXUELQiN WHOMHVtWPpQ\pEHQ IHOOpSĘ LQJDGR]iVRN FV|NNHQWpVpQHN EHYiOW PyGMD W|EE
JHQHUiWRU NLPHQHWpQHN |VV]HJ]pVH D]D] V]pOIDUPRN WHOHStWpVH (] LJHQ MyO PĦN|GLN D Pi
VRGSHUFHV SHUFHV LGĘVNiOiNRQ GH KRVV]DEE LQWHUYDOOXPEDQ D V]pOIDUPRNQiO VHP NHUOKHWĘHN
HO D V]pOFVHQGHV LGĘV]DNRN NLHVpVHL $] XUDONRGy HONpS]HOpV V]HULQW D]RQEDQ H]HN D NLHVpVHN
LV NLNV]|E|OKHWĘHN KD HOHJHQGĘHQ QDJ\ WHUOHW |VV]HJ]HWW WHOMHVtWPpQ\pW YHVV]N DODSXO
ÄYDODKRO PLQGLJ I~M D V]pO´ $ PDJ\DURUV]iJL V]pOPH]Ę VWDWLV]WLNDL YL]VJiODWD > @
HJ\pUWHOPĦHQ DUUD XWDO KRJ\ D WpUEHOL NRUUHOiOWViJ LJHQ HUĘV D NDUDNWHULV]WLNXV NRUUHOiFLyV
KRVV] ± NP (] D]W MHOHQWL KRJ\ FVHNpO\ DQQDN D YDOyV]tQĦVpJH KRJ\ D] RUV]iJ
NO|QE|]Ę UpV]HLQ DODSYHWĘHQ HOWpUĘ V]pOYLV]RQ\RN XUDONRGMDQDN KD LO\HQHN IHOOpSQHN SO
HUĘV KLGHJIURQWRN iWYRQXOiVD HVHWpQ LGĘWDUWDPXN PHJOHKHWĘVHQ U|YLG IpO YDJ\ HJ\ QDS
(]pUW D] RUV]iJ WHOMHV WHUOHWpUĘO |VV]HJ]HWW V]pOHUĘPĦYL WHOMHVtWPpQ\ LV J\DNUDQ QXOOD YDJ\
N|]HO QXOOD HPOpNH]WHWĘO D JHQHUiWRURN QHP WHUPHOQHN  NPK V]pOVHEHVVpJ DODWW LO\HQNRU
D ODSiWNHUHNHN UHVMiUDWEDQ IRURJQDN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 IHMH]HW
ÏFHiQL WUDQV]SRUWIRO\DPDWRN
$ YLOiJWHQJHUHN iUDPOiVL MHOHQVpJHL WHOMHVHQ HOWpUĘ WiYROViJ pV LGĘVNiOiNRQ ]DMODQDN LWW D
JOREiOLV yFHiQL PHGHQFpNHW iWtYHOĘ FLUNXOiFLyYDO IRJODONR]XQN 6RNIpOH KDWiV JHUMHV]WL D]
yFHiQL Yt]W|PHJHN PR]JiViW D +ROG pV D 1DS JUDYLWiFLyV YRQ]iVD D] iUDSiO\HUĘN D WHQJHU
V]LQWHQ PpUW OpJQ\RPiV KRUL]RQWiOLV JUDGLHQVHL D V]pOQ\tUiVL HUĘN YDJ\ D Yt]V]LQWHV KĘPpU
VpNOHWL LOOHWYH VyWDUWDORPNO|QEVpJHN D] DOiEEL DQLPiFLyQ HJ\ LO\HQ SpOGD OiWKDWy 0LYHO
D] iUDSiO\HUĘN V]LJRU~DQ SHULRGLNXVDQ YiOWDNR]QDN pV J\RUVDQ IpO QDSRV SHULRGLFLWiVVDO
KDWiVXN D JOREiOLV iUDPOiVRNUD Qp]YH HOKDQ\DJROKDWy $ OpJQ\RPiVNO|QEVpJEĘO V]iUPD]y
V]pOQ\tUiV pV D VĦUĦVpJNO|QEVpJEĘO DGyGy HUĘN D]RQEDQ NO|Q ILJ\HOPHW pUGHPHOQHN
 iEUD  DQLPiFLy
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  Ï&(È1, 75$16=3257)2/<$0$72.
 6]pO KDMWRWWD yFHiQL iUDPOiVRN
$ V]pO D WHQJHUHN IHOV]tQpUH V~UOyGiVL HUĘKDWiVW IHMW NL DPL PR]JiVED KR]]D D OHJIHOVĘ UpWHJHW
$ V]pOQ\tUiVL IHV]OWVpJ D IHOOHWHJ\VpJUH HVĘ D IHOOHWWHO SiUKX]DPRV HUĘ QDJ\ViJiW
N|]HOtWKHWMN D
τ = CDρOHYHJĘu , 
|VV]HIJJpVVHO DKRO ρOHYHJĘ = ,  NJP D OHYHJĘ N|]HSHV VĦUĦVpJH u D  PPDJDVViJEDQ
PpUW Yt]V]LQWHV V]pOVHEHVVpJ pV CD =  · − HJ\ HPSLULNXV V~UOyGiVL HJ\WWKDWy $
IHOV]tQ I|O|WWL  PHV PDJDVViJ W~O QDJ\QDN WĦQKHW GH H] D V]DEYiQ\RV PpUpVL V]LQW HJ\
PHWHRUROyJLDL iOORPiVRQ
(J\ V]pOO|NpV KDWiViUD PHJOyGXOy IRO\DGpNHOHP HOVĘ N|]HOtWpVEHQ WHKHWHWOHQVpJL PR]JiVW
IRJ YpJH]QL ,QHUFLDUHQGV]HUEHQ H] HJ\HQHV YRQDO~ HJ\HQOHWHV PR]JiV OHQQH iP D IRUJy
)|OG|Q D &RULROLVHUĘ KDWiViW QHP OHKHW NLNHUOQL $KRJ\ D  V]DNDV]EDQ OHtUWXN D
&RULROLVHUĘ D] pV]DNL IpOWHNpQ D PR]JiVLUiQ\UD PHUĘOHJHVHQ MREE Np] IHOp KDW (QQHN
HUHGPpQ\H iOOy N|]HJEHQ HJ\ DQWLFLNORQiOLV D] pV]DNL IpOWHNpQ D] yUDPXWDWyYDO PHJHJ\H]Ę
N|UOMiUiV~ WHKHWHWOHQVpJL N|UPR]JiV DPHO\ D] HJ\LN OHJJ\DNRULEE PR]JiVIRUPD D IHOV]tQL
UpWHJHNEHQ IL]LNDL OHtUiVD D  IHMH]HWEHQ 7LV]WD IRUPiEDQ ]iUW N|USiO\D PHQWpQ ULWNiQ
IRUGXO HOĘ PHUW D YL]HN iWODJRV iUDPOiVD KR]]iGyGLN D N|UPR]JiVEyO V]iUPD]y VHEHVVpJKH]
ÏFHiQL Q\RPMHO]Ę EyMiN VRGUyGiVL SiO\iLQ N|QQ\Ħ pV]UHYHQQL D WHKHWHWOHQVpJL N|UPR]JiVW D
KiWWpUiUDPOiV PHOOHWW  iEUD
 iEUD  P PpO\VpJEHQ VRGUyGy EyMiN WUDMHNWyULiL D &VHQGHVyFHiQ pV]DNL PHGHQFpMpEHQ 
RNWyEHUL PpUpV DGDWDL DODSMiQ
)RUUiV ?iiT,ffQ+2MrQ`H/XiKmX2/mf`2bQm`+2bfQ+M;ni2ti#QQF
+D D VRGUyGiV HJ\ U|YLG LGHMĦ V]pOO|NpV KDWiViUD LQGXO WRYiEEL KDMWyHUĘ KLiQ\iEDQ D
N|UPR]JiV SiU QDS DODWW OHFVHQJ  iEUD 6]iPRV yFHiQL |YH]HWEHQ D]RQEDQ D IHOV]tQN|]HOL
V]pO D]RQRV LUiQ\EDQ V]LQWH iOODQGy HUĘVVpJJHO I~M  pV  iEUiN DPL D Yt] FVHNpO\
YLV]NR]LWiVD PLDWW QDJ\ VNiOiM~ JOREiOLV iUDPOiVL UHQGV]HUHNHW KR] OpWUH eUGHPHV D]RQEDQ
pV]UHYHQQL KRJ\ D V~UOyGiVL HUĘ N|]YHWtWHWWH FVDWROiV LJHQ DODFVRQ\ KDWiVIRN~ >D 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD -HOOHP]Ę JOREiOLV V]pOQ\tUiVL IHV]OWVpJ I|OGUDM]L HORV]OiVD MDQXiU KyQDSEDQ $ SLURV V]tQ
D  1PQpO QDJ\REE YHNWRURNDW HPHOL NL $] iEUiUyO OHROYDVKDWy KRJ\ D V]pOQ\tUiVL YHNWRURN QDJ\
KXUNRNDW Ä|UYpQ\HNHW´ DONRWQDN O  IHMH]HW )RUUiV ?iiT,ffrrrXKT+7+mHivXM2ifH7`2/n
?Q+?bi2/i2`f
HJ\HQOHWEHQ CD H]UHG QDJ\ViJUHQGĦ V]RU]yWpQ\H]Ę@ $ PHJILJ\HOpVHN V]HULQW D Yt] iUDPOiVL
VHEHVVpJH PLQG|VV]H D V]pOVHEHVVpJ ±D pV D PpO\EHQ LV J\RUVDQ QpKiQ\V]RU Wt] PpWHUHV
UpWHJEHQ OHFVHQJ
)RQWRVViJD PLDWW QHP OHKHW HOHJHW LVPpWHOQL KRJ\ yFHiQL PHGHQFH PpUHWĦ VNiOiNRQ D
)|OG IRUJiViW PLQGLJ ILJ\HOHPEH NHOO YHQQL $ IHOV]tQL τ V]pOQ\tUiVL IHV]OWVpJ YDODPLQW
D V~UOyGiVL pV &RULROLVHUĘ HJ\WWHV KDWiVD D] yFHiQRN IHOV]tQL UpWHJHLEHQ LV V]RNDWODQ
iUDPOiVL MHOHQVpJHNKH] YH]HW $ IL]LNDL UpV]OHWHN D  IHMH]HWEHQ NHUOQHN VRUUD HOĘ]HWHVHQ
PHJHPOtWQN QpKiQ\ IRQWRV WDSDV]WDODWL WpQ\W
$ KtUHV VDUNXWD]y )ULGWMRI 1DQVHQ MHJ\H]WH IHO DV H[SHGtFLyMD VRUiQ KRJ\ D
MpJKHJ\HN QHP D V]pOOHO PHJHJ\H]Ę LUiQ\EDQ KDQHP DWWyO ± IRNNDO MREEUD VRGUyGQDN $
PDJ\DUi]DWRW :DOIULG (NPDQ DGWD PHJ EHQ EHQ\~MWRWW GRNWRUL pUWHNH]pVpEHQ (OPpOHWH
QHPFVDN D] yFHiQRN KDQHP D V]LOiUG IHOV]tQ I|O|WW HOKHO\H]NHGĘ SODQHWiULV KDWiUUpWHJ
VHEHVVpJYLV]RQ\DLW LV OHtUMD 0LQGNpW KDWiUUpWHJEHQ LJD] D &RULROLVHUĘ MHOHQOpWpQHN pUGHNHV
N|YHWNH]PpQ\HNpQW KRJ\ D V]pO LOOHWYH D WHQJHUYt] iUDPOiVL VHEHVVpJH pV LUiQ\D LV IJJ
D IHOV]tQWĘO PpUW WiYROViJWyO 7RYiEEL pUGHNHVVpJ PHO\UH PpJ V]LQWpQ YLVV]DWpUQN KRJ\
D] yFHiQL KDWiUUpWHJEHQ D IHOV]tQL Yt]W|PHJHN iWKHO\H]ĘGpVpQHN LUiQ\iED PXWDWy HUHGĘ
WUDQV]SRUW YHNWRU D] ~Q (NPDQWUDQV]SRUW HOWpU D V]pOQ\tUiV LUiQ\iWyO ,GHiOLV HVHWEHQ
H] D WUDQV]SRUW YHNWRU D IHOV]tQL V]pOQ\tUiV YHNWRUUD PHUĘOHJHV D] pV]DNL IpOWHNpQ MREEUD
D GpOLQ EDOUD PXWDW (]HQ D SRQWRQ D]W pUGHPHV PHJMHJ\H]QL KRJ\ D] yFHiQL iUDPOiVRN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  Ï&(È1, 75$16=3257)2/<$0$72.
 iEUD $ IHOV]tQL V]pOQ\tUiV iOWDO KDMWRWW yFHiQL N|UiUDPRN SLURVIHNHWHNpN V]tQHN HJ\UH KLGHJHEE
iUDPODWRNDW MHO|OQHN  eV]DNDWODQWL  'pODWODQWL
 eV]DNFVHQGHVyFHiQL  'pOFVHQGHVyFHiQL  ,QGLDLyFHiQLN|UiUDP  $QWDUNWLV] N|UOL
iUDPODW )RUUiV ?iiT,ff2MXrBFBT2/BXQ`;f
 iEUD  DQLPiFLy
QHP N|YHWLN D] XUDONRGy V]pOLUiQ\RNDW D )|OG IRUJiVD HEEHQ D] HVHWEHQ LV DODSYHWĘ PyGRVtWy
WpQ\H]ĘNpQW MHOHQWNH]LN +pWN|]QDSL WDSDV]WDODWXQN V]HULQW D IRO\DGpN XJ\DQLV DUUD PR]RJ
DPHUUH Q\RPMXN D Q\RPiVFV|NNHQpV LUiQ\iED D] yFHiQL YL]HN pV D OpJW|PHJHN D]RQEDQ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 6=e/ +$-7277$ Ï&(È1, È5$0/È62. 
QDJ\ VNiOiQ QHP N|YHWLN H]W D V]DEiO\W PHO\ FVDN DNNRU pUYpQ\HV KD D &RULROLVHUĘ
HOKDQ\DJROKDWy
$  iEUD PXWDWMD D V]pO KDMWRWWD yFHiQL iUDPOiVL UHQGV]HU Yi]ODWiW PHO\HQ D OHJQDJ\REE
IHOV]tQL N|UiUDPRN DQJROXO J\UH PHJMHOHQQHN $] $QWDUNWLV] N|UOL iUDPODW NLYpWHOpYHO
PLQGHJ\LNUH MHOOHP]Ę D] DQWLFLNORQiOLV IRUJiVL LUiQ\ pV D] D WHQGHQFLD KRJ\ PDMGQHP D WHOMHV
UHQGHONH]pVUH iOOy PHGHQFpW NLW|OWLN (]HN D QDJ\ N|UiUDPRN N|]YHWOHQ KDMWiV~DN D]D] D
OpJN|U FHOOiV iUDPOiVL UHQGV]HUH SDVV]iWV]HOHN D IĘ JHUMHV]WĘ HUĘ $  iEUD pV D FVDWROW
DQLPiFLy LV IHOWQWHW QpKiQ\ NLVHEE J\HQJpEE N|]YHWHWW N|UiUDPRW SO HJ\HQOtWĘL pV D]
DQWDUNWLV]L HOOHQiUDPOiVRN H]HNHW MREEiUD D N|]YHWOHQ FLUNXOiFLy KDMWMD
φ
λ
 iEUD %DO ROGDOL NpS 1\XJDWL SHUHPiUDPODW pV D J\HQJH NHOHWL SHUHPiUDPODW VHPDWLNXV NpSH
D] pV]DNL IpOWHNpQ PDJ\DUi]DW D V]|YHJEHQ -REE ROGDOL NpS $ &VHQGHVyFHiQ Q\XJDWL SHUHPpQ
-DSiQ SDUWMDL PHOOHWW HOKDODGy .XURVLRiUDPODW iUDPOiVL VHEHVVpJH IHNHWH YHNWRURN $ V]tQNyGROiV
D WHQJHUIHOV]tQ KĘPpUVpNOHWpW VHH VXUIDFH WHPSHUDWXUH 667 MHO]L
$  iEUiQ XJ\DQ QLQFVHQ iEUi]ROYD iP IRQWRV WpQ\ KRJ\ D IĘ N|UiUDPRN HUĘVHQ
DV]LPPHWULNXV VHEHVVpJL PH]ĘYHO MHOOHPH]KHWĘN 0LQGHJ\LN yFHiQL PHGHQFH Q\XJDWL SHUH
PpQ IpOWHNpWĘO IJJHWOHQO PHJILJ\HOKHWĘ D] iUDPOiVRN IHOHUĘV|GpVH pV PpO\HEE V]LQWHNUH
YDOy NLWHUMHGpVH (QQHN RND D I|OGIHOV]tQ J|UEOWVpJH D]D] D )|OG J|PE DODNMD $ 
V]DNDV]EDQ LVPHUWHWpVUH NHUOĘ PHJIRQWROiVRN V]HULQW D &RULROLVKDWiV QDJ\ViJD IJJ D]
(J\HQOtWĘWĘO YDOy WiYROViJWyO D] (J\HQOtWĘQ QXOOD D VDUNRNRQ PD[LPiOLV 6]LJRU~DQ YpYH
H] FVDN D IHOV]tQW N|YHWĘ Yt]V]LQWHV PR]JiVRNUD WHOMHVO iP H]HN GRPLQiOMiN D JOREiOLV
WUDQV]SRUWIRO\DPDWRNDW LV $ J|UEOHWL KDWiV PLDWW WHKiW D] (J\HQOtWĘWĘO WiYRODEEL WHUOHWHNHQ
D &RULROLVHUĘ HOWpUtWĘ KDWiVD VRNNDO HUĘVHEE PLQW D WUySXVRNRQ (PLDWW D Q\XJDWLDV V]HOHN
iOWDO KDMWRWW IHOV]tQL iUDPOiV OpQ\HJHVHQ NRUiEEDQ YLVV]DNDQ\DURGLN D] (J\HQOtWĘ LUiQ\iED
PLQW D V]HPEHQ KDODGy NHOHWL SDVV]iWV]HOHN iOWDO KDMWRWW ROGDORQ ËJ\ D]XWiQ D Q\XJDWUD
VRGUyGy Yt]W|PHJHN FVHNpO\ NDQ\DURGiV PHOOHWW EHOHWN|]QHN DPHGHQFpN Q\XJDWL SHUHPpEH
DKRO IHOWRUOyGQDN pV D] |VV]HQ\RPKDWDWODQViJPLDWW IHO LV J\RUVXOQDN (]W D] DV]LPPHWULiW iE
Ui]ROMD D  iEUD EDOROGDOL Yi]ODWD D] yFHiQL PHGHQFpN NHOHWL ROGDOiQ D GpOUH iUDPOy VHNpO\
UpWHJEHQ HOWHUOĘ Yt]W|PHJHN WHOMHV Yt]KR]DPD PHJHJ\H]LN D Q\XJDWL SHUHPHQ IHOWRUOyGRWW
pV IHOHUĘV|G|WW iUDPpYDO $  iEUD MREE ROGDOD D] eV]DNFVHQGHVyFHiQLN|UiUDP Q\XJDWL
)|OGUDM]L QHYH 1\XJDWL V]pO iUDPOiV
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  Ï&(È1, 75$16=3257)2/<$0$72.
ROGDOiQ WDOiOKDWy .XURVLRiUDPODWRW PXWDWMD EH
 $ 1DJ\ ÏFHiQL 6]iOOtWyV]DODJ
$] HOĘ]Ę V]DNDV]EDQ WiUJ\DOW V]pO KDMWRWWD iUDPOiVRN D IHOV]tQ N|]HOL UpWHJHNUH NRUOiWR]yGQDN
PpO\VpJL KDWiVXN LJHQ FVHNpO\ $ PRGHUQ yFHDQRJUiILDL pV]OHOpVHN D]RQEDQ HJ\|QWHWĦHQ DUUD
XWDOQDN KRJ\ D YLOiJWHQJHUHN WHOMHV Yt]W|PHJH PR]JiVEDQ YDQ EiU D IHQpN N|]HOpEHQ H]
LJHQ ODVV~ iUDPOiVW MHOHQW $ IHOV]tQ DODWWL iUDPOiVRN |VV]HIRJODOy QHYH WHUPRKDOLQ Yt]N|U]pV
D V]y HOVĘ IHOH WHUPR D KĘPpUVpNOHWL PiVRGLN UpV]H KDOLQ D VyWDUWDORP NO|QEVpJHNUH
XWDO $KRJ\ D]  IHMH]HWEHQ HPOtWHWWN V]WDWLNXV HJ\HQV~O\L iOODSRW VHP D OpJN|UEHQ
VHP D KLGURV]IpUiEDQ QHP YDOyVXOKDW PHJ SO D EHVXJiU]iV HJ\HQHWOHQVpJH YDJ\ D )|OG
IRUJiVD PLDWW D] yFHiQRN HVHWpEHQ UiDGiVXO D VyWDUWDORP PpJ HJ\ YiOWR]yYDO EĘYtWL D]
iOODSRWYiOWR]yN OLVWiMiW
 iEUD $ YLOiJyFHiQ IĘ PpO\VpJL iUDPOiVL UHQGV]HUpQHN Yi]ODWD -HO|OpVHN SLURV YRQDO IHOV]tQL
iUDP YLOiJRVNpN N|]WHV iUDP V|WpWNpN PpO\VpJL iUDP ViUJiV HOOLSV]LV PpO\VpJL Yt] NpS]ĘGpV
/ /DEUDGRUWHQJHU 1 eV]DNLWHQJHU : :HGGHOWHQJHU 5 5RVVWHQJHU $&& $QWDUNWLV] N|UOL
iUDPODW )RUUiV >@
$ WHQJHUL iUDPODWRN JOREiOLV IHOWpUNpSH]pVH VRUiQ YiOW LVPHUWWp KRJ\ D IHOV]tQL iUDPOiVRN
QHPPLQGHQKRO DONRWQDN ]iUW KXUNRNDW /HJDOiEE QpJ\ RO\DQ I|OGUDM]L |YH]HWHW D]RQRVtWRWWDN
 iEUD DKRO ~Q PpO\VpJL Yt]NpS]ĘGpV ILJ\HOKHWĘ PHJ D]D] D IHOV]tQL iUDPRN DOiEXNQDN
(] HONpS]HOKHWĘ HJ\ JLJDQWLNXV ÄNiGOHIRO\yNpQW´ GH D] DOiEXNiV HJ\ NLWHUMHGW PLQWHJ\
 NP iWPpUĘMĦ WHUOHWHQ ]DMOLN QDJ\RQ ODVV~ IJJĘOHJHV VHEHVVpJJHO UiDGiVXO PLQG D]
LQWHQ]LWiV PLQG D I|OGUDM]L KHO\ pYUĘO pYUH GLQDPLNXVDQ YiOWR]LN YiQGRURO $] D]RQEDQ
EL]RQ\RV KRJ\ OHV]iOOy PR]JiV FVDN DNNRU OHKHWVpJHV KD D VĦUĦVpJYLV]RQ\RN H]W OHKHWĘYp
WHV]LN $ PiVLN IRQWRV N|YHWNH]PpQ\ KRJ\ D Yt] |VV]HQ\RPKDWDWODQViJD PLDWW IHOV]iOOy
iUDPOiVQDN LV MHOHQ NHOO OHQQLH D]D] D WHOMHV yFHiQL iUDPUHQGV]HU D] ~Q 1DJ\ ÏFHiQL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 1$*< Ï&(È1, 6=È//Ë7Ï6=$/$* 
 iEUD $] $WODQWLyFHiQ GpOpV]DNL PHULGLRQiOLV iWODJRV iUDPOiVL UHQGV]HUHLQHN Yi]ODWD $
PHWV]HW WHKiW QHP HJ\ KRVV]~ViJL N|U PHQWpQ NpV]OW $ IHOV]tQHQ D V]pO pV D Yt] VĦUĦVpJNO|QEVpJH
KDMWMD D IHOVĘ UpWHJHW GpOUĘO pV]DNUD DPL D] pV]DNL SyOXV N|UQ\pNpQ DOiEXNLN pV NLDODNtWMD ±
NP PpO\HQ D ODVV~ HOOHQiUDPOiVW $ IHOiUDPOiVW D ODVV~ PHOHJHGpV PHOOHWW D GpOL SyOXV N|UQ\pNL
V]pOUHQGV]HU KDMWMD )RUUiV >@
6]iOOtWyV]DODJ V]NVpJNpSSHQ HJ\ HOpJJp NRPSOH[ D PDL QDSLJ VHP WHOMHVHQ LVPHUW ]iUW
KXURNUHQGV]HUW DONRW  iEUD
$]  V]DNDV]EDQ HPOtWHWW YHUVHQJĘ KDWiVRN D KĘPpUVpNOHW pV D VyWDUWDORP HJ\WWHVHQ
KDWiUR]]iN PHJ HJ\ WpUIRJDWHOHP VĦUĦVpJpW 0LQWKRJ\ D] yFHiQL PHGHQFpN OpQ\HJpEHQ
OpWUHM|WWN yWD |VV]HIJJĘHN D NHYHUpVL IRO\DPDWRN HUĘVHQ KRPRJHQL]iOWiN D Yt]W|PHJHN
G|QWĘ UpV]pW NO|Q|VHQ D VyNRQFHQWUiFLy WHNLQWHWpEHQ $ IHOV]tQ DODWWL UpWHJHNHW QDJ\MiEyO
KiURP FVRSRUWUD RV]WKDWMXN D PpO\VpJ IJJYpQ\pEHQ $ WHOMHV WpUIRJDW W|EE PLQW 
D WHNLQWKHWĘ PpO\VpJL Yt]QHN D IHOV]tQWĘO  NP YDJ\ QDJ\REE WiYROViJEDQ PHO\QHN
KĘPpUVpNOHWH ± ◦& VyWDUWDOPD SHGLJ ± 368 %L]WRVDN OHKHWQN DEEDQ KRJ\ H] D KLGHJ
IHQpNN|]HOL Yt]W|PHJ VDUNYLGpNL HUHGHWĦ PHUW D IHOV]tQL MyO NHYHUW UpWHJ iWODJRV KĘPpUVpNOHWH
QDJ\MiEyO  ◦& (QQpO NLVHEE VĦUĦVpJĦ N|]WHV UpWHJ KHO\H]NHGLN HO D IHOV]tQ DODWWL ± NP
N|]|WW PHO\QHN KĘPpUVpNOHWH V]pOHVHEE WDUWRPiQ\RQ LQJDGR]LN iP VyWDUWDOPD QHP QDJ\RQ
NO|QE|]Ę ± ◦& ± 368 $ IHOV]tQL NHYHUHGpVL UpWHJ DODWW O  iEUD OHJIHOMHEE 
NP PpO\VpJLJ D WHUPRNOLQ ]yQiEDQ HJ\ PpJ DODFVRQ\DEE VĦUĦVpJĦ Yt]W|PHJ WHUO HO HQQHN
KĘPpUVpNOHWH ± ◦& VyWDUWDOPD SHGLJ ± 368
$ WHUPRKDOLQ FLUNXOiFLy D] yFHiQL iUDPOiVRN VĦUĦVpJNO|QEVpJHN iOWDO KDMWRWW UpV]H
PHO\QHN OpQ\HJH QpKiQ\ SRQWEDQ |VV]HIRJODOKDWy %iU PpO\VpJL Yt]NpS]ĘGpV W|EE KHO\HQ
LV HOĘIRUGXO  iEUD LQWHQ]LWiVD D] $WODQWLyFHiQEDQ PHVV]H D OHJQDJ\REE H]pUW D  iEUD
VHPDWLNXV Yi]ODWD H]W D] iJDW PXWDWMD EH
 $] (J\HQOtWĘW |YH]Ę ViYEDQ D IHOV]tQL WHQJHUYt]UpWHJ LQWHQ]tYHQ PHOHJV]LN KĘPpUVpN
OHWH QpKD D  ◦& pUWpNHW LV PHJN|]HOtWL (N|]EHQ D IRNR]RWW SiUROJiV PLDWW D IDMODJRV
VyWDUWDOPD PHJQĘ QHP ULWNiQ D  368 V]LQWHW LV HOpUL $ KĘWiJXOiV D]RQEDQ H]W D
KDWiVW D WUySXVRNRQ PpJ NRPSHQ]iOMD H] D Yt]W|PHJ D IHOV]tQHQ OHEHJ
 $  iEUiQ OiWKDWy IHOV]tQL N|UiUDPRN D WUySXVL WHQJHUYL]HW pV]DNUD LOOHWYH GpOUH WHUHOLN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  Ï&(È1, 75$16=3257)2/<$0$72.
$ VHNpO\ MyO NHYHUW UpWHJ DODWWL V]LQWHQ D QHWWy WUDQV]SRUW NHUHV]WH]L D] HJ\HQOtWĘW V D]
eV]DNDWODQWL PpO\Yt]NpS]ĘGpV N|YHWNH]PpQ\HNpQW D GpOL IpOWHNpUĘO LV D] pV]DNL IHOp
LUiQ\XOy PR]JiVW HUHGPpQ\H]YH
 $ VDUNN|U|N N|]HOpEHQ D] LQWHQ]tY KĘYHV]WHVpJ PLDWW D VĦUĦVpJ IRO\DPDWRVDQ Q|YHN
V]LN $ N|UQ\H]Ę Yt]W|PHJHN VyWDUWDOPD DODFVRQ\DEE PLQW D] iUDPOiVVDO pUNH]Ęp PHUW
IRUUiVXN IĘOHJ ROYDGpN pV FVDSDGpNYt]
 $ GpOLVDUNL |YH]HWEHQ D :HGGHOWHQJHU PtJ pV]DNRQ D /DEUDGRU pV D] eV]DNLWHQJHU
V]pOHV WDUWRPiQ\DLQ ]DMOLN D PpO\Yt]NpS]ĘGpV  iEUD $ GpOHQ OHPHUOĘ V PpO\UH
NHUOĘ Yt]W|PHJ DONRWMD D IHQpNHQ HOWHUOĘ ODVVDQ pV]DNUD DUDV]ROy DQWDUNWLV]L IHQpNYL
]HW DPL D] pV]DNL  IRNRV V]pOHVVpJHW LV HOpUL ,WW |VV]HWDOiONR]LN D] pV]DNRQ OHPHUOW
V]HPEH iUDPOy eV]DNDWODQWL PpO\Yt]]HO PHO\QHN VyWDUWDOPD NLVVp DODFVRQ\DEE $]
ÄWN|]pV´ OHiOOtWMD D IHQpNiUDPOiVW D] pV]DNUyO pUNH]Ę UpWHJ SHGLJ N|]WHV V]LQWHQ
IRO\WDWMD ~WMiW GpO IHOp
 $ GpOL ± ◦RV V]pOHVVpJHNQpO D N|]WHV Yt]UpWHJ IHOV]iOOy PR]JiVVDO LVPpW D IHOV]tQUH
NHUO (EEHQ D ODVV~ HPHONHGpVEHQ QHPFVDN D N|UQ\H]Ę Yt]W|PHJHNNHO YDOy NHYHUHGpV
KĘPpUVpNOHWL pV VyWDUWDORPNLHJ\HQOtWĘGpV MiWV]LN V]HUHSHW KDQHP D] $QWDUNWLV] N|UOL
iUDPODW LV
$ IHQWL Yi]ODWRV NpSHW V]iPWDODQ UpV]OHW WHV]L PHJOHKHWĘVHQ ERQ\ROXOWWi 1HP HVHWW
V]y D] yFHiQL PHGHQFpN FVDWROiViUyO D IpOLJ ]iUW PHOOpNWHQJHUHN SO )|OGN|]LWHQJHU
0H[LNyL|E|O V]HUHSpUĘO D PpO\VpJL NHYHUHGpVL IRO\DPDWRNUyO SO EHOVĘ KXOOiPRN W|UpVH
N|OFV|QKDWiV D GRPERU]DWWDO $UUyO VLQFVHQ PHJEt]KDWy LQIRUPiFLyQN KRJ\ H]HN D IRO\D
PDWRN SRQWRVDQ PLO\HQ LGĘVNiOiNRQ ]DMODQDN $] D]RQEDQ YLOiJRV KRJ\ D] $WODQWLyFHiQ
WHUPRKDOLQ FLNOXViQDN EHFVOW SHULyGXVLGHMH QDJ\MiEyO  pY
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 IHMH]HW
&VDWROW yFHiQLOpJN|UL IRO\DPDWRN
$] HOĘ]Ę V]i]DG NH]GHWpQ D OpJN|UIL]LND LOOHWYH D IL]LNDL RFHDQRJUiILD ~WW|UĘL PpJ ~J\ JRQ
GROWiN KRJ\ H NpW PHUĘEHQ HOWpUĘ WXODMGRQViJ~ N|]HJ OHtUiVD FVDN HONO|QOWHQ OHKHWVpJHV
$] DWPRV]IpUiEDQ ]DMOy YiOWR]iVRN SO LGĘMiUiV QDJ\ViJUHQGHNNHO J\RUVDEEDQ ]DMODQDN
PLQW D WHQJHUL IRO\DPDWRN H]pUW pUYHOKHWQN DPHOOHWW KRJ\ D] yFHiQRN iOODSRWD OHJIHOMHEE
PLQW ODVV~ SHUHPIHOWpWHO EHIRO\iVROMD D OpJN|UL GLQDPLNiW
$ NDUDNWHULV]WLNXV YiODV]LGĘ HOVĘ N|]HOtWpVEHQ RO\DQ DQ\DJL iOODQGyNNDO NDSFVRODWRV
PLQW D IDMKĘ DPHO\ HJ\VpJQ\L W|PHJ  NJ  NHOYLQQHO W|UWpQĘ IHOPHOHJtWpVpKH] V]NVpJHV
KĘPHQQ\LVpJHW DGMD PHJ (QQHN Yt]UH pV OHYHJĘUH YRQDWNR]y pUWpNHLW pV D NpW N|]HJ HJ\pE
IRQWRV DQ\DJL iOODQGyLW D  WiEOi]DW DGMD PHJ $ WHQJHUV]LQWHQ PpUW N|]HSHV Q\RPiV 
K3D   1P− DPL D]W MHOHQWL KRJ\ D IHOV]tQ PLQGHQ HJ\HV QpJ\]HWPpWHUpUH 
NJ W|PHJĦ OHYHJĘ V~O\D QHKH]HGLN ,QQHQ N|QQ\HQ NLV]iPROKDWMXN KRJ\ HJ\ NE  P
YDVWDJ WHQJHUYt] UpWHJ WHOMHV KĘNDSDFLWiVD PHJHJ\H]LN D] HJpV] OpJN|UpYHO +D PpJ D]W LV
ILJ\HOHPEH YHVV]N KRJ\ D WHOMHV IHOV]tQ D V]iUD]I|OG D] HNYLYDOHQV Yt]PpO\VpJ 
PQHN DGyGLN
$] HOĘ]Ę JRQGRODWRW IRO\WDWYD DUUD D N|YHWNH]WHWpVUH LV MXWKDWQiQN KRJ\ D OpJN|U QHPLJHQ
NpSHV D JLJDQWLNXV yFHiQL Yt]W|PHJHW EHIRO\iVROQL $] SHUV]H LJD] KRJ\ D IHOV]tQL V]pO FVDN
QpKiQ\V]RU Wt] PpWHUHV PpO\VpJEHQ IHMWL NL NHYHUĘ pV iUDPOiVW JHUMHV]WĘ KDWiViW pV D 1DSEyO
pUNH]Ę OiWKDWy IpQ\ VHP KDWRO PpO\HEEUH PLQW ± PpWHU eUGHPHV YLV]RQW pV]UHYHQQL
KRJ\ OpQ\HJpEHQ PLQGHQ WUDQV]SRUWIRO\DPDW DPL D WHQJHUYt] iOODSRWiW KĘPpUVpNOHW VyWDUWD
ORP PR]JiVL HQHUJLD SRWHQFLiOLV HQHUJLD pUGHPEHQ YiOWR]WDWMD D IHOV]tQL NHYHUHGpVL UpWHJHQ
NHUHV]WO ]DMOLN HJ\ LJHQ FVHNpO\ KiQ\DG D )|OG EHOVĘ KĘMpEĘO DGyGLN GH HQQHN MiUXOpND D
WHOMHV PpUOHJEHQ HOKDQ\DJROKDWy
$ PDQDSViJ iOWDOiQRVDQ HOIRJDGRWW Qp]HW V]HULQW D OpJN|U pV D YLOiJyFHiQ V]RURVDQ FVDWROW
UHQGV]HUHN $] pV]OHOpVHN LV D]W LJD]ROMiN KRJ\ OpQ\HJHV YiOWR]iVRN ]DMODQDN V]LQWH PLQGHQ
OHKHWVpJHV LGĘVNiOiQ $ NDUDNWHULV]WLNXV SHULyGXVLGĘN SHUV]H D NpW QDJ\ DOUHQGV]HUEHQ
MHOHQWĘVHQ HOWpUQHN iP H] QHP YiOWR]WDW D]RQ D WpQ\HQ KRJ\ HJ\LN ÄV]IpUD´ YLVHONHGpVpW
VHP pUWKHWMN PHJ KD HOKDQ\DJROMXN D PiVLNNDO YDOy N|OFV|QKDWiVRNDW
$ N|YHWNH]Ę DOIHMH]HWHNEHQ SpOGDNpQW LVPHUWHWQN QpKiQ\ RO\DQ YLV]RQ\ODJ MyO LVPHUW
pJKDMODWL LOOHWYH LGĘMiUiVL MHOHQVpJHW PHO\HN FVDN D FVDWROiVRN ILJ\HOHPEH YpWHOpYHO PDJ\D
Ui]KDWyN $ IHOVRUROiV QHP YpOHWOHQV]HUĦ D QpJ\ MHOHQVpJN|U NDUDNWHULV]WLNXV SHULyGXVLGHMH
IRNR]DWRVDQ FV|NNHQ D IpOpYV]i]DGRV VNiOiWyO D QpKiQ\ QDSRVLJ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  &6$72/7 Ï&(È1,/e*.g5, )2/<$0$72.
 $WODQWLyFHiQL W|EE pYWL]HGHV RV]FLOOiFLy
$] HV pYHN yWD MHJ\H]WpN IHO PyGV]HUHVHQ D] eV]DNDWODQWLPHGHQFH WHQJHUIHOV]tQL KĘ
PpUVpNOHWpW VHD VXUIDFH WHPSHUDWXUH 667 HVHWHQNpQW PHJOHKHWĘVHQ WiYROL PpUpVL KHO\HNUĘO
(]HNEĘO OiWKDWy D] yFHiQ iWODJKĘPpUVpNOHWpQHN HQ\KpQ HPHONHGĘ WHQGHQFLiMD YDODPLQW D
ODVV~ WUHQG N|UO W|EE NO|QE|]Ę SHULyGXV~ RV]FLOOiFLy $ UHQGHONH]pVUH iOOy PpUpVL LGĘVRU
YpJHV KRVV]D PLDWW D OHJQDJ\REE SHULyGXVLGHMĦ PpJ NLPXWDWKDWy PDUNiQV MHO D PLQWHJ\
± pYHV $WODQWL W|EE pYWL]HGHV RV]FLOOiFLy $WODQWLF 0XOWLGHFDGDO 2VFLOODWLRQ ± $02
PLQWHJ\ ◦&RV MHOOHP]Ę DPSOLW~GyYDO $ KXV]DGLN V]i]DG N|]HSpWĘO NH]GYH OHKHWĘYp YiOW
QDJ\ IHOERQWiV~ D] HJpV] yFHiQL PHGHQFpW OHIHGĘ 667 DGDWRN U|J]tWpVH pV IHOGROJR]iVD (]HN
DUUD HQJHGQHN N|YHWNH]WHWQL KRJ\ D] $02 D] iWODJKĘPpUVpNOHW DGDWVRURN PHOOHWW D] 667
WpUEHOL PLQWi]DWiEDQ LV PHJMHOHQLN
$] RV]FLOOiFLyN V]iPV]HUĦVtWpVpKH] pV PiV YiOWR]yN LQJDGR]iVDLYDO W|UWpQĘ |VV]HKDVRQOt
WiViKR] HJ\ KĘPpUVpNOHWL LQGH[HW $02, KDWiUR]WDNPHJ (KKH] D NLLQGXOiVL DGDW D] $WODQWL
yFHiQ pV]DNL PHGHQFpMpEHQ PpUW KDYL 667 DGDWRN WpUEHOL iWODJiQDN LGĘVRUD (J\ LOOHV]WHWW
OLQHiULV WUHQGIJJYpQ\ NLYRQiVD XWiQ D QDJ\REE IUHNYHQFLiM~ SO pYHV VNiOiM~ RV]FLOOiFLyN
pV ]DMRN NLV]ĦUpVH pUGHNpEHQ  pYHV IXWyiWODJROiV DONDOPD]iViYDO DGyGLN D] $02, MHO 
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
1900 1950 2000
-2
-1
0
1
2
n
o
rm
ál
t S
ST
,  
 A
M
O
i
 iEUD 1RUPiOW KDYL iWODJRV WHQJHUIHOV]tQ KĘPpUVpNOHW 667 YpNRQ\ YRQDO LOOHWYH  pYHV IXWy
iWODJD $02, $ SLURV pV NpN WDUWRPiQ\RN D] LQGH[ SR]LWtY LOO QHJDWtY pUWpNpUH XWDOQDN )RUUiV
?iiT,ffrrrX+/+XMQX;QpfhBK2b2`B2bfJPf
$]  iEUiUyO OHROYDVKDWy KRJ\ D PHOHJ LGĘV]DNRN SR]LWtY $02, D ;,; V]i]DG
PiVRGLN IHOH D] ± N|]|WWL pYWL]HGHN pV D] WĘO QDSMDLQNLJ HOWHOW pYHN PtJ D]
HOĘ]Ę V]i]DG HOVĘ pYWL]HGHL LOOHWYH D] ± LGĘV]DN UHODWtYH KLGHJHN YROWDN QHJDWtY
$02, $PL D WpUEHOL PLQWi]DWRW LOOHWL LWW QHP PXWDWMXN EH D PHOHJ Ii]LV LGĘV]DNDLEDQ PpUW
667N ÒM)XQGODQG SDUWMDLQiO D] iWODJpUWpNQpO DODFVRQ\DEEDN PtJ D] eV]DN$WODQWLPHGHQFH
W|EEL UpV]pQ PDJDVDEEDN $ KLGHJ Ii]LVEDQ HQQHN IRUGtWRWWMD ILJ\HOKHWĘ PHJ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 (/ 1,f2  /$ 1,f$ 
$] $02LQJDGR]iV MHOHQWĘVpJH D PiU HPOtWHWW IDMKĘNO|QEVpJEHQ UHMOLN $ QDJ\ NL
WHUMHGpVĦ yFHiQIHOV]tQL KĘPpUVpNOHWYiOWR]iVRN HJ\pUWHOPĦHQ PHJPXWDWNR]QDN D N|UQ\H]Ę
WHUOHWHN DWPRV]IHULNXV SDUDPpWHUHLEHQ LV
 $] $02 PHOHJ Ii]LViEDQ D OpJN|UL &2NRQFHQWUiFLy Q|YHNV]LN pV IRUGtWYD
 $] eV]DNLVDUN IHOHWW PpUW OHYHJĘ KĘPpUVpNOHWHN HUĘVHQ NRUUHOiOQDN D] $02, DGD
WRNNDO eUGHNHV KRJ\ D] DQWDUNWLV]L KĘPpUVpNOHW PLQWKD pSSHQ HOOHQWpWHV Ii]LVEDQ
LQJDGR]QD
 %L]RQ\RV DGDWRN V]HULQW D] $02 PHOHJ Ii]LViEDQ J\DNRULEEDN D SXV]WtWy KXUULNiQRN
0HJMHJ\H]]N KRJ\ D] LJD]iQ HUĘV WUySXVL FLNORQRN V]iPD PHJOHKHWĘVHQ DODFVRQ\
pYHQWH QpKiQ\ HVHW H]pUW D] LO\HQ |VV]HIJJpVHN VWDWLV]WLNDL LJD]ROiVD LJHQ QHKp]
 $] 86$ NLWHUMHGW NRQWLQHQWiOLV WHUOHWHLQ PpUW IRO\DPL Yt]KR]DPRN LQJDGR]iVD HUĘVHQ
|VV]HIJJ D] $02 SHULyGXVDLYDO
$ W|EE pYWL]HGHV LQJDGR]iVL PLQWi]DW IL]LNDL RNDLW NLWHUMHGW V]iPtWyJpSHV PRGHOOH]pV
VHJtWVpJpYHO LJ\HNH]QHN WLV]Wi]QL 0DL LVPHUHWHLQN V]HULQW HJ\ UH]RQDQFLDV]HUĦ MHOHQVpJUĘO
OHKHW V]y PHO\QHN VRUiQ D] HOĘ]Ę IHMH]HWEHQ WiUJ\DOW JOREiOLV yFHiQL N|UiUDP HUĘVVpJpQHN
LQJDGR]iVD MHOHQWNH]LN D WHQJHUIHOV]tQL iWODJKĘPpUVpNOHW YiOWR]iVDLEDQ
 (O 1LxR ± /D 1LxD
$] (O 1LxR VSDQ\ROXO ÄIL~FVND´ HOQHYH]pVĦ pJKDMODWL MHOHQVpJUĘO V]yOy IHOMHJ\]pVHN D]
DV pYHNUH Q\~OQDN YLVV]D D] iOWDOiEDQ NDUiFVRQ\ WiMiQ EHN|V]|QWĘ HVHPpQ\ QHYH
D J\HUPHN -p]XVUD XWDO $NNRULEDQ D KDOiV]RN 3HUX SDUWMDLQiO IHOILJ\HOWHN DUUD KRJ\
LGĘQNpQW PHOHJHEE D WHQJHUYt] D V]RNRWWQiO pV LO\HQNRU NHYHVHEE KDODW WXGWDN IRJQL $
SHUXL SDUDV]WRN pV]UHYpWHOH V]HULQW H]HNEHQ D] LGĘV]DNRNEDQ D V]iUD]I|OG|Q W|EE HVĘ HVHWW
pV HNNRU D NRSiU WiM LV WHUPpNHQ\ YLGpNNp YiOWR]RWW $ ;9,,, V]i]DGWyO NH]GYH D] HXUySDL
WHQJHUpV]HN LV UHQGV]HUHVHQ EHV]iPROWDN D MHOHQVpJUĘO H]pUW D WXGyVRN pUGHNHOĘGpVH V]LQWpQ
D OHKHWVpJHV PDJ\DUi]DWRN IHOp IRUGXOW DPLNHW D]RQEDQ PLQG D PDL QDSLJ QHP VLNHUOW
PLQGHQ UpV]OHWHW WLV]Wi]yDQ PHJWDOiOQL $] ~M PHJILJ\HOpVL WHFKQLNiN DONDOPD]iViYDO D
NOLPDWROyJXVRN pV D] RFHDQRJUiIXVRN pV]UHYHWWpN KRJ\ D] (O 1LxR VRNNDO W|EE PLQW D]
pJKDMODWL YiOWR]pNRQ\ViJQDN YDODPLO\HQ ORNiOLV HOHPH
$&VHQGHVyFHiQPHGHQFpMpEHQ QRUPiO HVHWEHQ D NHOHWL SDVV]iWV]HOHNNHO D]RQRV LUiQ\EDQ
KDODG HJ\ yFHiQL iUDPOiV 3HUX SDUWMDLWyO ,QGRQp]LD LUiQ\iED (QQHN KDWiViUD D WUySXVL
|YEHQ IHOPHOHJHGHWW IHOV]tQL Yt] Q\XJDW IHOp iUDPOLN PDMG D NRQWLQHQWiOLV SHUHPEH WN|]YH
$XV]WUiOLD pV ,QGRQp]LD N|UQ\pNpQ IHOWRUOyGLN 0ĦKROGDV PHJILJ\HOpVHN V]HULQW D PHGHQFH
NpW V]pOH N|]|WW IpO PpWHUQpO LV PDJDVDEE WDUWyVDQ IHQQPDUDGy V]LQWNO|QEVpJ DODNXOKDW
NL $ Q\XJDWRQ IHOKDOPR]yGRWW PHOHJ Yt]W|PHJ HUĘVHQ SiURORJ HPLDWW DODNXOQDN NL D Q\iUL
PRQV]XQHVĘN ,QGRQp]LiEDQ 8J\DQDNNRU 3HUX Q\XJDWL SDUWYLGpNpUH D GpOUĘO pUNH]Ę KLGHJ
+XPEROGWiUDPODW D 'pOFVHQGHVyFHiQLN|UiUDP NHOHWL iJD OiVG  iEUD R[LJpQEHQ G~V
WiSDQ\DJEDQ JD]GDJ YL]HW V]iOOtW DPHO\ D KDOiV]RNQDN JD]GDJ IRJiVW EL]WRVtW (KKH] D]
HOUHQGH]ĘGpVKH] WiUVXO HJ\ ]iUW OpJN|UL NRQYHNFLyV FHOODUHQGV]HU LV PHO\HW IHOIHGH]ĘMpUĘO
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  &6$72/7 Ï&(È1,/e*.g5, )2/<$0$72.
 iEUD $] (J\HQOtWĘ PHQWpQ ]RQiOLV LUiQ\EDQ NLDODNXOy :DONHUFLUNXOiFLy V]RNiVRV PLQWi]DWD $
&VHQGHVyFHiQ NHOHWL IHOpQ OHV]iOOy Q\XJDWL ROGDOiQ IHOV]iOOy OpJiUDPOiVRN GRPLQiOQDN D PDJDV 0
pV DODFVRQ\ $ Q\RPiVL |YH]HWHNHW NHOHWLHV V]HOHN iOWDO KDMWRWW IHOV]tQL iUDPOiVRN N|WLN |VV]H
:DONHUFLUNXOiFLy QpYHQ HPOHJHWQHN  iEUD $ :DONHUFLUNXOiFLy RND D V]iUD]I|OGHN pV
D] yFHiQRN N|]|WW NLDODNXOy KĘPpUVpNOHWL NRQWUDV]W D Yt] VRNNDO ODVVDEEDQ PHOHJV]LN PLQW
D V]iUD]I|OG
$] (O 1LxR MHOHQWNH]pVpW D NHOHWL SDVV]iWV]HOHN OHJ\HQJOpVH pV D WHQJHUL iUDPOiV HO
OHQNH]Ę LUiQ\ED IRUGXOiVD MHO]L $ PHOHJ Yt]W|PHJ HNNRU 'pO$PHULND NHOHWL SDUWMDLQiO
WRUOyGLN IHO LWW RNR] |]|QYt]V]HUĦ HVĘ]pVHNHW PLN|]EHQ ,QGRQp]LiEDQ DV]iO\RN SXV]WtWDQDN
$ IHOWRUOyGRWW PHOHJ Yt] PHJJiWROMD KRJ\ D +XPEROGWiUDPOiV HOpUMH D SHUXL SDUWRNDW tJ\
D KDOiV]DW HUHGPpQ\HVVpJH NDWDV]WURIiOLVDQ OHFV|NNHQ  iEUD $] DODFVRQ\ Q\RPiV~
IHOV]iOOy OpJN|UL iUDPOiVL ]yQD NHOHWL LUiQ\~ HOPR]GXOiVD pV D] (O 1LxR DQRPiOLD NLIHMOĘGpVH
HOpJJp UHQGV]HUWHOHQO NE ± pYHQWH N|YHWNH]LN EH $ WpQ\OHJHV NLYiOWy RNRNDW QHP
LVPHUMN SRQWRVDQ HQQHN HJ\LN N|YHWNH]PpQ\H KRJ\ D MHOHQVpJHW QHPLJHQ OHKHW HOĘUH
MHOH]QL
(J\ (O 1LxR DQRPiOLD LGĘV]DN QpKiQ\ pYLJ LV WDUWKDW XWiQD iOWDOiEDQ D :DONHUFLUNXOiFLy
KHO\UHiOOiVD ILJ\HOKHWĘ PHJ $] iUDPOiVL UHQGV]HUHN QRUPiO iOODSRWiQDN HOpUpVH W|EEQ\LUH
ÄW~OO|YpVVHO´ MiU HJ\WW (QQHN VRUiQ D IHOV]iOOy OpJN|UL ]yQD D V]RNiVRVQiO LV Q\XJDWDEEUD
WROyGLN D] yFHiQL PHGHQFH NpW SHUHPH N|]WL KĘPpUVpNOHW pV V]LQWNO|QEVpJ D V]RNiVRVQiO
LV QDJ\REE OHV] (]W D] HOOHQNH]Ę HOĘMHOĦ DQRPiOLiW iOWDOiEDQ /D 1LxD VSDQ\ROXO ÄOHiQ\ND´
QpYHQ HPOHJHWLN $] iWIRJy N|UQ\H]HWL pV]OHOpVHN DUUD LV IpQ\W GHUtWHWWHN KRJ\ D IHOV]tQL
iUDPOiVL UHQGV]HUHN LQJDGR]iVD MHOHQWĘV IHOV]tQ DODWWL iUDPOiVRNNDO MiU HJ\WW PHO\QHN HJ\LN
OHJN|QQ\HEEHQ PpUKHWĘ MHOOHJ]HWHVVpJH D WHUPRNOLQ ]yQD ODVV~ ÄELOOHJpVH´  iEUD $KRJ\
D  IHMH]HWEHQ OiWWXN D WHUPRNOLQ ]yQD D]W D] iWPHQHWL UpWHJHW MHO|OL DPHO\ HOYiODV]WMD
D IHOV]tQL NHYHUHGpVL UpWHJHW D PpO\VpJL KLGHJ pV iOWDOiEDQ VyVDEE Yt]W|PHJWĘO $] 
iEUD MHO]L KRJ\ NLIHMOĘG|WW /D 1LxD DQRPiOLD HVHWpQ D WHUPRNOLQ ]yQD IHOVĘ KDWiUD YDJ\LV
D NHYHUHGpVL UpWHJ DOMD D] yFHiQL PHGHQFH NHOHWL SDUWMD PHQWpQ DNiU D IHOV]tQUH LV M|KHW PtJ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 (/ 1,f2  /$ 1,f$ 
termoklin zóna
El Nino                                               La Nina
 iEUD $ FVHQGHVyFHiQL RV]FLOOiFLy NpW V]pOVĘ Ii]LVD )LJ\HOMN PHJ D WHUPRNOLQ ]yQD iOOiViW
D IHOV]tQL iUDPOiVL LUiQ\RNDW LOOHWYH D IHOV]iOOy iUDPOiVL |YH]HW HOKHO\H]NHGpVpW )RUUiV ?iiT,
ff2MXrBFBT2/BXQ`;
 iEUD $ GpOL RV]FLOOiFLyV LQGH[ YiOWR]iVD  pV  N|]|WW $ NpN V]tQ D /D 1LxD D
QDUDQFVViUJD D] (O 1LxR Ii]LVRNDW MHO|OL
Q\XJDWRQ D PpO\VpJH HOpUKHWL D  PW
$ V]LQWH D] HJpV] &VHQGHVyFHiQLPHGHQFpUH NLWHUMHGĘ JLJDQWLNXV PHQQ\LVpJĦ Yt]W|PHJ
iWUHQGH]ĘGpVH QHP FVDN D N|]YHWOHQ I|OGUDM]L N|UQ\H]HWEHQ KDQHP D] HJpV] I|OGJRO\yQ
pUH]WHWL D KDWiViW 0HJOHSĘHQ WiYROL WHUOHWHN LGĘMiUiViEDQ RNR] PpUKHWĘ HOWROyGiVW D]
(O 1LxR HOM|YHWHOH D NRQWLQHQWiOLV 86$ pV .DQDGD KDWiUYLGpNpQ YDODPLQW 0RQJyOLD
pV eV]DN.tQD WHUOHWpQ HQ\KH WpOL LGĘV]DNRN D] 86$ GpOL UpV]pQ pV 0H[LNyEDQ KHYHV
WpOL YLKDURN ,QGRQp]LiEDQ $XV]WUiOLiEDQ ,QGLiEDQ .|]pS pV 'pO$IULNiEDQ SXV]WtWy
V]iUD]ViJRN EHN|YHWNH]WH iOO EL]RQ\tWRWWDQ NDSFVRODWEDQ D FVHQGHVyFHiQL LQJDGR]iVRNNDO
eSSHQ H]pUW VRNDQ YiUQDN DUUD KRJ\ KRVV]DEE WiYUD LV HOĘUH OHKHVVHQ MHOH]QL D MHOHQVpJHW
H] HJ\HOĘUH VDMQRV QHP OHKHWVpJHV 'HWHNWiOiVD D]RQEDQ HJ\V]HUĦ HKKH] D ;,; V]i]DG
PiVRGLN IHOpWĘO PiU PHJEt]KDWy PĦV]HUHV pV]OHOpVHN iOOQDN UHQGHONH]pVUH $]  iEUiQ
Yi]ROW IHOV]iOOy pV OHV]iOOy iUDPOiVL ]yQiN iWKHO\H]ĘGpVH D WHQJHUIHOV]tQHQ PpUW OpJQ\RPiV
PpUpVpYHO N|QQ\HQ N|YHWKHWĘ .O|Q|VHQ MyO OiWV]LN D] HOWROyGiV KD QHP D Q\RPiV DEV]RO~W
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  &6$72/7 Ï&(È1,/e*.g5, )2/<$0$72.
 iEUD %DO ROGDOL iEUD 3DUW PHQWL IHOiUDPOiV Yi]ODWD pV]DNL IpOWHNH HJ\ NRQWLQHQV NHOHWL SHUHPH
pV]DNLDV V]pOMiUiV $] (NPDQWUDQV]SRUW YHNWRU D SDUWUD PHUĘOHJHVHQ EHIHOp KDMWMD D IHOV]tQL YL]HW
-REE ROGDOL iEUD 7HQJHUIHOV]tQL KĘPpUVpNOHWHORV]OiV 667 D] 86$ .DOLIRUQLDLSDUWYLGpNpQ $ NpNHV
V]tQHN DODFVRQ\DEE pUWpNHNHW MHO|OQHN )RUUiV 1$6$*6)&
pUWpNpW KDQHP D] yFHiQL PHGHQFH NpW ROGDOD N|]WL Q\RPiVNO|QEVpJHW YHVV]N DODSXO (]
YH]HWHWW D ÄGpOL RV]FLOOiFLyV LQGH[´ 6RXWKHUQ 2VFLOODWLRQ ,QGH[ 62, HOQHYH]pVĦ OpJN|UL
YiOWR]y GHILQLiOiViKR] DPHO\ QHP PiV PLQW D QRUPiOW D]D] D] HPSLULNXV V]yUiVVDO RV]WRWW
WHQJHUIHOV]tQL Q\RPiVNO|QEVpJ D &VHQGHVyFHiQ Q\XJDWL pV NHOHWL UpJLyL N|]|WW  iEUD
$ OHJKRVV]DEE IHOMHJ\]HWW DGDWVRUUDO UHQGHONH]Ę PpUĘKHO\HN 'DUZLQ $XV]WUiOLD pV 7DKLWL
)UDQFLD 3ROLQp]LD WiYROViJXN NE  NLORPpWHU
 3DUW PHQWL IHO pV OHiUDPOiVRN
$ SDUW PHQWL IHOiUDPOiVRN OHJJ\DNUDEEDQ D] yFHiQL PHGHQFpN NHOHWL SHUHPpQ ILJ\HOKHWĘHN
PHJ SO .DOLIRUQLD eV]DNQ\XJDW$IULND YDJ\ D GpOL IpOWHNpQ &KLOH 3HUX LOOHWYH $XV]WUiOLD
SDUWMDLQiO )HOiUDPOiV WHUPpV]HWHVHQ W|UWpQKHW D Q\XJDWL SDUWRN PHQWpQ LV FVDN LWW D
IHOHUĘV|G|WW yFHiQL SHUHPiUDPODWRN ± OiVG  IHMH]HW ± D KDWiVW MREEiUD HOIHGLN 7DUWyV
pV]DNLDV D GpOL IpOWHNpQ GpOLHV V]HOHN KDWiViUD NLDODNXO D Yt]IHOV]tQ WHWHMpQ D V]pOLUiQ\UD
PHUĘOHJHV (NPDQWUDQV]SRUW   IHMH]HW $ V]pOLUiQ\ FVDN DQQ\LEDQ IRQWRV KRJ\ D]
(NPDQWUDQV]SRUW YHNWRU LO\HQNRU D SDUWYRQDOUD PHUĘOHJHVHQ D Q\tOW Yt] IHOp PXWDW DPLQHN
HUHGPpQ\HNpSSHQ D] iUDPOiV ÄHOKDMWMD´ D YL]HW D SDUW N|]HOpEĘO $] HOWiYR]RWW IRO\DGpN
ÄSyWOiVD´ FVDN D PpO\HEE UpWHJHN IHOiUDPOiViYDO OHKHWVpJHV DKRJ\ D]  iEUD Yi]ODWD
V]HPOpOWHWL $ MHOHQVpJ NLDODNXOiViKR] W|EE QDSLJ WDUWy PLQpO HJ\HQOHWHVHEE pV VWDELO LUiQ\~
V]pO V]NVpJHV pOHWWDUWDPD SHGLJ QHPLJHQ KDODGMD PHJ D SiU KHWHW
$ SDUW PHQWL IHOiUDPOiVRN |NROyJLDL MHOHQWĘVpJJHO EtUQDN $ PpO\EĘO pUNH]Ę KLGHJ ROGRWW
iVYiQ\L DQ\DJRNEDQ pV VRNV]RU R[LJpQEHQ LV JD]GDJ Yt]W|PHJHN NLWĦQĘ WiSWDODMW V]ROJiOWDW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 75Ï386, &,./212. 
QDN D KtQiU pV D ILWRSODQNWRQ V]DSRURGiVQDN H] XWyEELDN V]LQWH UREEDQiVV]HUĦHQ NpSHVHN
HOiUDV]WDQL DNiU PĦKROGUyO LV N|QQ\HQ PHJILJ\HOKHWĘ PpUHWĦ WHUOHWHNHW ÄDOJDYLUiJ]iV´ $
ILWRSODQNWRQ W|PHJ D]XWiQ WiSDQ\DJXO V]ROJiO D ]RRSODQNWRQ SRSXOiFLyNQDN PDMG D OiQFEDQ
N|YHWNH]QHN D NLFVLQ\ UiNIpOpN KDOLYDGpNRN QDJ\REE KDODN WHQJHUL HPOĘV|N pV PDGDUDN $
OpQ\HJ KRJ\ D IHOiUDPOiVW MHOHQWĘV ELROyJLDL DNWLYLWiVQ|YHNHGpV N|YHWL DPL QDJ\ WHUOHWHNUH
IHMWKHWL NL SR]LWtY KDWiViW $ IHOiUDPOiVRNQDN IRQWRV JD]GDViJL V]HUHSH YDQ D SDUWYRQDODN
N|]HOpEHQ XJ\DQLV D IHOV]iOOy Yt] WiSDQ\DJEDQ JD]GDJ pV H]pUW My KDOiV]DWL OHKHWĘVpJHW
WHUHPW $ )|OG WHOMHV KDOiV]DWiQDN PLQWHJ\ IHOH HUUH D QpKiQ\ IRQWRV IHOiUDPOiVL WHUOHWUH
NRQFHQWUiOyGLN $ IHOiUDPOiVEyO QHP IHOWpWOHQO FVDN HOĘQ\|N V]iUPD]KDWQDN .|QQ\Ħ
HONpS]HOQL KRJ\ D SDUWWyO EHIHOp LUiQ\XOy WUDQV]SRUW VRUiQ D SDUWL YL]HNEHQ KRQRV OiUYiN
LYDGpNRN HJ\pE NLVPpUHWĦ pOĘOpQ\HN QDJ\ V]iPEDQ VRGUyGQDN D Q\tOW YL]HNUH DPL V]iPXNUD
QHP PHJIHOHOĘ N|UQ\H]HW tJ\ D W~OpOpV VHP OHKHWVpJHV (UĘV IHOiUDPOiVRN QpKD RO\DQ
MHOHQWĘV YHV]WHVpJHNHW RNR]QDN HJ\HV IDMRN XWyGV]iPiEDQ KRJ\ W|EE pY V]NVpJHV D] HUHGHWL
iOODSRWRN KHO\UHiOOiViKR]
$ MHOHQVpJ IRUGtWRWWMD SDUW PHQWL OHiUDPOiV DODNXO NL D] LPpQW HPOtWHWW SDUWYLGpNL |YH]H
WHNEHQ KD D V]pO SRQWRVDQ HOOHQNH]Ę LUiQ\ED IRUGXO GpOLHVUH D] pV]DNL IpOWHNpQ $] (NPDQ
WUDQV]SRUW iOWDO SDUW IHOp NpQ\V]HUtWHWW Yt]W|PHJ QHP WXG D YpJWHOHQVpJLJ IHOWRUOyGQL tJ\
NpQ\V]HUĦHQ DOiEXNLN pV D PpO\EHQ D Q\tOW Yt] LUiQ\iED iUDPOLN (NNRU D IHOV]tQW iOWDOiEDQ
PHOHJ iVYiQ\L DQ\DJRNEDQ pV R[LJpQEHQ V]HJpQ\ Yt]W|PHJHN IHGLN EH DPL QHPFVDN D
SODQNWRQ SRSXOiFLyW pULQWL KiWUiQ\RVDQ KDQHP D QDJ\REE pOĘOpQ\HNHW V]LQWH HOOG|]L D
N|UQ\pNUĘO $] (O 1LxR DQRPiOLD KDWiVD H]]HO PHJHJ\H]LN EiU D] RN QHP XJ\DQD]
(EEHQ D IHMH]HWEHQ FVDWROW yFHiQLOpJN|UL IRO\DPDWRNUyO HVLN V]y H]pUW HPOtWVN PHJ D
IHO pV OHiUDPOiVRN DWPRV]IHULNXV KDWiVDLW LV )HOiUDPOiVRN HVHWpQ D KLGHJ Yt]IHOV]tQ RO\
PpUWpNEHQ NpSHV OHKĦWHQL D IHOHWWH HOWHUOĘ OHYHJĘUpWHJHW KRJ\ DEEDQ VĦUĦ N|G NpS]ĘGLN
.DOLIRUQLiEDQ SO LJHQ J\DNRUL H] D IDMWD Q\iUL N|GNpS]ĘGpV DPL D OpJL pV Yt]L N|]OHNHGpVEHQ
QpKD NRPRO\ JRQGRW RNR] 3R]LWtY KDWiV~ D]RQEDQ D WUySXVL FLNORQRN NLDODNXOiViQDN JiWOiVD
D N|YHWNH]Ę V]DNDV]EDQ HUUĘO PpJ OHV] V]y (J\ PiVLN SR]LWtY N|YHWNH]PpQ\ KRJ\ D]
DOJDYLUiJ]iVRN WpUVpJpEHQ PHJHUĘV|GLN D OpJN|UL V]pQGLR[LG NLYRQiVD 1HP LV LVPHUQN
PiV RO\DQ IRO\DPDWRW PHO\QHN VRUiQ W|EE V]pQGLR[LG WiYR]QD D OHYHJĘEĘO PLQW DPHQQ\L
D] pOHWFLNOXV EHIHMH]pVH XWiQ YLVV]DNHUO $ V]iUD]I|OGHNNHO HOOHQWpWEHQ DKRO D ORPEKXOOiVW
N|YHWĘ ERPOiVL UHDNFLyN VRUiQ PLQGHQ NLYRQW PROHNXOD YLVV]DNHUO D OpJN|UEH D WHQJHUL
DOJiN pOHWN EHIHMH]pVH XWiQ D WHQJHUIHQpNUH VOO\HGQHN D EHpStWHWW V]pQQHO HJ\WW ( U|YLG
IHOVRUROiV XWiQ QHP QHKp] HONpS]HOQL D OHiUDPOiVRN HOOHQWpWHV N|YHWNH]PpQ\HLW $ ELROyJLDL
IRO\DPDWRN ODVVXOiVD PLDWW D OpJN|UL V]pQGLR[LG NLYRQiVD OHFV|NNHQ D PHOHJ IHOV]tQ I|O|WWL
LQWHQ]tY SiUROJiV IRNR]RWW FVDSDGpNWHYpNHQ\VpJHW YiOW NL pV tJ\ WRYiEE
 7UySXVL FLNORQRN
$] yFHiQL pV OpJN|UL IRO\DPDWRN V]RURV FVDWROiViQDN N|YHWNH]Ę SpOGiMD D WUySXVL FLNORQRNNDO
NDSFVRODWRV 6]HUHQFVpUH KD]iQN WHUOHWpW H]HN D SXV]WtWy YLKDURN QHP pULN HO iP YDQQDN
RO\DQ SDUW PHQWL |YH]HWHN DKRO pYV]DNRV UHQGV]HUHVVpJJHO MHOHQWNH]QHN yULiVL NiURNDW
RNR]YD $] $WODQWLyFHiQ PHGHQFpMpEHQ NLIHMOĘGĘ YLKDURN D ÄKXUULNiQ´ PtJ FVHQGHVyFHiQL
PHJIHOHOĘLN D ÄWiMIXQ´ HOQHYH]pVW NDSWD
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  &6$72/7 Ï&(È1,/e*.g5, )2/<$0$72.
 iEUD %DO ROGDOL iEUD +XUULNiQ IHOKĘUHQGV]HUpQHN pV iUDPOiVL V]HUNH]HWpQHN Yi]ODWD -REE
ROGDOL iEUD $ .DWULQD KXUULNiQ NpSH  DXJXV]WXV pQ
$ WUySXVL FLNORQRN NLYpWHO QpONO PLQG DODFVRQ\ Q\RPiV~ OpJN|UL NpS]ĘGPpQ\HN |U
YpQ\OpVL LUiQ\XN HQQHN PHJIHOHOĘHQ FLNORQiOLV D] pV]DNL IpOWHNpQ D] yUDPXWDWy MiUiViYDO
HOOHQWpWHV D GpOLQ IRUGtWYD $ KXUULNiQ WLSLNXV iUDPOiVL UHQGV]HUpQHN Yi]ODWD OiWKDWy D]
 iEUiQ PHO\HW D MHOOHJ]HWHV IHOKĘ]HW WHV] N|QQ\HQ pV]OHOKHWĘYp $] |UYpQ\ N|]HSpQ
KHO\H]NHGLN HO D KXUULNiQ ÄV]HPH´ PHO\QHN IDOiW W|P|U IHOKĘ]HW DONRWMD EHQQH UHQGNtYO
HUĘV V]pO  NPK pUWpNQpO LV VRNNDO QDJ\REE OHKHW pV DODWWD iUDGiVRNDW RNR]y HVĘ]yQD
WDOiOKDWy $ V]HP N|]HSpQ LQWHQ]tY OHiUDPOiV PtJ D SHUHPpQ |UYpQ\OĘ IHOiUDPOiV pV]OHOKHWĘ
$ IHOiUDPOiV VRUiQ DNiU ± NP PDJDVUD NHUOĘ PHOHJ PDJDV SiUDWDUWDOP~ OHYHJĘ NpSH]L
D IHOKĘUHQGV]HU XWiQSyWOiViW $ V]HP EHOVĘ iWPpUĘMpQHN NDUDNWHULV]WLNXV QDJ\ViJD ±
NP D] HJpV] IHOKĘ|UYpQ\ DUiQ\RVDQ V]pOHV WDUWRPiQ\W IHGKHW OH ± NP
$ WUySXVL FLNORQRN ÄPĦN|GpVpKH]´ V]NVpJHV HQHUJLiW D Yt]SiUD OHFVDSyGiVD VRUiQ
IHOV]DEDGXOy OiWHQV KĘ V]ROJiOWDWMD $ KXUULNiQ QDJ\MiEyO ~J\ PĦN|GLN PLQW HJ\ JLJDQWLNXV
KĘHUĘJpS DPHO\ KĘHQHUJLiW DODNtW iW PR]JiVL HQHUJLiYi %HFVOpVHN V]HULQW D] LGĘHJ\VpJUH
HVĘ HQHUJLDiUDP WHOMHVtWPpQ\ NE  :  SHWDZDWW DPL NE V]HU QDJ\REE D] HJpV]
HPEHULVpJ iOWDO  PiVRGSHUF DODWW IHOKDV]QiOW HQHUJLDPHQQ\LVpJQpO $ KXUULNiQRN NHOHWNH]pVL
PHFKDQL]PXViQDN QHPPLQGHQ UpV]OHWH LVPHUW EiU VLNHUOW WLV]Wi]QL D]W D KDW IHOWpWHOW PHO\HN
PLQGHQ PHJILJ\HOW HVHWEHQ WHOMHVOQL OiWV]DQDN
 $ NLLQGXOiVL WHUOHWHQ D WHQJHUIHOV]tQL KĘPpUVpNOHWQHN PHJ NHOO KDODGQLD D  ◦&
pUWpNHW OHJDOiEE  P PpO\ UpWHJEHQ (] MHO]L D UHQGHONH]pVUH iOOy HQHUJLDPHQQ\LVpJ
NULWLNXV V]LQWMpW
 $ PDJDVViJ IJJYpQ\pEHQ J\RUVDQ FV|NNHQĘ OpJN|UL KĘPpUVpNOHW V]NVpJHV KRJ\ D
NLFVDSyGiV HOHJHQGĘHQ LQWHQ]tY OHJ\HQ
 $ WURSRV]IpUD DOVy pV N|]pSVĘ UpV]pQ HJ\ NULWLNXV pUWpNQpO PDJDVDEE SiUDWDUWDORP
EL]WRVtWMD KRJ\ D IHOV]tQUĘO V]iOOtWRWW Yt] HOHJHQGĘ PDJDVViJRW pUMHQ HO
 *\HQJHPDJDVViJL V]pOQ\tUiV D]D] V]LQWHQNpQW QHP QDJ\RQ HOWpUĘ V]pOHUĘVVpJ pV LUiQ\
D IHOWpWHOH DQQDN KRJ\ D] |UYpQ\ HOpUMH D WURSRV]IpUD WHWHMpW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 75Ï386, &,./212. 
 iEUD 7UySXVL FLNORQRN PHJILJ\HOW SiO\iL ± N|]|WW $ V]tQVNiOD D ViUJiWyO D SLURVLJ
HJ\UH HUĘVHEE YLKDURNDW MHO|O )RUUiV ?iiT,ff2MXrBFBT2/BXQ`;frBFBf>mK#QH/in*m``2Mi
 $] (J\HQOtWĘWĘO OHJDOiEE  NPHV WiYROViJ V]NVpJHV H] PXWDWMD D &RULROLVHUĘ
G|QWĘ MHOHQWĘVpJpW (QQpO DODFVRQ\DEE V]pOHVVpJL IRNRNRQ D] HOWpUtWĘ KDWiV QHP HOpJ
HUĘV D NH]GĘ FLUNXOiFLy NLDODNtWiViKR] (J\ NLIHMOHWW WUySXVL FLNORQ IHQQWDUWiViKR]
PiU QHP V]NVpJHV D &RULROLVKDWiV iP NH]GHWL MHOHQWĘVpJpW WLV]WiQ GHPRQVWUiOMD
D]  iEUiQ OiWKDWy FLNORQSiO\iN I|OGUDM]L HORV]OiVD D] (J\HQOtWĘ N|UO ±◦RV
ViYEDQ J\DNRUODWLODJ QHP NHOHWNH]LN WUySXVL FLNORQ 'pO$PHULND SDUWMDL PHOOĘO D]pUW
KLiQ\R]QDN D YLKDURN PHUW MHOHQOHJL LVPHUHWHLQN V]HULQW D PDJDVViJL V]pOQ\tUiVUD
YRQDWNR]y  IHOWpWHO VpUO
 $] XWROVy IHOWpWHO V]HULQW D KXUULNiQ NHOWpVpKH] V]NVpJ YDQ YDODPLO\HQ NH]GĘ SHU
WXUEiFLyUD OpJN|UL LQVWDELOLWiVUD RO\DVPL ]DYDUUD DPLW HJ\ HUĘV ]LYDWDUKR] YH]HWĘ
NRQYHNFLyV FHOOD NXPXORQLPEXV] IHOpSOpVH MHOHQW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
 IHMH]HW
ÈUDPOiVRN MHOOHP]pVH
7HUPpV]HWHV N|]HJHLQN D Yt] pV D OHYHJĘ WHUPRGLQDPLND iOODSRWiW D 1DS VXJiU]iViEyO
EHpUNH]Ę HQHUJLD KDWiUR]]D PHJ /iWWXN KRJ\ H] D] HQHUJLD HJ\HQHWOHQO RV]OLN HO D )|OG|Q
DPL KRUL]RQWiOLV KĘPpUVpNOHWL Q\RPiVL pV VĦUĦVpJEHOL LQKRPRJHQLWiVRNUD YH]HW 7HUPp
V]HWHV N|]HJHLQN WHKiW D] HJpV] ERO\JyW WHNLQWYH QLQFVHQHN WHUPRGLQDPLNDL HJ\HQV~O\EDQ
$ JOREiOLV HJ\HQV~O\ D]W LV MHOHQWHQp KRJ\ D N|]HJHN Q\XJDORPEDQ YDQQDN (J\HQV~O\
KLiQ\iEDQ D]RQEDQ KĘPpUVpNOHW Q\RPiV pV VĦUĦVpJNLHJ\HQOtWĘGpVL IRO\DPDWRN LQGXOQDN
PHJ V H]pUW D N|]HJHN iOODQGy iUDPOy PR]JiVEDQ YDQQDN (]pUW PHJ NHOO LVPHUNHGQQN D]
iUDPOiVRN MHOOHP]pVpUH KDV]QiOW OHJIRQWRVDEE IRJDOPDNNDO
 $ VHEHVVpJWpU
$ N|]HJHN iUDPOiViQDN OHJIRQWRVDEE MHOOHP]ĘMH D VHEHVVpJN )HOPHUO D]RQEDQ D NpUGpV
PLO\HQ VHEHVVpJDGDW YDJ\ DGDWRNPHJDGiVD MHOHQWL D]W KRJ\ D N|]HJ iUDPOiVL iOODSRWiW LVPHU
MN $ NO|QIpOH OpSWpNĦ iUDPOiVRN pYV]i]DGRN yWD WDUWy YL]VJiODWD VRUiQ NLNULVWiO\RVRGRWW D]
D] Qp]HW PLV]HULQW D] iUDPOiVW DNNRU WHNLQWMN SRQWRVDQ LVPHUWQHN KDPLQGHQ SLOODQDWEDQ pV
D JHRPHWULDL WpU PLQGHQ SRQWMiEDQ WXGMXN KRJ\ D] pSSHQ RWW WDUWy]NRGy IRO\DGpNHOHPPLO\HQ
VHEHVVpJJHO PR]RJ +D D] LGĘW tYHO D WpU HJ\ WHWV]ĘOHJHV SRQWMiED PXWDWy KHO\YHNWRUW rUHO
D VHEHVVpJYHNWRUW vYHO MHO|OMN DNNRU D] iUDPOiV LVPHUHWH D
v(r, t) 
IJJYpQ\ LVPHUHWpW MHOHQWL (] D W|P|U MHO|OpV HJ\HQpUWpNĦ D YHNWRURN GHUpNV]|JĦ NRRUGLQi
WiNEDQ IHOtUW r = (x, y, z) v = (u, v, w) NRPSRQHQVHLYHO NLIHMH]HWW
u(x, y, z, t), v(x, y, z, t), w(x, y, z, t) 
DODNNDO +D D  YDJ\ D  HORV]OiV LVPHUW DNNRU D]W PRQGMXN PHJDGWXN D VHEHVVpJWHUHW
YDJ\ VHEHVVpJPH]ĘW $ V]yKDV]QiODW DUUD XWDO KRJ\ D JHRPHWULDL WpU PLQGHQ SRQWMiKR] pV
PLQGHQ SLOODQDWKR] KR]]iUHQGHOQN HJ\ IL]LNDL PHQQ\LVpJHW PHO\HW iOWDOiEDQ WpUPHQQ\L
VpJQHN YDJ\ PH]ĘQHN QHYH]QN $ VHEHVVpJWpU LVPHUHWH WHKiW QpJ\YiOWR]yV x, y, z, tWĘO
$ VHEHVVpJYHNWRU xNRPSRQHQVpW u KHO\HWW V]RNiV vxV]HO LV MHO|OQL D PiVLN NpW NRPSRQHQVW SHGLJ vy, vz
YHO
+DV]QiODWRV D] HORV]OiV NLIHMH]pV LV SO VHEHVVpJ YDJ\ KĘPpUVpNOHWHORV]OiV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6(%(66e*7e5 
IJJĘ IJJYpQ\HN LVPHUHWpW MHOHQWL YDJ\ HJ\HWOHQ YHNWRUpUWpNĦ IJJYpQ\pW  YDJ\
D NRPSRQHQVHN KiURP VNDOiUIJJYpQ\pW  )RQWRV KDQJV~O\R]QL KRJ\ D VHEHVVpJWpU
D] pSSHQ D] DGRWW SRQWEDQ WDUWy]NRGy UpV]HFVNpN VHEHVVpJpW DGMD PHJ WHKiW VRN UpV]HFVNH
HJ\LGHMĦ PHJILJ\HOpVpYHO NDSKDWy FVDN PHJ ÈUDPOy IRO\DGpN IHOV]tQpQ My NpSHW NDSKDWXQN
D VHEHVVpJWpUUĘO KD VRN DSUy IHKpU YDJ\ FVLOORJy V]HPFVpW V]yUXQN V]pW D IHOOHWHQ RO\DQ
VĦUĦQ KRJ\ D]RN PpJ QH pUMHQHN |VV]H V D PR]JiVUyO NLVVp HOQ\~MWRWW H[SR]tFLyV LGHMĦ
IpQ\NpSIHOYpWHOW NpV]tWQN  iEUD $ NLUDM]ROyGy NLV IHKpU V]DNDV]RN D] HJ\HV UpV]HFVNpN
VHEHVVpJpYHO DUiQ\RVDN D IpQ\NpS WHKiW My N|]HOtWpVVHO PHJDGMD D VHEHVVpJHORV]OiVW 0D PiU
VRN HQQpO MyYDO SRQWRVDEE PpUpVL PyGV]HU LV OpWH]LN D VHEHVVpJHORV]OiV PHJKDWiUR]iViUD
GH PLQGHJ\LNEHQ N|]|V KRJ\ D] DGRWW SLOODQDWEDQ NO|QE|]Ę KHO\HNHQ NHOO D] pSSHQ RWW
WDUWy]NRGy UpV]HFVNpN VHEHVVpJpW PHJKDWiUR]QL
 iEUD $ v(r, t) VHEHVVpJWpU PHJKDWiUR]iVD D IRO\DGpNED V]yUW DSUy FVLOORJy V]HPFVpN Q\~MWRWW
H[SRQiOiVVDO NpV]OW NpSH DODSMiQ $] HOPR]GXOiVW PHJDGy IHKpU YRQDOGDUDENiN YpJpUH EHUDM]ROW
Q\LODN D] HOPR]GXOiV pV tJ\ D VHEHVVpJYHNWRU LUiQ\iW LV PHJDGMiN ?iiT,ffrrrXM/XQ`;f
`iB+H2bff7mHHfff@fBK;X;B7
$] iUDPOiVW DNNRU PRQGMXN NpWGLPHQ]LyVQDN PiV QpYHQ VtNiUDPOiVQDN KD D] HJ\LN
LUiQ\EDQ PHO\HW PLQGLJ YiODV]WKDWXQN D z LUiQ\QDN PR]JiV QHP W|UWpQLN V D PiVLN NpW
VHEHVVpJNRPSRQHQV VHP IJJ zWĘO .pWGLPHQ]LyV iUDPOiVEDQ WHKiW
v(x, y, t) = (u(x, y, t), v(x, y, t), ) . 
$ VHEHVVpJWpU IRJDOPD D]]DO D QHKp]VpJJHO MiU KRJ\ HOYLOHJ WHWV]ĘOHJHVHQ N|]HOL SRQ
WRNEDQ LV WXGQXQN NHOO D VHEHVVpJHNHW $ J\DNRUODWEDQ H] WHUPpV]HWHVHQ QHP pUKHWĘ HO
D IRJDORP PLQW PDWHPDWLNDL DEV]WUDNFLy D]RQEDQ PpJLV KDV]QRV KLV]HQ D IHOiOOtWDQGy
PR]JiVHJ\HQOHWHNWĘO D]W YiUMXN KRJ\ LO\HQ WtSXV~ PHJROGiVXN OHJ\HQ $ PR]JiVHJ\HQOHWHN
WHUPpV]HWHVHQ GLIIHUHQFLiOHJ\HQOHWHN GH PLYHO QHPFVDN LGĘWĘO KDQHP KHO\WĘO LV IJJĘ
PHQQ\LVpJHNHW NHUHVQN D] HJ\HQOHWHN SDUFLiOLV GLIIHUHQFLiOHJ\HQOHWHN OHV]QHN
$ J\DNRUODWEDQ D VHEHVVpJWHUHW J\DNUDQ YpJHV SRQWRVViJJDO KDWiUR]]XN PHJ SpOGiXO
~J\ KRJ\ FVDN HJ\ QpJ\]HWUiFV SRQWMDLEDQ OHYĘ UpV]HFVNpN VHEHVVpJHW DGMXN PHJ (J\
YpJHV WDUWRPiQ\EDQ HNNRU FVDN D] DEED HVĘ UiFVSRQWRNKR] WDUWR]y VHEHVVpJYHNWRURNDW NHOO
EHUDM]ROQL  iEUD 7HUPpV]HWHVHQ D UiFVRW D OHKHWĘ OHJVĦUĦEEUH NHOO YiODV]WDQXQN V
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  È5$0/È62. -(//(0=e6(
IHMEHQ NHOO WDUWDQXQN KRJ\ D UiFVWiYROViJ ILQRPtWiViYDO HJ\UH MREE N|]HOtWpVpW NDSMXN D
PDWHPDWLNDLODJ HJ]DNW VHEHVVpJWpUQHN $  iEUD MREE ROGDOD HJ\ QDJ\ VNiOiM~ iUDPOiV
D .XURVLRiUDPODW VHEHVVpJHORV]OiViW DGMD PHJ HJ\ YpJHV UiFVRQ
 iEUD 6HPDWLNXV iEUD D v(r, t) VHEHVVpJWpU N|]HOtWĘ PHJDGiViUyO HJ\ NpWGLPHQ]LyV iUDPOiVEDQ
QpJ\]HWUiFVRQ
 6NDOiU PH]ĘN
$ N|]HJHN iUDPOiViW D VHEHVVpJWpU PHOOHWW D WHUPRGLQDPLNDL iOODSRWMHO]ĘN PLQW SO D VĦUĦVpJ
Q\RPiV KĘPpUVpNOHW LV MHOOHP]L (]HN LV WpUPHQQ\LVpJHN GH QHP YHNWRULiOLV PHQQ\LVpJHN
QHP LUiQ\tWRWWDN KDQHP VNDOiUPHQQ\LVpJHN $] iUDPOiV SRQWRV PHJDGiViKR] D
ρ(x, y, z, t), p(x, y, z, t), T (x, y, z, t) 
VĦUĦVpJ Q\RPiV pV KĘPpUVpNOHWWHUHN YDJ\ PH]ĘN LVPHUHWH LV V]NVpJHV 5iFVRQ YDOy
N|]HOtWĘ iEUi]ROiVXNEDQ PLQGHQ UiFVSRQWKR] HJ\HWOHQ IJJYpQ\pUWpNHW UHQGHOQN $] LO\HQ
VNDOiUWHUHN V]HPOpOWHWpVH iOWDOiEDQ D]RNQDN D YRQDODNQDN D PHJDGiViYDO W|UWpQLN PHO\HN
PHQWpQ pUWpNN DGRWW iOODQGy 9DJ\ H]HNHW D] ~Q L]RYRQDODNDW D] L]RFKRU L]REiU pV L]RWHUPD
YRQDODNDW UDM]ROMXN D] iUDPOiVL NpSUH YDJ\ D IJJYpQ\pUWpNHNHW PHJIHOHOĘHQ V]tQH]]N
 iEUD $ &VHQGHVyFHiQ IHOV]tQL KĘPpUVpNOHWpQHN HORV]OiVD 667 SO D  iEUD MREE
ROGDOL NpSpQHN V]tQH]pVpEĘO ROYDVKDWy NL /iWQL IRJMXN KRJ\ H]HN D VNDOiUWHUHN NDSFVRODWEDQ
YDQQDN D VHEHVVpJWpUUHO V D WHOMHV PR]JiVHJ\HQOHW PHJROGiVD D] |VV]HV WpUPHQQ\LVpJ KHO\
pV LGĘEHOL YiOWR]iViW PHJDGMD
 $ VHEHVVpJWpU LQKRPRJHQLWiVMHOOHP]ĘL
$ VHEHVVpJWpU WpUEHOL HJ\HQHWOHQVpJpW LQKRPRJHQLWiViW PLQW PLQGHQ PiV YHNWRULiOLV WpU
PHQQ\LVpJpW NpWIDMWD J\DNUDQ KDV]QiODWRV HOVĘUHQGĦ GHULYiOWMHOOHJĦ PHQQ\LVpJ D GLYHU
JHQFLD pV D URWiFLy MHOOHP]L
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6(%(66e*7e5 ,1+202*(1,7È6-(//(0=ė, 
 iEUD %DO ROGDOL iEUD 6]tQH]pVVHO V]HPOpOWHWHWW p(x, y) Q\RPiVHORV]OiV HJ\ KHQJHU N|UOL LGĘ
IJJHWOHQ NpWGLPHQ]LyV iUDPOiVEDQ $ NpN V]tQ D] DODFVRQ\ Q\RPiV~ WHUOHWHNHW MHO|OL $ VHEHVVpJWHUHW
Q\LODN PXWDWMiN ?iiT,ff2MX+BiBx2M/BmKXQ`;frBFBf6HmB/n7HQrnTbinn+vHBM/2` -REE
ROGDOL iEUD 6]tQH]pVVHO V]HPOpOWHWHWW T (x, z) KĘPpUVpNOHWHORV]OiV HJ\ DOXOUyO IĦW|WW IRO\DGpNUpWHJEHQ
$ SLURVDV V]tQHN MHO]LN D PDJDVDEE KĘPpUVpNOHWHW $ KĘPpUVpNOHWPH]ĘUĘO D] LV OHROYDVKDWy KRJ\ D]
DOVy PHOHJ N|]HJ N|]pSHQ NH]G IHOIHOp iUDPODQL D IHOVĘ KLGHJ SHGLJ D WDUWRPiQ\ V]pOpQ OHIHOp (J\
NRQYHNFLyV FHOOD YDQ NLDODNXOyEDQ DKRJ\ D VHPDWLNXV  iEUD V]HPOpOWHWL ?iiT,ffrrrXQ+2MX
rb?BM;iQMX2/mfQ+fH2+@f
$ GLYHUJHQFLD D] HJ\HV VHEHVVpJNRPSRQHQVHNQHN D NRPSRQHQVHN LQGH[pQHN PHJIHOHOĘ
KHO\NRRUGLQiWD V]HULQWL GHULYiOWMDLQDN |VV]HJH
GLY v = ∂u
∂x
+
∂v
∂y
+
∂w
∂z
. 
$ GLYHUJHQFLD VNDOiU pV WHUPpV]HWHVHQ WpUPHQQ\LVpJ D]D] PDJD LV IJJ x, y, z, tWĘO
$ GLYHUJHQFLD D] DGRWW KHO\ N|UOL NLV WpUIRJDWEDQ D W|EEOHWNLiUDPOiVVDO DUiQ\RV (J\
iOODQGy VĦUĦVpJĦ iUDPOiV GLYHUJHQFLiMD DNNRU NO|QE|]LN QXOOiWyO KD IRO\DGpNRW MXWWDWXQN
D N|]HJEH LOOHWYH KD IRO\DGpNRW V]tYXQN NL EHOĘOH $PLNRU WHKiW LQMHNFLyW NDSXQN DNNRU D
WĦ YpJSRQWMiEDQ GH FVDN LWW D VHEHVVpJWpU GLYHUJHQFLiMD SR]LWtY YpUYpWHONRU QHJDWtY $
GLYHUJHQFLD V]y PDJ\DUXO V]pWWDUWiVW V]pWIRO\iVW MHOHQW V iUDPOiVWDQL MHOHQWpVH UpYpQ NHUOW
EH D PDWHPDWLNiED WHWV]ĘOHJHV YHNWRUWHUHN MHOOHP]ĘMHNpQW LV
3pOGDNpQW WHNLQWVN D
v = ar 
VHEHVVpJWHUHW (] a >  HVHWpQ VXJiULUiQ\~ J|PEV]LPPHWULNXV V]pWiUDPOiVW tU OH PHO\EHQ D
VHEHVVpJ DQQiO QDJ\REE PLQpO PHVV]HEE YDJ\XQN D] RULJyWyO .RPSRQHQVHNEHQ
u = ax, v = ay, w = az . 
$  GHILQtFLy V]HULQW GLY v = a D VHEHVVpJWpU GLYHUJHQFLiMD iOODQGy (OĘMHOH SR]LWtY
DQQDN PHJIHOHOĘHQ KRJ\ LO\HQ iUDPOiV FVDN DNNRU M|KHW OpWUH KD D N|]HJ WiJXO YDJ\ DEEDQ
D] HONpS]HOW HVHWEHQ KD PLQGHQKRO HJ\HQOHWHVHQ DQ\DJRW MXWWDWXQN EHOH
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  È5$0/È62. -(//(0=e6(
eUGHPHV LGĘQNpQW D] iUDPOiV NpW NRPSRQHQVpEĘO NpS]HWW YHNWRU UHQGV]HULQW D] x, y
NRPSRQHQVHNEĘO NpS]HWW u = (u, v) YHNWRU GLYHUJHQFLiMiW NpSH]QL (QQHN D
GLY u = ∂u
∂x
+
∂v
∂y

NpWGLPHQ]LyV GLYHUJHQFLiQDN D SR]LWtY pUWpNH D]W PXWDWMD KRJ\ D] x, y VtNED IRO\DGpN
LQMHNWiOyGLN D]D] D z LUiQ\EDQ IHO YDJ\ OHiUDPOiV W|UWpQLN $] u = (ax, ay) HVHWEHQ SpOGiXO
GLYu = a $ NpWGLPHQ]LyV GLYHUJHQFLD HORV]OiVD pSS~J\ V]HPOpOWHWKHWĘ V]tQH]pVVHO PLQW
EiUPHO\LN VNDOiUPH]Ę  iEUD
 iEUD $ GLYu GLYHUJHQFLDPH]ĘW HJ\ iUDPOiV IHOOHWpQ V]tQH]pVVHO V]HPOpOWHWĘ iEUD PHO\HQ
D VHEHVVpJYHNWRURN LV OiWKDWyN 0HJILJ\HOKHWMN KRJ\ D] |VV]HiUDPOiV PHO\ D VtNUD PHUĘOHJHV
OHiUDPOiVVDO MiU QHJDWtY GLYHUJHQFLDpUWpNHNKH] WDUWR]LN D V]pWiUDPOiV SR]LWtYDNKR] ?iiT,ffrrrX
M/XQ`;f`iB+H2bff7mHHfff@fBK;XTM;
$ URWiFLy D GLYHUJHQFLiYDO V]HPEHQ YHNWRULiOLV PHQQ\LVpJ PHO\QHN NRPSRQHQVHL D
VHEHVVpJNRPSRQHQVHN GHULYiOWMDLYDO D N|YHWNH]ĘNpSSHQ DGKDWyN PHJ
URW v =
(
∂w
∂y
− ∂v
∂z
,
∂u
∂z
− ∂w
∂x
,
∂v
∂x
− ∂u
∂y
)
. 
$ URWiFLyQDN LV MyO pUWKHWĘ V]HPOpOHWHV MHOHQWpVH YDQ V HEEHQ D] HVHWEHQ LV D] iUDPOiVRNUD
MHOOHP]Ę V]yKDV]QiODW WHUMHGW HO NpVĘEE D WHOMHV PDWHPDWLNiEDQ $ NLFVL GH YpJHV IRO\DGpN
HOHPHN XJ\DQLV QHP FVDN HOPR]GXOQDN GH IRURJKDWQDN LV iUDPOiV N|]EHQ $ t SLOODQDWEDQ
D] (x, y, z) KHO\HQ OHYĘ IRO\DGpNHOHP IRUJiViQDN V]|JVHEHVVpJ YHNWRUD URWv(x, y, z, t)YHO
DUiQ\RV D]D] D YHNWRU KRVV]D DUiQ\RV D V]|JVHEHVVpJ DEV]RO~W pUWpNpYHO LUiQ\D SHGLJ
PHJDGMD D IRUJiVWHQJHO\ LUiQ\iW $] RO\DQ iUDPOiVW PHO\UH URWv ≡  |UYpQ\PHQWHVQHN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6(%(66e*7e5 ,1+202*(1,7È6-(//(0=ė, 
KtYMXN KD SHGLJ DNiU FVDN HJ\HWOHQ SRQWEDQ YDJ\ SLOODQDWEDQ URWv 6=  DNNRU D] iUDPOiV
|UYpQ\HV $ URWv YHNWRUW QHYH]KHWMN |UYpQ\YHNWRUQDN LV +D WHKiW D]W OiWMXN KRJ\ HJ\
SDWDN IHOV]tQpQ D IDOHYHOHN PHO\HN iWYHV]LN D] DODWWXN OHYĘ Yt] PR]JiViW VRGUyGiV N|]EHQ
IRURJQDN LV DNNRU D] D]W EL]RQ\tWMD KRJ\ D SDWDN iUDPOiVD |UYpQ\HV
$ NpWGLPHQ]LyV iUDPOiV  GHILQtFLyMiEyO OiWV]LN KRJ\ URW vQHN LO\HQNRU FVDN D
zNRPSRQHQVH NO|QE|]KHW ]pUXVWyO D] |UYpQ\HVVpJ PHUĘOHJHV D] iUDPOiV VtNMiUD (]W
D KDUPDGLN NRPSRQHQVW ζYDO V]RNiV MHO|OQL $ NpWGLPHQ]LyV iUDPOiV |UYpQ\YHNWRUiQDN
HJ\HWOHQ z NRPSRQHQVH WHKiW
ζ =
∂v
∂x
− ∂u
∂y
. 
3pOGDNpQW WHNLQWVN PRVW D] u
u = ωy, v = −ωx 
iUDPOiVW PHO\QHN VHEHVVpJWHUH D  iEUiQ OiWKDWy
uy
x
P
 iEUD gUYpQ\OĘ iUDPOiV VHEHVVpJWHUH QHJDWtY IRUJiVLUiQ\ $ VHEHVVpJYHNWRURNDW FVDN QpJ\
VXJiU PHQWpQ MHO|OWN EH
(EEHQ D VHEHVVpJ QDJ\ViJD |u| = √ωy + ωx YDJ\LV PLQGHQ D] RULJyWyO r =√
x + y WiYROViJUD OHYĘ SRQW ωr VHEHVVpJJHO PR]RJ D KHO\YHNWRUUD PHUĘOHJHVHQ (]
D] iUDPOiV WHKiW HJ\V]HUĦ ω V]|JVHEHVVpJĦ IRUJiV D] yUDPXWDWy N|UEHMiUiViQDN WHKiW
D PDWHPDWLNDLODJ QHJDWtY IRUJiV LUiQ\iEDQ $ ζ |UYpQ\HVVpJ D  |VV]HIJJpVQHN
PHJIHOHOĘHQ ζ = −ω $ SpOGiEyO OiWV]LN V iOWDOiEDQ LV LJD] KRJ\ D] |UYpQ\YHNWRU QDJ\ViJD
D V]|JVHEHVVpJ NpWV]HUHVH
eUGHPHV KDQJV~O\R]QL KRJ\ QHP FVDN D N|UN|U|V iUDPOiVRN |UYpQ\HVVpJH OHKHW QXOOiWyO
NO|QE|]Ę $] DGRWW LUiQ\ED PXWDWy iUDPOiVRN |UYpQ\YHNWRUD LV NO|QE|]LN QXOOiWyO KD D]
iUDPOiV WpUEHQ LQKRPRJpQ $ OHJHJ\V]HUĦEE SpOGD D  iEUiQ OiWKDWy ~Q Q\tUiVL iUDPOiV
(EEHQ D IHOMHEE OHYĘ IRO\DGpNUpWHJHN J\RUVDEEDQ iUDPODQDN PLQW D OHMMHEE OHYĘN +D D]
iUDPOiVEDQ HONpS]HOQN HJ\ NLV NRURQJRW DNNRU DQQDN IHOVĘ SHUHPH J\RUVDEEDQ PR]RJ
PLQW D] DOVy D NRURQJ WHKiW D] yUDPXWDWy LUiQ\iEDQ IRURJ LV PLN|]EHQ RGpEE VRGUyGLN $]
iUDPOiV WHKiW |UYpQ\HV (] N|QQ\HQ HOOHQĘUL]KHWĘ D u = (u, ) u = ay+ NRQVWDQV DODNNDO
DPLEĘO ζ = −a DGyGLN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  È5$0/È62. -(//(0=e6(
 iEUD %DO ROGDOL iEUD (J\V]HUĦ Q\tUiVL iUDPOiV VHEHVVpJWHUH -REE ROGDOL iEUD $ Q\XJYy
IDOKR] D] iEUiQ D Yt]V]LQWHV WHQJHO\ N|]HOHGYH PLQGHQ YLV]Ny]XV iUDPOiV VHEHVVpJH QXOOiKR] WDUW
WHKiW Q\tUiVL iUDPOiV YDOyVXO PHJ
1\tUiVL iUDPOiVPLQGLJ HOĘIRUGXO Q\XJYy IDODNPHOOHWW  iEUD MREE ROGDOL NpS $ IDOQiO
PLQGHQ EHOVĘ V~UOyGiVVDO UHQGHONH]Ę YLV]Ny]XV IRO\DGpNQDN iOOQLD NHOO VHEHVVpJH QXOOD (]
D WDSDGiV W|UYpQ\H $ IDOKR] N|]HOHGYH H]pUW D IDOODO SiUKX]DPRV VHEHVVpJNRPSRQHQVQHN
QXOOiKR] NHOO WDUWDQLD $ IDODN HOHJHQGĘHQ NLV N|UQ\H]HWpEHQ D NRUiEEDQ PiU HPOtWHWW
KDWiUUpWHJEHQ H]pUW PLQGLJ Q\tUiVL iUDPOiVW WDSDV]WDOXQN $ IDODNWyO WiYRO D]RQEDQ D EHOVĘ
V~UOyGiV KDWiVD HOKDQ\DJROKDWyYi YiOLN
$ NpWGLPHQ]LyV iUDPOiVRN ζ |UYpQ\HVVpJH V]tQH]pVVHO LV iEUi]ROKDWy VNDOiUPH]Ę $]
|UYpQ\HVVpJ LGĘEHOL pV WpUEHOL IHMOĘGpVH MyO Q\RPRQ N|YHWKHWĘ HJ\ KHQJHU N|UOL iUDPOiV
HVHWpQ KD D KHQJHUW Q\XJYy WHKiW NH]GHWEHQ |UYpQ\PHQWHV N|]HJEHQ QHJDWtY LUiQ\ED
J\RUVtWYD PR]JDWQL NH]GMN  iEUD
$PtJ D VHEHVVpJ NLFVL D KHQJHU N|UO ODVV~ D] iUDPOiV $ IDODN PHQWpQ Q\tUiVL iUDPOiV
DODNXO NL $ IHOVĘ SHUHPHQ D] iUDPOiV RO\DQ MHOOHJĦ PLQW D  iEUiQ V D] |UYpQ\HVVpJ
HJ\ YpNRQ\ UpWHJEHQ QHJDWtY OHV] $] DOVy SHUHPHQ D] |UYpQ\HVVpJ HOĘMHOH SR]LWtY $] LGĘ
P~OiViYDO H] D YpNRQ\ UpWHJ N|UEHIRJMD D KHQJHUW D] |UYpQ\HV WDUWRPiQ\ D KHQJHU P|J|WW
PHJYDVWDJRGLN 0pJ QDJ\REE VHEHVVpJHNQpO D] |UYpQ\HN IHOYiOWYD OHYiOQDN V D KHQJHU
iUQ\pN]yQiMiEDQ NpW HOOHQNH]Ę LUiQ\EDQ IRUJy |UYpQ\ DODNXO NL (]W D MHOHQVpJHW HOVĘ OHtUyMi
UyO D PDJ\DU V]iUPD]iV~ .iUPiQ 7yGRUUyO .iUPiQIpOH |UYpQ\VRUQDN QHYH]LN (]HN PLQG
D OpJN|UEHQ PLQG D] yFHiQEDQ LJHQ J\DNRULDN PHO\HW V]iPRV OiWYiQ\RV PĦKROGIHOYpWHO
EL]RQ\tW  iEUD
1HPFVDN D VHEHVVpJWpU KDQHP EiUPHO\ YHNWRUPH]Ę OHKHW |UYpQ\HV $  iEUD HJ\pUWHO
PĦHQ PXWDWMD SpOGiXO KRJ\ D IHOV]tQL V]pOQ\tUiVL IHV]OWVpJ τ (x, y) HORV]OiViEDQ iOWDOiEDQ
URWτ (x, y) 6= 
 $ KLGURGLQDPLNDL LGĘGHULYiOW
7pUMQN PRVW iW D VHEHVVpJWpU LGĘEHOL YiOWR]iViQDN YL]VJiODWiUD $] LGĘ V]HULQWL SDUFLiOLV
GHULYiOW D
∂v
∂t
≡
(
∂u
∂t
,
∂v
∂t
,
∂w
∂t
)

D KHO\L ORNiOLV VHEHVVpJYiOWR]iV WHUH 0HJDGMD KRJ\ PLO\HQ WHPEHQ YiOWR]LN D VHEHVVpJ
D] x, y, z SRQWEDQ YDJ\LV D NLFVLYHO NpVĘEE RGDNHUOĘ UpV]HFVNH NLVHEE QDJ\REE YDJ\
XJ\DQDNNRUD VHEHVVpJJHO pUNH]LN RGD PLQW DPHO\LN pSSHQ HOPR]GXOW D] DGRWW KHO\UĘO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ +,'52',1$0,.$, ,'ė'(5,9È/7 
 iEUD (J\ Q\XJDORPEyO EDOUD J\RUVXOYD PR]Jy KHQJHU P|J|WW NLDODNXOy |UYpQ\HVVpJWpU $ SLURV
pV NpN V]tQHN HOOHQNH]Ę HOĘMHOĦ |UYpQ\HVVpJHW MHOHQWHQHN $ IHKpU WDUWRPiQ\EDQ D] |UYpQ\HVVpJ ]pUXV
?iiT,ffrrrX2M;X7bmX2/mf/QKK2H2MfTT2`bfbm#`KfbivH2nfBK;XDT;
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  È5$0/È62. -(//(0=e6(
 iEUD .iUPiQIpOH |UYpQ\VRURN OHYHJĘEHQ pV Yt]EHQ %DO ROGDOL iEUD $ .DOLIRUQLDL
IpOV]LJHWWĘO Q\XJDWUD WDOiOKDWy *XDGDOXSHV]LJHW PDJDV KHJ\HL P|J|WW D IHOKĘUpWHJEHQ NLUDM
]ROyGRWW .iUPiQIpOH |UYpQ\VRU  DXJXV]WXV  >GDDFJVIFQDVDJRY &$03$,*1−
'2&62&'67YDQ.DUPDQ−YRUWLFHVKWPO@ -REE ROGDOL iEUD 7DVPDQLD P|J|WW D] $QWDUNWLV] N|UOL
iUDPODW .iUPiQ|UYpQ\HNHW NHOW $ V]tQHN D WHQJHUL ILWRSODQNWRQNRQFHQWUiFLyYDO DUiQ\RVDN V
MyO OiWV]LN KRJ\ D SDUWYRQDO PHQWL QDJ\ SODQNWRQWDUWDORP HJ\ UpV]pW D] |UYpQ\HN PDJXNNDO YLV]LN
 QRYHPEHU  >?iiT,ffrrrXrbmX2/m@ $] |UYpQ\VRURN MHOHQOpWH D QDJ\ OpSWpNĦ iUDPOiVRN
NpWGLPHQ]LyV MHOOHJpW EL]RQ\tWMD
$] RO\DQ iUDPOiVW PHO\EHQ D VHEHVVpJYHNWRU PLQGHQ SRQWEDQ LGĘEHQ iOODQGy YDJ\LV OR
NiOLV YiOWR]iV VHKRO VLQFV LGĘIJJHWOHQ YDJ\ VWDFLRQiULXV iUDPOiVQDN QHYH]]N 6WDFLRQiULXV
iUDPOiVEDQ
∂v
∂t
≡  , 
WHKiW EiUPHO\LN SRQWEDQ LGĘEHQ YiOWR]DWODQ VHEHVVpJJHO ]DMOLN D] iUDPOiV GH NO|QE|]Ę
SRQWRNEDQ NO|QE|]Ę OHKHW D VHEHVVpJ $ WpUEHOL GHULYiOWDN WHKiW iOWDOiQRV LGĘIJJHWOHQ
iUDPOiVEDQ VHP QXOOiN
$ PR]JiVHJ\HQOHW IHOiOOtWiVKR] HJ\ IRO\DGpNHOHP J\RUVXOiViUD OHV] V]NVpJQN 0LYHO D
ORNiOLV VHEHVVpJYiOWR]iV QHP XJ\DQD]W D UpV]HFVNpW MHOOHP]L  QHP IHOHO PHJ HUUH D FpOUD
$ J\RUVXOiV PHJKDWiUR]iViKR] NL NHOO V]HPHOQQN pV N|YHWQQN NHOO HJ\ IRO\DGpNUpV]HFVNpW
PpJ KD FVDN U|YLG LGĘUH LV /HJ\HQ D NLV]HPHOW IRO\DGpNUpV]HFVNH SiO\iMD r(t) DPL D]W MHOHQWL
KRJ\ WXGMXN KRJ\ D UpV]HFVNH D t SLOODQDWEDQ D] (x(t), y(t), z(t)) KHO\NRRUGLQiWiM~ SRQWRNRQ
KDODG iW $ UpV]HFVNH J\RUVXOiVD D] pSSHQ DEEDQ D SRQWEDQ YHWW VHEHVVpJ LGĘEHOL GHULYiOWMD
DKRYD D t SLOODQDWEDQ NHUOW ËUKDWMXN WHKiW KRJ\
a =
dv(x(t), y(t), z(t), t)
dt
. 
9HJ\N pV]UH KRJ\ D v(x(t), y(t), z(t), t) VHEHVVpJ HJ\HGO D t LGĘ IJJYpQ\H QRKD WpU
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ +,'52',1$0,.$, ,'ė'(5,9È/7 
PHQQ\LVpJEĘO NpSH]WN PRVW ILJ\HOHPEH YHWWN KRJ\ D SiO\D PHQWpQ D KHO\NRRUGLQiWiN
LV D] LGĘ IJJYpQ\HL $] HJ\HQHV dYHO MHO|OW GHULYiOiV XJ\DQRO\DQ MHOOHJĦ PLQW D SRQW
PHFKDQLNiEDQ D] LGĘEHOL YiOWR]iV J\RUVDViJiW DGMD PHJ $ v(x(t), y(t), z(t), t) PHQQ\LVpJ
D KHO\NRRUGLQiWiNRQ NHUHV]WO N|]YHWHWW PyGRQ IJJ D] LGĘWĘO H]pUW D N|]YHWHWW IJJYpQ\
GHULYiOiVL V]DEiO\iW NHOO DONDOPD]QXQN PHO\ D OHJHJ\V]HUĦEE YiOWR]DWEDQ D MyO LVPHUW
df(x(t))
dt
=
df
dx
· dx
dt

DODN~ (VHWQNEHQ D] f IJJYpQ\ YHNWRU pV D] y(t), z(t) WRYiEEL N|]YHWHWW LGĘIJJpVpQ
NtYO H[SOLFLWHQ LV IJJ D] LGĘWĘO DPLUH D NO|Q NLtUW t YiOWR]y XWDO $ N|]YHWHWW IJJYpQ\
GHULYiOiVDNRU LO\HQNRU NpSH]QL NHOO PLQGHQ HJ\HV YiOWR]y V]HULQW D SDUFLiOLV GHULYiOWDW D]W
PHJ NHOO V]RUR]QL D] DGRWW YiOWR]y LGĘGHULYiOWMiYDO V PLQGH]W |VV]HDGQL YDJ\LV
dv(x(t), y(t), z(t), t)
dt
=
∂v
∂x
dx
dt
+
∂v
∂y
dy
dt
+
∂v
∂z
dz
dt
+
∂v
∂t
. 
)HOKDV]QiOYD KRJ\ D NRRUGLQiWiN LGĘGHULYiOWMDL Q\LOYiQ D UpV]HFVNH PHJIHOHOĘ VHEHVVpJNRP
SRQHQVHL NDSMXN D]
a ≡ dv
dt
=
∂v
∂t
+ u
∂v
∂x
+ v
∂v
∂y
+ w
∂v
∂z

YpJVĘ HUHGPpQ\W
$ IHQWL NLIHMH]pV YHNWRUPHQQ\LVpJ (QQHN NRPSRQHQVHLW ~J\ NDSMXN KRJ\ D v YHNWRU
NRPSRQHQVHLW YHVV]N $ x LUiQ\~ J\RUVXOiV tJ\ SpOGiXO
ax ≡ du
dt
=
∂u
∂t
+ u
∂u
∂x
+ v
∂u
∂y
+ w
∂u
∂z
. 
$ IRO\DGpNUpV]HFVNH J\RUVXOiViW NLIHMH]WN D VHEHVVpJWpUUHO V DQQDN LGĘ pV KHO\ V]HULQWL
SDUFLiOLV GHULYiOWMDLYDO (] D J\RUVXOiV LV WHKiW WpUPHQQ\LVpJ PHO\ D KiURP KHO\NRRUGLQiWD
pV D] LGĘ IJJYpQ\H
eUGHPHV pUWHOPH]QL D] HUHGPpQ\W $ KHO\ V]HULQWL SDUFLiOLV GHULYiOWDN D]pUW MHOHQWHN
PHJ PHUW D UpV]HFVNH HOPR]GXO V D] HOPR]GXOiV XWiQ iOWDOiEDQ RO\DQ KHO\UH MXW DKRO PiV
D VHEHVVpJ (] Q\LOYiQ MiUXOpNRW DG J\RUVXOiViKR] VĘW VWDFLRQiULXV iUDPOiVEDQ  FVDN
H]HN D WDJRN OpWH]QHN
7HNLQWVQN HJ\ HJ\V]HUĦ HVHWHW PHO\EHQ D] iUDPOiV VWDFLRQiULXV x LUiQ\~ V FVDN D] x
NRRUGLQiWiWyO IJJ v(r, t) = (u(x), , ) $ UpV]HFVNH D] x KHO\]HWEĘO LQGXOYD NLV dt LGĘ
DODWW D] x + u(x)dt KHO\UH MXW 6HEHVVpJpQHN PHJYiOWR]iVD u(x + u(x)dt) − u(x) PHO\
D GLIIHUHQFLiOiV  pV  V]DEiO\DL V]HULQW du(x)/dx · u(x)dt $ dt LGĘNO|QEVpJJHO
RV]WYD NDSMXN D J\RUVXOiVW ax = u · du/dx V H] |VV]KDQJEDQ YDQ DO
(J\V]HUĦ SpOGDNpQW WHNLQWVN D  iUDPOiVW PHO\EHQ D IRO\DGpNHOHPHN N|UPR]JiVW
YpJH]QHN ÈOODQGy ω HVHWpQ H] LGĘWĘO IJJHWOHQ D ORNiOLV VHEHVVpJYiOWR]iV QXOOD $ J\RUVXOiV
WHKiW WHOMHV PpUWpNEHQ D] HOPR]GXOiVEyO DGyGLN $] x LUiQ\~ J\RUVXOiV
ax = u
∂u
∂x
+ v
∂u
∂y
= + (−ωx)ω = −ωx . 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  È5$0/È62. -(//(0=e6(
$ PiVLN NRPSRQHQVUH KDVRQOyDQ NDSMXN KRJ\ ay = −ωy YDJ\LV D J\RUVXOiV YHNWRUD
a = −ωr . 
(]]HO YLVV]DNDSWXN D N|UPR]JiVRNUD LVPHUW HUHGPpQ\W PLV]HULQW D] iOODQGy V]|JVHEHVVpJĦ
N|UPR]JiV VRUiQ D WHVWUH KDWy HUĘN HUHGĘMpQHN D] ωr QDJ\ViJ~ pV D N|]pSSRQW IHOp PXWDWy
FHQWULSHWiOLV J\RUVXOiVW NHOO EL]WRVtWDQLD
8J\DQH]W D V]iPROiVW DUUD D] LGĘIJJĘ HVHWUH HOYpJH]YH DPLNRU D] ω V]|JVHEHVVpJ QHP
iOODQGy KDQHP HJ\ WHWV]ĘOHJHV ω(t) IJJYpQ\ D] NDSMXN KRJ\
a =
ω˙
ω
u− ωr , 
DKRO ω˙ D V]|JVHEHVVpJ LGĘGHULYiOWMD ,WW D] HOVĘ WDJ D ORNiOLV J\RUVXOiV $ N|UPR]JiV
V]HPSRQWMiEyO H] D NHUOHWL J\RUVXOiV KLV]HQ u D VXJiUUD PHUĘOHJHV (KKH] MiUXO D PiU HOĘEE
LV PHJNDSRWW EHIHOp PXWDWy FHQWULSHWiOLV J\RUVXOiV
$
d
dt
=
∂
∂t
+ u
∂
∂x
+ v
∂
∂y
+ w
∂
∂z

PĦYHOHW D] iUDPOiVRN VRUiQ LJHQ IRQWRV H]pUW NO|Q HOQHYH]pVW LV NDSRWW H] D KLGURGLQDPLNDL
YDJ\ WHOMHV LGĘGHULYiOW
$ IHQWL OHYH]HWpVEHQ QHP KDV]QiOWXN NL KRJ\ FVDN D VHEHVVpJ GHULYiOWMiUD YRQDWNR]KDW
%iUPHO\ A VNDOiU IL]LNDL PHQQ\LVpJ LGĘEHOL PHJYiOWR]iViW KD D]W D PHQQ\LVpJHW D IRO\D
GpNHOHPKH] N|WYH N|YHWMN D dA/dt GHULYiOW DGMD 0LYHO D NpVĘEELHNEHQ VRNV]RU OHV] Ui
V]NVpJ H[SOLFLWHQ PHJDGMXN D ρ VĦUĦVpJ dt LGĘ DODWWL PHJYiOWR]iViW D IRO\DGpNHOHPPHO
HJ\WW PR]RJYD
dρ
dt
=
∂ρ
∂t
+ u
∂ρ
∂x
+ v
∂ρ
∂y
+ w
∂ρ
∂z
. 
(] D VĦUĦVpJ WHOMHV GHULYiOWMD
$ KLGURGLQDPLNDL GHULYiOW IRJDOPiQDN V]HPOpOHWHV |VV]HJ]pVH pUGHNpEHQ WHNLQWVN HJ\
D] eV]DNLVDUNWyO D] (J\HQOtWĘ IHOp X VHEHVVpJJHO KDODGy KĘPpUĘ iOWDO MHO]HWW DGDWRN LGĘEHOL
IHMOĘGpVpW 0LN|]EHQ HJ\UH DODFVRQ\DEE I|OGUDM]L V]pOHVVpJHNUH pUQN D KĘPpUVpNOHW HJ\UH
PDJDVDEE ORNiOLV pUWpNHLYHO WDOiONR]XQN $ T KĘPpUVpNOHWPH]Ę HEEĘO DGyGy LGĘHJ\VpJUH
HVĘ YiOWR]iViW D KDODGiVL LUiQ\ED HVĘ u∂T/∂x + v∂T/∂y + w∂T/∂z WpUEHOL GHULYiOW DGMD
$ KĘPpUĘ iOWDO pU]pNHOW YiOWR]iVRN PiVLN RND OHKHW SpOGiXO D] LGĘMiUiV SLOODQDWQ\L DODNXOiVD
PHO\ iOOy KHO\]HWEHQ LV PHJPXWDWNR]QD (]W IHMH]L NL D ∂T/∂t KHO\L LGĘGHULYiOW $ NpW MiUXOpN
|VV]HJH D KLGURGLQDPLNDL GHULYiOW DG V]iPRW D WHOMHV YiOWR]iVUyO
 $] iOODSRWHJ\HQOHW
$ WHUPRGLQDPLNDL ρ, p, T ) VNDOiUPH]ĘN QHP IJJHWOHQHN HJ\PiVWyO /iWQL IRJMXN KRJ\
D PR]JiVHJ\HQOHWHLQN D VĦUĦVpJHW pV D Q\RPiVW WDUWDOPD]]iN pV QHP PRQGDQDN VHPPLW
eUGHPHV PHJIRQWROQL D VHEHVVpJ pV LGĘVNiOiN YLV]RQ\iW LV +D KĘPpUĘQNHW HJ\ PĦKROGUD V]HUHOMN PHO\
PLQWHJ\  SHUF DODWW PHJNHUOL D )|OGHW D SDUFLiOLV LGĘGHULYiOW WDJRW HOKDQ\DJROKDWMXN +D D]RQEDQ J\DORJRVDQ
YLVV]N D KĘPpUĘW X NLFVL DNNRU D WpUEHOL MiUXOpNUyO IHOHGNH]KHWQN PHJ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $= È//$327(*<(1/(7 
D KĘPpUVpNOHWUĘO (]W D PHQQ\LVpJHW D N|]HJ WHUPRGLQDPLNDL iOODSRWHJ\HQOHWH DGMD PHJ
PHO\UĘO D WDSDV]WDODW V]HULQW IHOWHKHWMN KRJ\ XJ\DQDEEDQ D ρ = ρ(p, T ) DODNEDQ pUYpQ\HV
iUDPOiV N|]EHQ LV PLQW Q\XJDORPEDQ D]D] WHUPRGLQDPLNDL HJ\HQV~O\EDQ (] D ORNiOLV
HJ\HQV~O\ HOYH
9LV]RQ\ODJ NLV YiOWR]iVRN HVHWpQ D] iOODSRWHJ\HQOHW PLQG Ji]RNEDQ PLQG IRO\DGpNRNEDQ
D KĘWiJXOiVL W|UYpQ\QHN IHOHO PHJ PHO\HW D  IHMH]HWEHQ PiU WiUJ\DOWXQN
(J\ J\DNUDQ KDV]QiODWRV DODNRW NDSXQN  iWUHQGH]pVpYHO
∆ρ
ρ
= −α∆T , 
DKRO ∆ρ = ρ(p, T ) − ρ pV ∆T = T − T $ UHODWtY VĦUĦVpJYiOWR]iV WHKiW PHJHJ\H]LN
D KĘPpUVpNOHWYiOWR]iV pV D KĘWiJXOiVL HJ\WWKDWy V]RU]DWiQDN HOOHQWHWWMpYHO (QQHN UpYpQ D
VĦUĦVpJ LVPHUHWpEHQ PHJKDWiUR]KDWy D KĘPpUVpNOHW
$EEDQ D KDWiUHVHWEHQ DPLNRU D NO|QEVpJHN QDJ\RQ NLFVLN PHJNDSMXN D KĘWiJXOiVL
HJ\WWKDWy GHULYiOWWDO NLIHMH]HWW WHUPRGLQDPLNDL DODNMiW
α = −
ρ
(
∂ρ
∂T
)
p
. 
$ONDOPD]]XN H]W D OHYHJĘ YDJ\LV HJ\ LGHiOLV Ji] HVHWpUH $ OHYHJĘ iOODSRWHJ\HQOHWpQHN
 DODNMiEyO
ρ =
pMOHYHJĘ
RT
. 
(]W D KĘPpUVpNOHW V]HULQW GHULYiOYD
∂ρ
∂T
= −pMOHYHJĘ
RT 
= − ρ
T
, 
DPLEĘO D] LGHiOLV Ji] KĘWiJXOiVL HJ\WWKDWyMD
α =

T
, 
DPL WHKiW IJJHWOHQ D Q\RPiVWyO $ KĘWiJXOiVL HJ\WWKDWy WHUPpV]HWHV N|]HJHNUH YRQDWNR]y
PpUW pUWpNpW D]  WiEOi]DW DGMD PHJ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
 IHMH]HW
$ IRO\pNRQ\ N|]HJHN PR]JiVHJ\HQOHWHL
(EEHQ D IHMH]HWEHQ PHJLVPHUNHGQQN D IRO\DGpNRN pV Ji]RN PR]JiViQDN IL]LNDL W|UYpQ\H
LYHO (]HN SRQWRV PHJIRJDOPD]iViKR] PDWHPDWLNDL OHtUiVUD YDQ V]NVpJ DPLKH] IHOLGp]]N
D] HJ\HWHPL PDWHPDWLNDWDQDQ\DJ LGHYiJy OHJIRQWRVDEE |VV]HIJJpVHLW $ IL]LND PiV IHMH]H
WHLKH] KDVRQOyDQ D PHJIRJDOPD]RWW W|UYpQ\HN QpKiQ\ PDWHPDWLNDL HJ\HQOHWWHO PHJDGKDWyN
PHO\HN D]RQEDQ MHOHQVpJHN LJHQ V]pOHV N|UpUH YRQDWNR]QDN $ FpOXQN D NpVĘEELHNEHQ D]
OHV] KRJ\ PHJPXWDVVXN KRJ\DQ ERQWKDWy NL D] DODSW|UYpQ\HNEĘO V]iPRV NRQNUpW MHOHQVpJ
PDWHPDWLNDL OHtUiVD
 $ GLQDPLNDL HJ\HQOHW
$] iUDPOiV PR]JiVHJ\HQOHWHLQHN HJ\LNH WHUPpV]HWHVHQ D GLQDPLND DODSHJ\HQOHWpEĘO N|YHW
NH]LN 7HNLQWVQN HJ\ NLV PpUHWĦ IRO\DGpNHOHPHW PHO\QHN W|PHJH m $ 1HZWRQHJ\HQOHW
V]HULQW LQHUFLDUHQGV]HUEHQ PHO\ QHP J\RUVXO pV QHP LV IRURJ D WHVWUH KDWy HUĘN∑F HUHGĘMH
PHJKDWiUR]]D D J\RUVXOiVW D W|PHJ pV D J\RUVXOiV V]RU]DWD HJ\HQOĘ D] HUĘN HUHGĘMpYHO
ma =
∑
F . 
0LYHO FpOXQN D VHEHVVpJWpU PHJKDWiUR]iVD NHUHVHWW PHQQ\LVpJQN v D J\RUVXOiVW FpOV]HUĦ
 V]HULQW D VHEHVVpJ WHOMHV GHULYiOWMDNpQW tUQL 8J\DQDNNRU D W|PHJ KHO\HWW pUGHPHV D
N|]HJ VĦUĦVpJpW KDV]QiOQL V NLIHMH]QL D IRO\DGpNHOHP W|PHJpW D ρ VĦUĦVpJ pV D NLV V WpUIRJDW
V]RU]DWDNpQW
ρV
dv
dt
=
∑
F . 
$ IRO\DGpNHOHPUH KDWy HUĘ KiURP NO|QE|]Ę IDMWiM~ OHKHW D JUDYLWiFLyV HUĘ D V~O\ D
Q\RPiVEyO V]iUPD]y HUĘ pV D V~UOyGiVL YDJ\ YLV]Ny]XV HUĘ∑
F = Fg + Fp + Fs . 
0LYHO D IRO\DGpNHOHP WpUIRJDWiW QHKp] PHJKDWiUR]QL IHOPHUO D NpUGpV KRJ\ PHJV]DED
GXOKDWQiQNH HWWĘO D PHQQ\LVpJWĘO (UUH DNNRU YDQ HVpO\QN KD PLQGHQ HJ\HV HUĘ DUiQ\RVQDN
EL]RQ\XO D V WpUIRJDWWDO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ ',1$0,.$, (*<(1/(7 
$ JUDYLWiFLyV HUĘYHO Q\LOYiQ H] D KHO\]HW D )|OG IHOV]tQpKH] N|]HO D V~O\ D g JUDYLWiFLyV
J\RUVXOiV pV D W|PHJ V]RU]DWD
Fg = mg = ρgV . 
$ Q\RPiV PLQGLJ HJ\ ODSUD VtN OHPH]UH KDWy HUĘYHO NDSFVRODWRV D] HUĘ QDJ\ViJD D p
Q\RPiV pV D ODS IHOOHWpQHN V]RU]DWD V D] HUĘ YHNWRUD D ODSUDPHUĘOHJHV LUiQ\~ $ Q\RPiVL HUĘ
PHJKDWiUR]iViKR] LVPHUQQN NHOO D NLV WpUIRJDWRW KDWiUROy ODSRNDW $ OHJHJ\V]HUĦEE HVHWHW
YpYH WHJ\N IHO KRJ\ D V WpUIRJDW WpJODWHVW DODN~ PHO\QHN pOHL D NRRUGLQiWDWHQJHO\HNNHO
SiUKX]DPRVDN V KRVV]XN UHQGUH dx dy pV dz 1\LOYiQ V = dxdydz /HJ\HQ D
IRO\DGpNHOHP D WpJODWHVW N|]pSSRQWMD D] (x, y, z) SRQW $] x WHQJHO\UH PHUĘOHJHV ODSRN HNNRU
D] x+ dx/ pV x− dx/ VtNRN  iEUD (]HNHQ D ODSRNRQ D Q\RPiV p(x+ dx/, y, z) LOO
p(x−dx/, y, z) 6]LJRU~DQ YpYH H]HN D ODSRN N|]HSpQ YHWW pUWpNHN GH PLYHO D ODSRN NLFVLN
My N|]HOtWpVVHO WHNLQWKHWĘN D ODSRN EiUPHO\ SRQWMiKR] WDUWR]y Q\RPiVQDN $ N|]HJ Q\RPiVD
D WpJODWHVW EHOVHMH IHOp KDW $ EDO ROGDOL ODSRQ D Q\RPiVEyO V]iUPD]y HUĘ H]pUW SR]LWtY pV
PHJNDSKDWy D Q\RPiV pV D dydz IHOV]tQ V]RU]DWDNpQW p(x − dx/, y, z)dydz $ MREE ROGDOL
ODSRQ D] HUĘ NLIHMH]pVH KDVRQOyDQ DGyGLN GH HOĘMHOH QHJDWtY $ NpW ODSUD KDWy HUĘ HUHGĘMH D
Q\RPiVL HUĘ x LUiQ\~ NRPSRQHQVH
Fp,x = [p(x− dx/, y, z)− p(x+ dx/, y, z)] dydz . 
 iEUD $ WpJODWHVW DODN~ IRO\DGpNHOHP pV D UDMWD NtYO OHYĘ N|]HJ Q\RPiViEyO Ui KDWy x LUiQ\~
HUĘN $ EDO ROGDOL % ODSUD SR]LWtY LUiQ\ED PXWDWy HUĘ KDW D MREE ROGDOL - ODSUD QHJDWtY LUiQ\~
$ GLIIHUHQFLiOiV  GHILQtFLyV V]DEiO\D V]HULQW HOHJHQGĘHQ NLV dx HVHWpQ D]W NDSMXN
KRJ\
Fp,x = −∂p
∂x
dxdydz . 
$ dYHO MHO|OW YpJHV NO|QEVpJHNHW D  IHMH]HWEHQ OHtUW PyGRQ pUWHOPH]]N (]HN RO\DQ NLFVLN KRJ\ D
YHON NpS]HWW GLIIHUHQFLDKiQ\DGRV PHJHJ\H]LN D GLIIHUHQFLiOKiQ\DGRVVDO
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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$ Q\RPiVEyO V]iUPD]y HUĘ x NRPSRQHQVH WHKiW D Q\RPiV x V]HULQWL SDUFLiOLV GHULYiOWMiQDN
HOOHQWHWWMpYHO DUiQ\RV (] pUWKHWĘ KLV]HQ KD D MREE ROGDORQ QDJ\REE D Q\RPiV DNNRU D] HUHGĘ
HUĘ QHJDWtY 8J\DQDNNRU D]W LV OiWMXN KRJ\ D] HUĘ DUiQ\RV D V WpUIRJDWWDO LV
8J\DQH]W D JRQGRODWPHQHWHW D PiVLN NpW LUiQ\UD DONDOPD]YD D PiVLN NpW NRPSRQHQVUH
KDVRQOyDQ NDSMXN KRJ\
Fp,y = −∂p
∂y
V , Fp,z = −∂p
∂z
V . 
$QQDN pUGHNpEHQ KRJ\ D Q\RPiVL HUĘ Fp YHNWRUiW IHOtUKDVVXN pUGHPHV IHOLGp]QL
KRJ\ HJ\ VNDOiUIJJYpQ\ SDUFLiOLV GHULYiOWMDLEyO DONRWRWW YHNWRUW D IJJYpQ\ JUDGLHQVpQHN
QHYH]]N
JUDGp ≡
(
∂p
∂x
,
∂p
∂y
,
∂p
∂z
)
. 
(]]HO D MHO|OpVVHO D Q\RPiVL HUĘ D NRPSDNW
Fp = −V JUDGp 
DODNED tUKDWy +DQJV~O\R]]XN KRJ\ D Q\RPiVL HUĘ WXODMGRQNpSSHQ D Q\RPiVL LQKRPRJH
QLWiVEyO V]iUPD]y HUĘ KLV]HQ D Q\RPiVWpU KHO\IJJpVH RNR]]D iOODQGy Q\RPiV PHOOHWW D
Q\RPiVL HUĘ ]pUXV
$ JUDYLWiFLyV pV D Q\RPiVL HUĘ PLQWiMiUD D V~UOyGiVL HUĘW D]
Fs = sρ V 
DODNEDQ tUMXN DKRO s D EHOVĘ V~UOyGiVEyO V]iUPD]y J\RUVXOiV (] D] HUĘIDMWD HVHWHLQNEHQ
iOWDOiEDQ HOKDQ\DJROKDWy OHV] D J\RUVXOiV DODNMiW H]pUW QHP KDWiUR]]XN PHJ SRQWRVDQ GH
DQQ\LW IRQWRV WXGQL UyOD KRJ\ D VHEHVVpJWpUUHO NDSFVRODWRV V IJJHWOHQ D Q\RPiVWyO
0LYHO PLQGHQ HUĘ DUiQ\RVQDN DGyGRWW D WpUIRJDWWDO D IRO\DGpNHOHP  GLQDPLNDL
1HZWRQ HJ\HQOHWH D VĦUĦVpJJHO YDOy RV]WiV XWiQ D
dv
dt
= g − 
ρ
JUDGp+ s 
DODNEDQ MHOHQLN PHJ $ JUDGLHQV EHYH]HWpVpYHO D  WHOMHV GHULYiOW LV W|P|UHEE DODNEDQ
tUKDWy $ v VHEHVVpJYHNWRU pV D JUDGLHQVNpS]pV PĦYHOHWH NpW YHNWRU VNDOiULV V]RU]DWDNpQW
|VV]HV]RUR]KDWy pV D N|YHWNH]Ę PĦYHOHWHW MHOHQWL
(vJUDG) ≡ u ∂
∂x
+ v
∂
∂y
+ w
∂
∂z
. 
(]]HO D MHO|OpVVHO
dv
dt
=
∂v
∂t
+ (vJUDG)v . 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 *5$9,7È&,Ï6 È5$0/$72. +(/<, )52172. 
 *UDYLWiFLyV iUDPODWRN KHO\L IURQWRN
0LHOĘWW D WHOMHV KLGURGLQDPLNDL HJ\HQOHWUHQGV]HUW OHYH]HWQpQN PiULV OHKHWĘVpJ Q\tOLN D GLQD
PLNDL HJ\HQOHW V]pOHVN|UĦ DONDOPD]iVL OHKHWĘVpJpQHN LOOXV]WUiOiViUD D JUDYLWiFLyV iUDPODWRN
SpOGiMiQ (] D MHOHQVpJ D I|OGL PpUHWHNKH] NpSHVW NLV NLWHUMHGpVĦ EHQQH H]pUW D IRUJiVQDN D
&RULROLVHUĘQHN pV D )|OG J|UEOHWpQHN PpJ QLQFV V]HUHSH
(KKH] HOĘV]|U OHYH]HWMN D PR]JiVHJ\HQOHW HJ\ N|YHWNH]PpQ\pW D %HUQRXOOLW|UYpQ\W
7HNLQWVQN D] HJ\V]HUĦVpJ NHGYppUW DGRWW x LUiQ\~ LGĘIJJHWOHQ iUDPOiVW PHO\ FVDN D] x
NRRUGLQiWiWyO IJJ $] HJ\HWOHQ HO QHP WĦQĘ VHEHVVpJNRPSRQHQV WHKiW u(x) 2O\DQ HVHWEHQ
DPLNRU D JUDYLWiFLy QHP MiWV]LN V]HUHSHW pV D V~UOyGiV LV HOKDQ\DJROKDWy D  HJ\HQOHW
iWtUKDWy PLQW
u(x)
du(x)
dx
+

ρ
dp
dx
=
d
dx
(
u
(x) +
p(x)
ρ
)
=  , 
DKRO IHOKDV]QiOWXN KRJ\ D ρ VĦUĦVpJ QHP YiOWR]LN D KHOO\HO 0LYHO D MREE ROGDO HJ\ KHO\
V]HULQWL GHULYiOW PHO\ HOWĦQLN D ]iUyMHOEHQ OHYĘ PHQQ\LVpJQHN KHO\WĘO IJJHWOHQ iOODQGyQDN
NHOO OHQQLH

ρu
(x) + p(x) = iOODQGy . 
$ EDO ROGDOL |VV]HIJJpV pUWpNH WHKiW IJJHWOHQ DWWyO KRO pUWpNHOMN NL D] LGĘIJJHWOHQ
iUDPOiVEDQ (] D %HUQRXOOLW|UYpQ\QHN D] iOWDOXQN DONDOPD]RWW IHOWpWHOHN PHOOHWW pUYpQ\HV
DODNMD PHO\ WHNLQWKHWĘ ~J\ LV PLQW D PXQNDWpWHO IRO\DGpNRNUD pUYpQ\HV YiOWR]DWD /HJJ\D
NRULEE N|YHWNH]PpQ\H KRJ\ D Q\RPiV RWW NLVHEE DKRO D N|]HJ J\RUVDEEDQ iUDPOLN (]
PDJ\DUi] RO\DQ KpWN|]QDSL MHOHQVpJHNHW KRJ\ D KLUWHOHQ V]pOO|NpV N|YHWNH]WpEHQ D Q\LWRWW
DEODN EHFVDSyGLN YDJ\ KRJ\ D NLN|W|WW KDMyN D IRO\yNRQ HJ\PiVKR] VLPXOQDN N|]|WWN
XJ\DQLV D] iWODJRVQiO J\RUVDEE D] iUDPOiV KLV]HQ D Yt] V]iPiUD UHQGHONH]pVUH iOOy FVDWRUQD
|VV]HV]ĦNO D KDMyWHVWHN PLDWW
+D HJ\ YpNRQ\ VĦUĦ IRO\DGpNUpWHJ FVDN YpJHV Yt]V]LQWHV WDUWRPiQ\UD WHUMHG NL D] QHP
HJ\HQV~O\L iOODSRW V H]pUW NLHJ\HQOtWĘGpVL IRO\DPDW LQGXO HO $ NLHJ\HQOtWĘGpV HUĘV iUDPOiVVDO
MiU PHO\QHN KDMWyHUHMH D JUDYLWiFLy QRKD HVHWOHJ FVDN QpKiQ\ H]UHOpNQ\L VĦUĦVpJNO|QEVpJ
PLDWW $] LO\HQ PR]JiVRNDW H]pUW JUDYLWiFLyV iUDPODWRNQDN QHYH]]N $ JUDYLWiFLyV iUDPODW
KDWiUYRQDOiQDN iWKDODGiVD D SHUHP HJ\ U|J]tWHWW SRQWMiQ KLUWHOHQ VĦUĦVpJYiOWR]iVVDO MiU (]pUW
D] iUDPODW HOHMpW MHO]Ę GLV]NRQWLQXLWiVL IHOOHWHW IURQWYRQDOQDN PDJiW D] iUDPODWRW SHGLJ KHO\L
IURQWQDN LV WHNLQWKHWMN
$ %HUQRXOOLW|UYpQ\ DODSMiQ PHJKDWiUR]KDWMXN D JUDYLWiFLyV iUDPODW OHJIRQWRVDEE MHOOHP
]ĘMpW D IURQWYRQDO U EHKDWROiVL VHEHVVpJpW D] iOOy ULWNiEE N|]HJEH $ IURQW EHOVHMpEHQ
D IURQWYRQDOWyO WiYRO D VĦUĦ N|]HJ YDVWDJViJD N|]HO iOODQGy -HO|OMN H]W hYDO $ N|]HJ
VHEHVVpJH LWW J\DNRUODWLODJ QXOOD $ IHOV]tQN|]HOL Q\RPiV D IURQWYRQDORQ PHJHJ\H]LN D H
PDJDVViJ~ iOOy NLVHEE VĦUĦVpJĦ N|]HJ (ρ − ∆ρ)gH KLGURV]WDWLNDL Q\RPiViYDO D IURQW
EHOVHMpEHQ YLV]RQW (ρ − ∆ρ)g(H − h) + ρgH  KLV]HQ D N|QQ\HEE N|]HJ FVDN H − h
YDVWDJViJ~ $  %HUQRXOOLHJ\HQOHWHW D IURQW EHOVHMpEHQ pV D IURQWYRQDORQ IHOtUYD WHKiW
(ρ −∆ρ)g(H − h) + ρgh = ρU
 + (ρ −∆ρ)gH . 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0
0
x
u
 iEUD *UDYLWiFLyV iUDPODW VHPDWLNXV NpSH $ ρ VĦUĦVpJĦ QHKH]HEE N|]HJ EDOUyO MREEUD U
VHEHVVpJJHO EHKDWRO D ρ −∆ρ VĦUĦVpJĦ iOOy NLVHEE VĦUĦVpJĦ N|]HJEH
ÈWUHQGH]pV XWiQ D WHOMHV H PDJDVViJ NLHVLN V D]W NDSMXN KRJ\
U =
√
∆ρ
ρ
gh . 
(] WHKiW D KHO\L IURQW VHEHVVpJH pV YDVWDJViJD LOO D VĦUĦVpJNO|QEVpJ N|]|WWL NDSFVRODW $
VHEHVVpJ PLQG D PDJDVViJ PLQG D VĦUĦVpJNO|QEVpJ QpJ\]HWJ\|NpYHO QĘ
$ JUDYLWiFLyV iUDPODWRN WDOiQ OHJLVPHUWHEE IRUPiMD D KHO\L V]HOHNNHO NDSFVRODWRV $
OpJN|UEHQ PLQGHQ ORNDOL]iOW OHKĦOpV KLGHJ iUDPODWRNDW RNR] ,O\HQHN D MyO LVPHUW SDUWL YDJ\
WDYL WHQJHUL V]HOHN *UDYLWiFLyV iUDPODW D ODYLQD LV PHO\EHQ D OHYHJĘYHO NHYHUHGHWW Ky MHOHQWL
D PR]Jy N|]HJHW  iEUD
$ OpJN|UL VĦUĦVpJNO|QEVpJHW iOWDOiEDQ D KĘPpUVpNOHWNO|QEVpJ RNR]]D $ 
iOODSRWHJ\HQOHW pV D] LGHiOLV Ji] KĘWiJXOiVL HJ\WWKDWyMiW PHJDGy  |VV]HIJJpVW IHO
KDV]QiOYD D JUDYLWiFLyV iUDPODW VHEHVVpJH D] DWPRV]IpUiEDQ
U =
√
∆T
T
gh , 
DKRO ∆T D NpW OpJW|PHJ N|]|WWL NLV KĘPpUVpNOHWNO|QEVpJ T SHGLJ D] iWODJKĘPpUVpNOHW
$ONDOPD]]XN H]W D SDUWL YDJ\ WHQJHUL V]pO HVHWpUH $ KĘPpUVpNOHWNO|QEVpJ QDJ\ViJUHQGMH
∆T =  . D Yt] IHOĘO pUNH]Ę KLGHJ OHYHJĘUpWHJ YDVWDJViJD h =  P N|UOL V H]]HO
T =  . HVHWpQ U ≈ ,  P/V D]D] PLQWHJ\  NPK HUĘVVpJĦ SDUWL WHQJHUL V]HOHW
NDSXQN )LJ\HOHPUH PpOWy KRJ\ HJ\ LO\HQ HJ\V]HUĦ |VV]HIJJpV PLO\HQ MyO DGMD YLVV]D D
WDSDV]WDODWQDN PHJIHOHOĘ pUWpNHW
*UDYLWiFLyV iUDPODW D QDJ\ ]LYDWDURN HOĘV]HOH D NLIXWy V]pO $ ]LYDWDUIHOKĘNEHQ NLDODNXOy
HVĘ KLGHJ OHYHJĘ OHiUDPOiViW RNR]]D PHO\ D )|OG IHOV]tQpUH NHUOYH JUDYLWiFLyV iUDPODW
IRUPiMiEDQ WHUO V]pW  iEUD 8J\DQDNNRU D ]LYDWDUIHOKĘEHQ IHOiUDPOy PHOHJ OHYHJĘ D
WURSRV]IpUD IHOVĘ KDWiUiW DONRWy WURSRSDX]iED WN|]LN V DQQDN PHQWpQ IRO\LN V]pW 0LYHO LWW
PiU NLFVDSyGiV W|UWpQLN H] D JUDYLWiFLyV iUDPODW MyO OiWKDWy D YLKDUIHOKĘ PR]Jy OOĘMHNpQW
$ KLGHJ V]HOHNHW D IHONDYDUW SRU YDJ\ KRPRN WHKHWL OiWKDWyYi  iEUD
$ JUDYLWiFLyV iUDPODWRNNDO NDSFVRODWRV WRYiEEL MHOHQVpJHN VRUD LV LJHQ KRVV]~ .H]GYH
D] RO\DQ KpWN|]QDSL IRO\DPDWRNNDO PLQW D KLGHJ OHYHJĘ V]REiED W|UWpQĘ EHiUDPOiVD D
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 *5$9,7È&,Ï6 È5$0/$72. +(/<, )52172. 
 iEUD +yODYLQD %RZ 9DOOH\ N|U]HWEHQ $OEHUWD .DQDGD &ODLU ,VUDHOVRQ IHOYpWHOH )RUUiV
?iiT,ffrrrX2+X;+X+f2MpB`QxBM2fV
üllő
gravitációs áramlat
eső
 iEUD $ ]LYDWDU HOĘV]HOH NLIXWyV]HOH pV D IHOKĘ OOĘMpQHN PR]JiVD LV JUDYLWiFLyV iUDPODW
EiQ\DIRO\RVyNEDQ D PHWiQ EiQ\DOpJ D Yt] IHOV]tQpQ D] RODMV]HQQ\H]pV V]pWWHUMHGpVpLJ
V]iPRV WHUPpV]HWL MHOHQVpJEHQ PHJMHOHQLN
7HQJHUL HOĘIRUGXOiVXN LV J\DNRUL $ IRO\yWRUNRODWRN HOĘWWL VHNpO\ YL]HNEHQ D GDJiOO\DO
pUNH]Ę VyV WHQJHUYt] KR] OpWUH DOXO VyV JUDYLWiFLyV iUDPODWRW PHOO\HO D IHOV]tQHQ NLiUDPOy
pGHVYt]Ħ IURQW WiUVXO D iEUD $ VyV WHQJHUHN YL]H LV JUDYLWiFLyV iUDPODWRNRQ NHUHV]WO
MXW HO D KtJDEE yFHiQRNED ËJ\ SO D )|OGN|]LWHQJHU YL]H JUDYLWiFLyV iUDPODWRW DONRWYD MXW
D *LEUDOWiULV]RURVRQ iW D] $WODQWLyFHiQ N|]HSHV Yt]UpWHJHLEH E iEUD PtJ D IHOV]tQHQ
D] yFHiQL Yt] iUDPOLN D WHQJHU IHOp $ WHQJHUHNEHQ NLDODNXOy JUDYLWiFLyV iUDPODWRN WLSLNXV
VĦUĦVpJNO|QEVpJH H]UHOpN QDJ\ViJUHQGĦ H]pUW EHQ h =  PHV UpWHJYDVWDJViJJDO
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 iEUD +RPRNYLKDU 6]XGiQEDQ $ NLIXWy V]pO iOWDO IHONDYDUW SRU NLUDM]ROMD D JUDYLWiFLyV iUDPODW
KLGHJ OHYHJĘMpW ?iiT,ffrrrX7mMQMi?2M2iXBM
V]iPROYD U ≈ √ P/V D]D] VHEHVVpJN  NP/yUD N|UOL
 iEUD *UDYLWiFLyV iUDPODWRN WHQJHUEHQ D $ GDJiO\ pUNH]pVHNRU VyV Yt] iUDPOLN D WRUNRODWL
WHUOHWHN DOVy UpWHJHLEHQ pV H] IHOVĘ pGHVYt]L JUDYLWiFLyV iUDPODWRW LV LQGtW E $ NO|QE|]Ę VyNRQ
FHQWUiFLyM~ WHQJHUHN Yt]FVHUpMH LV JUDYLWiFLyV iUDPODWRN IRUPiMiEDQ ]DMOLN V]RURVRNRQ NHUHV]WO $
IHOV]tQHQ N|QQ\HEE WHQJHUYt] IRO\WRQRVDQ UpWHJ]HWW H]pUW D JUDYLWiFLyV iUDPODW FVDN VDMiW VĦUĦVpJpQHN
HOpUpVpLJ VOO\HG
.HYpVVp Q\LOYiQYDOy GH JUDYLWiFLyV iUDPODWQDN WHNLQWKHWĘ V]iPRV NĘRPOiV I|OGFVXV]DP
OiV D YLVV]DKXOOy YXONiQL KDPX PR]JiVD YDJ\ D OiYDIRO\iV LV %iU D] HUHGHWL N|]HJHN QHP
IRO\DGpNRN KD YDODPLO\HQ HUĘV NH]GHWL KDWiV SO I|OGUHQJpV PLDWW PR]JiVED OHQGOQHN D
PR]JiV VRUiQ I|OKtJXOQDN IOXLGL]iOyGQDN $ PR]Jy NĘGDUDERN HJ\UH HUĘVHEEHQ WN|]QHN
HJ\PiVVDO V HPLDWW HJ\UH WiYRODEEUD NHUOQHN D UHQGV]HU HJ\UH KtJDEE OHV] $] ROYDGW
OiYD ODVV~ iUDPOiVD N|]EHQ D PDJDV KĘPpUVpNOHW PLDWW Ji]RN V]DEDGXOQDN IHO D WDODMEyO DPL
WRYiEE OD]tWMD D PR]Jy N|]HJHW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 7g0(*0(*0$5$'È6 .217,18,7È6, (*<(1/(7 
 $ W|PHJPHJPDUDGiV NRQWLQXLWiVL HJ\HQOHW
$ GLQDPLNDL HJ\HQOHW DODSYHWĘ YiOWR]yMD D VHEHVVpJWpU GH PHJMHOHQLN EHQQH D VĦUĦVpJ pV D
Q\RPiVWpU LV (] HJ\HWOHQ YHNWRUHJ\HQOHW PHO\QHN KiURP NRPSRQHQVH YDQ QHP DONDOPDV
H]pUW DUUD KRJ\ PLQG D] |W WpUPHQQ\LVpJHW u, v, w, ρ, p PHJKDWiUR]]D 6]NVpJQN YDQ
PpJ WHKiW NpW ~MDEE HJ\HQOHWUH (KKH] HJ\ ~MDEE WHUPpV]HWW|UYpQ\ D W|PHJPHJPDUDGiV
DG OHKHWĘVpJHW (QQHN HJ\HQOHW IRUPiMiEDQ W|UWpQĘ PHJIRJDOPD]iViKR] WHNLQWVQN PRVW
HJ\ U|J]tWHWW NLV WpUIRJDWRW PHO\ XJ\DQRO\DQ DODN~ PLQW D] HOĘ]Ę IHMH]HWEHQ YL]VJiOW
IRO\DGpNHOHP GH H] D WpUIRJDW PRVW QHP PR]RJ $ EHQQH OHYĘ W|PHJ WHUPpV]HWHVHQ m =
ρV = ρdxdydz $ W|PHJ LGĘEHOL PHJYiOWR]iVD DEEyO DGyGKDW KRJ\ D VĦUĦVpJ LGĘIJJĘ
dm
dt
=
d
dt
ρdxdydz =
∂ρ
∂t
dxdydz . 
$] PiVRGLN HJ\HQOĘVpJ MREE ROGDOiQ D]pUW NHOO SDUFLiOLV LGĘGHULYiOWDW tUQXQN PHUW D VĦUĦVpJ
iOWDOiEDQ IJJ D KHO\NRRUGLQiWiNWyO LV ,WW MXW NLIHMH]pVUH D] D WpQ\ LV KRJ\ D WpJODWHVW U|J]tWHWW
D]D] D] pOKRVV]DN QHP YiOWR]QDN LGĘEHQ
$ W|PHJPHJPDUDGiV D]W MHOHQWL KRJ\ D WpJODWHVWHQ EHOOL W|PHJ FVDN DNNRU YiOWR]KDW KD
EH YDJ\ NLiUDPOiV W|UWpQLN D IDODNRQ NHUHV]WO $] x LUiQ\UD PHUĘOHJHV dydz IHOOHWĦ ODSRQ
dt LGĘ DODWW DQQ\L W|PHJ iUDPOLN iW D] u QDJ\ViJ~ x LUiQ\~ VHEHVVpJ N|YHWNH]WpEHQ D SR]LWtY
LUiQ\EDQ DPHQQ\L D] udtdydz WpUIRJDWEDQ YDQ YDJ\LV ρudtdydz $] x − dx/ VtNRQ 
iEUD D] HJ\VpJQ\L LGĘ DODWW EHiUDPOy W|PHJ tJ\ D ρuPHQQ\LVpJ (x− dx/, y, z) KHO\HQ YHWW
pUWpNH V]RUR]YD D IHOOHWWHO YDJ\LV (ρu)(x− dx/, y, z)dydz D PiVLN ODSRQ NLiUDPOy W|PHJ
YLV]RQW (ρu)(x+ dx/, y, z)dydz
 iEUD $ WpJODWHVW DODN~ U|J]tWHWW WpUIRJDW pV D ODSMDLQ x LUiQ\EDQ LGĘHJ\VpJ DODWW iWiUDPOy W|PHJ
$ NpW MiUXOpN NO|QEVpJH
[(ρu)(x− dx/, y, z)− (ρu)(x+ dx/, y, z)] dydz . 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$ GLIIHUHQFLiOiV  V]DEiO\D V]HULQW D]W NDSMXN KRJ\ D W|PHJYiOWR]iV D] x LUiQ\~ ODSRNRQ
YDOy iWiUDPOiV N|YHWNH]WpEHQ
− ∂ρu
∂x
dxdydz . 
$] x LUiQ\~ iUDPOiVEyO DGyGy W|PHJYiOWR]iV WHKiW D (ρu) V]RU]DW x V]HULQWL GHULYiOWMiYDO
DUiQ\RV
8J\DQH]W D JRQGRODWPHQHWHW DONDOPD]YD D PiVLN NpW LUiQ\UD LV DKRO D ODSRNUD PHUĘOHJHV
iUDPOiVL VHEHVVpJHW D v pV D w NRPSRQHQVHN DGMiN PHJ D
− ∂ρv
∂y
V , −∂ρw
∂z
V 
MiUXOpNRNDW NDSMXN ( KiURP MiUXOpN |VV]HJH pSSHQ D ρv YHNWRU QHJDWtY GLYHUJHQFLiMD
PHJV]RUR]YD D WpUIRJDWWDO −GLY(ρv)V  0LYHO HQQHN PHJ NHOO HJ\H]QLH D WpJODWHVWHQ EHOOL
 W|PHJYiOWR]iVVDO D WpUIRJDWWDO YDOy RV]WiV XWiQ D
∂ρ
∂t
+ GLY(ρv) =  
GLIIHUHQFLiOHJ\HQOHWHW NDSMXN PHO\QHN QHYH NRQWLQXLWiVL HJ\HQOHW (] D] DODN DUUD D]
HVHWUH YRQDWNR]LN DPLNRU VHKRO VLQFV IRO\DGpNED LQMHNWiOiV $PHQQ\LEHQ D] DGRWW KHO\HQ
pV SLOODQDWEDQ LGĘHJ\VpJHQNpQW q(x, y, z, t) W|PHJHW MXWWDWXQN NtYOUĘO H] D IRUUiVHUĘVVpJ
PHJMHOHQLN D MREE ROGDORQ
∂ρ
∂t
+ GLY(ρv) = q . 
(EEĘO D] DODNEyO OiWV]LN KRJ\ D] iOODQGy VĦUĦVpJĦ IRO\DGpN VHEHVVpJpQHN GLYHUJHQFLiMD
YDOyEDQ DNNRU QHP ]pUXV O  IHMH]HW KD D IRO\DGpNED DQ\DJRW MXWWDWXQN EH YDJ\ V]tYXQN
NL
eUGHPHV iWtUQL D NRQWLQXLWiVL HJ\HQOHWHW RO\DQ DODNED PHO\EHQ D VĦUĦVpJ WHOMHV GHULYiOWMD
V]HUHSHO $  |VV]HIJJpV DODSMiQ DGMXQN KR]]i KH] (vJUDG)ρW pV YRQMXN LV OH
XJ\DQH]W D PHQQ\LVpJHW $ EDO ROGDORQ HNNRU
dρ
dt
+ GLY(ρv)− (vJUDG)ρ 
V]HUHSHO $ NpW XWROVy WDJEDQ D PĦYHOHWHNHW UpV]OHWHVHQ NLtUYD D]W NDSMXN KRJ\
∂ρu
∂x
+
∂ρv
∂y
+
∂ρw
∂z
− u∂ρ
∂x
− v∂ρ
∂y
− w∂ρ
∂z
. 
$] HOVĘ KiURP WDJEDQ V]RU]DWRN GLIIHUHQFLiOiVD V]HUHSHOQHN $ V]RU]DWIJJYpQ\ GHULYiOiVL
V]DEiO\D V]HULQW SpOGiXO ∂(ρu)/∂x = ρ∂u/∂x+u∂ρ/∂x 0LQGH]HNHW NLtUYD D]W OiWMXN KRJ\
(vJUDG)ρPHJMHOHQLN SR]LWtY HOĘMHOOHO LV |VV]HVVpJpEHQ NLHVLN pV DPL PDUDG D] pSSHQ ρGLYv
dρ
dt
+ ρGLYv = q , 
DPL D NRQWLQXLWiVL HJ\HQOHW ~MDEE HNYLYDOHQV DODNMD
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $= g66=(1<20+$7$7/$1 È5$0/È6 
 $] |VV]HQ\RPKDWDWODQ iUDPOiV
$ NRQWLQXLWiVL HJ\HQOHW ~M DODNMD OHKHWĘVpJHW DG DUUD KRJ\PHJIRJDOPD]]XN PLNRU WHNLQWKHWĘ
HJ\ iUDPOiV |VV]HQ\RPKDWDWODQQDN
$ VĦUĦVpJ WHOMHV GHULYiOWMD D]W PXWDWMD PHJ KRJ\ PHQQ\LW YiOWR]LN D VĦUĦVpJ D IRO\DGpN
HOHPPHO HJ\WW PR]RJYD +D D VĦUĦVpJ LO\HQ pUWHOHPEHQ QHP YiOWR]LN DNNRU PRQGKDWMXN
KRJ\ D] iUDPOiV VRUiQ D N|]HJ |VV]HQ\RPKDWDWODQ $] |VV]HQ\RPKDWDWODQViJ IHOWpWHOH WHKiW
dρ
dt
=
∂ρ
∂t
+ (vJUDG)ρ =  . 
9HJ\N pV]UH KRJ\  LVPHUHWpEHQ H] D]W MHOHQWL KRJ\ D VĦUĦVpJ ORNiOLVDQ YiOWR]KDW
D] DGRWW KHO\UH NHUOĘ UpV]HFVNpN PiV VĦUĦVpJĦHN OHKHWQHN $ NLV]HPHOW IRO\DGpNHOHP
YLV]RQW FVDN ~J\ PR]RJKDW KRJ\ VĦUĦVpJH N|]EHQ iOODQGy PDUDGMRQ .OVĘ NpQ\V]HUtWĘ
KDWiV KLiQ\iEDQ FVDN DUUDIHOp OpSKHW WRYiEE DKRO XJ\DQDNNRUD D VĦUĦVpJ (]W WHUPpV]HWHVHQ
QHP N|QQ\Ħ V]HPOpOHWHVHQ pUWHOPH]QL KLV]HQ QHP WXGKDWMXN HOĘUH PL W|UWpQLN D UpV]HFVNH
N|UQ\H]HWpEHQ +D SpOGiXO D UpV]HFVNH V]LQWMpEHQ D MREE ROGDORQ D VĦUĦVpJ PLQGHQWW
PHJQĘ HJ\ NLFVLW DNNRU D UpV]HFVNH FVDN ~J\ OpSKHW MREEUD KD N|]EHQ HPHONHGLN $]
|VV]HQ\RPKDWDWODQViJ WHKiW QHP MHOHQWL D]W KRJ\ D VĦUĦVpJ WpUEHQ pV LGĘEHQ iOODQGy +D
H] XWyEEL IHOWpWHO LV WHOMHVO YDJ\LV ρ = ρ ≡ iOODQGy DNNRU D N|]HJ KRPRJpQ VĦUĦVpJĦ
$ UpV]OHWHV YL]VJiODW V]HULQW D] |VV]HQ\RPKDWDWODQViJ IHOWpWHOH DNNRU WHOMHVO KD D]
iUDPOiV MHOOHJ]HWHV VHEHVVpJH MHO|OMN H]W U YDO VRNNDO NLVHEE PLQW D N|]HJUH MHOOHP]Ę
c KDQJVHEHVVpJ 7HUPpV]HWHV N|]HJHLQN V]REDKĘPpUVpNOHWHQ PpUW KDQJVHEHVVpJ pUWpNHLW
D]  WiEOi]DWEDQ WDOiOMXN 0LYHO H]HN OHJDOiEE W|EE V]i] P/V QDJ\ViJ~DN D 
|VV]HQ\RPKDWDWODQViJL IHOWpWHO D N|UQ\H]HWQNEHQ HOĘIRUGXOy  P/V QDJ\ViJUHQGĦ WHKiW
ODVV~ iUDPOiVRNUD WHOMHVO eUGHPHV IHOKtYQL D ILJ\HOPHW DUUD KRJ\ H] D] iOOtWiV QLQFV
HOOHQWpWEHQ D]]DO D KpWN|]QDSL WDSDV]WDODWWDO KRJ\ D OHYHJĘ N|QQ\HQ |VV]HQ\RPKDWy SO
SXPSiOiV VRUiQ $] KRJ\ D] iUDPOy OHYHJĘ |VV]HQ\RPKDWDWODQ D]W MHOHQWL KRJ\ VDMiW PDJiW
QHP Q\RPMD MHOHQWĘVHQ |VV]H PLQGDGGLJ DPtJ VHEHVVpJH VRNNDO NLVHEEPDUDG PLQW P/V
$ YL]VJiOW iUDPOiVRNUyO D WRYiEELDNEDQ H]pUW PLQGLJ IHOWHVV]N KRJ\ |VV]HQ\RPKDWDWODQRN
$  IHOWpWHO IJJHWOHQ D NRQWLQXLWiVL HJ\HQOHWWĘO $  HJ\HQOHW WHKiW pUYpQ\HV
D  PHJV]RUtWiV PHOOHWW LV )RUUiVRN pV Q\HOĘN WiYROOpWpEHQ DPLNRU q =  N|YHWNH]LN
WHKiW EĘO KRJ\
GLYv =  . 
$] |VV]HQ\RPKDWDWODQ iUDPOiV WHKiW HJ\EHQ GLYHUJHQFLDPHQWHV LV )LJ\HOHPUH PpOWy KRJ\
H] D PHJV]RUtWiV HJ\HGO FVDN D VHEHVVpJUH YRQDWNR]LN
$] |VV]HQ\RPKDWDWODQ iUDPOiV WHOMHV PR]JiVHJ\HQOHW UHQGV]HUH tJ\
dv
dt
= g − 
ρ
JUDGp+ s , 
dρ
dt
=  , 
GLYv =  . 
$] HOVĘ D 1HZWRQHJ\HQOHW D NpW VNDOiUHJ\HQOHW SHGLJ D NRQWLQXLWiVL HJ\HQOHW N|YHWNH]PpQ\H
|VV]HQ\RPKDWDWODQ iUDPOiVUD D VĦUĦVpJHJ\HQOHW pV GLYHUJHQFLDPHQWHVVpJL IHOWpWHO (]
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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|VV]HVHQ |W VNDOiUHJ\HQOHW PHO\ HJ\pUWHOPĦHQ PHJKDWiUR]]D D] |W WpUPHQQ\LVpJHW u, v, w, ρ
pV pW D KĘPpUVpNOHW SHGLJ D] iOODSRWHJ\HQOHWEĘO NDSKDWy PHJ 9HJ\N pV]UH KRJ\ QpJ\
HJ\HQOHW YRQDWNR]LN N|]YHWOHQO D VHEHVVpJUH pV QLQFV NO|Q Q\RPiVHJ\HQOHWQN $ Q\RPiV
WHKiW DQQDN PHJIHOHOĘHQ iOO EH DKRJ\ D] D NpQ\V]HU PHJN|YHWHOL KRJ\ D GLQDPLNDL HJ\HQOHW
pV D GLYHUJHQFLDPHQWHVVpJ HJ\V]HUUH WHOMHVOM|Q 1H IHOHGMN KRJ\ D dρ/dt =  HJ\HQOHW
VHP IJJHWOHQ D VHEHVVpJWĘO DKRJ\ D  KLGURGLQDPLNDL GHULYiOW PXWDWMD
+D NpW NO|QE|]Ę GH D]RQRV NH]GHWL WpUPHQQ\LVpJHNNHO MHOOHP]HWW N|]HJ PR]JiViW
YL]VJiOMXN DNNRU HOKDQ\DJROKDWy V~UOyGiV HVHWpQ D ± HJ\HQOHWHN D NpW N|]HJUH
D]RQRVDN H]pUW D WHUHN PLQGHQ NpVĘEEL SLOODQDWEDQ LV PHJHJ\H]QHN ËJ\ SO D NpW N|]HJ
VĦUĦVpJH LV D]RQRV $] DQ\DJL PLQĘVpJEĘO DGyGy NO|QEVpJ  V]HULQW H]pUW FVDN D] HOWpUĘ
KĘPpUVpNOHWHNEHQ IRJ PHJPXWDWNR]QL KLV]HQ D KĘWiJXOiVL HJ\WWKDWyN NO|QE|]ĘHN
eUGHPHV HOJRQGRONR]QL D]RQ LV KRJ\ D IHQWL KLGURGLQDPLNDL HJ\HQOHWHN D] LVPHUHWOHQ
WpUPHQQ\LVpJHNHQ NtYO FVDN D JUDYLWiFLyV J\RUVXOiVW WDUWDOPD]]iN SDUDPpWHUNpQW LOO D V~U
OyGiVL HUĘEHQPHJMHOHQĘ HJ\WWKDWyW PHO\PpUpVVHO N|QQ\HQPHJKDWiUR]KDWy $] HJ\HQOHWHN
PDJXN WHKiW QHP IJJQHN D N|]HJ PLNURV]NRSLNXV WXODMGRQViJDLWyO %L]WRVDN OHKHWQN H]pUW
DEEDQ KRJ\ D] HJ\HQOHWHN QHP YiOWR]QDN PHJ DNNRU KD HVHWOHJ ~MDEE PLNURUpV]HFVNpNHW
IHGH]QHN PDMG IHO |VV]KDQJEDQ D]]DO KRJ\ HOVĘ IHOtUiVXNNRU PpJ D]W VHP OHKHWHWW EL]WRVDQ
WXGQL KRJ\ OpWH]QHN DWRPRN (UUH PRQGMXN D]W KRJ\ D KLGURGLQDPLND IHQRPHQROyJLDL YDJ\
PiV QpYHQ PDNURV]NRSLNXV HOPpOHW
$ KRPRJpQ N|]HJ D]D] WpUEHQ pV LGĘEHQ D]RQRV ρ VĦUĦVpJĦ N|]HJ PR]JiVHJ\HQOHWHL
±EĘO N|]YHWOHQO DGyGQDN D
dv
dt
= g − 
ρ
JUDGp+ s , GLYv =  
IRUPiEDQ ,WW WHUPpV]HWHVHQ KLiQ\]LN D VĦUĦVpJ WHOMHV GHULYiOWMiQDN HOWĦQpVpW PHJDGy IHOWpWHO
KLV]HQ D VĦUĦVpJ QHP FVDN D IRO\DGpNHOHPPHO HJ\WW KDODGYD PDUDG PHJ KDQHP PLQGLJ
pV PLQGHQKRO XJ\DQD] D] pUWpN (]HN D EHYH]HWĘEHQ HPOtWHWW PpUQ|NL iUDPOiVWDQ HJ\HQ
OHWHL 6]iPWDODQ MHOHQVpJHW OHtUQDN D] |UYpQ\HNWĘO NH]GYH D V]iUQ\UD KDWy DHURGLQDPLNDL
IHOKDMWyHUĘQ NHUHV]WO D IRO\yN WXUEXOHQV iUDPOiViLJ GH D QDJ\ OpSWpNĦ N|UQ\H]HWL iUDPOiVRN
MHOOHP]pVpUH QHP DONDOPDVDN
0LQW DUUyO V]y YROW D] XWyEELKR] V]NVpJHV D )|OG IRUJiViQDN J|UEOHWpQHN D N|]HJHN
VHNpO\VpJpQHN pV UpWHJ]HWWVpJpQHN ILJ\HOHPEHYpWHOH $ ± HJ\HQOHWHN D UpWHJ]HWW
VpJ OHKHWĘVpJpW PiU WDUWDOPD]]iN KLV]HQ D KRPRJHQLWiVW QHP WpWHOH]WN IHO (QQHN PHJIH
OHOĘHQ N|YHWNH]LN EHOĘON SpOGiXO D]  %UXQW±9lLVlOlIUHNYHQFLiYDO W|UWpQĘ IJJĘOHJHV
LUiQ\~ UH]JpV DPLQW D]W D )JJHOpNEHQ PHJPXWDWMXN
 $ &RULROLVHUĘ
)RUJy NRRUGLQiWDUHQGV]HUHNEHQ D 1HZWRQHJ\HQOHW HUHGHWL DODNMD QHP pUYpQ\HV D IRUJy
UHQGV]HUEHQ IHOOpSĘ a J\RUVXOiV pV D W|PHJ V]RU]DWD QHP HJ\HQOĘ D] HUĘN∑Fi HUHGĘMpYHO
)RUPiOLVDQ D]RQEDQ pUYpQ\HVVp YiOLN KD D ∑Fi YDOyGL HUĘNK|] PpJ QpKiQ\ ILNWtY YDJ\
PiV QpYHQ WHKHWHWOHQVpJL HUĘW LV KR]]iDGXQN (]HQ HUĘN NRQNUpW DODNMD LVPHUW NLIHMH]KHWĘ
D UpV]HFVNH KHO\pYHO VHEHVVpJpYHO VWE $] KRJ\ QHP YDOyGL HUĘN N|YHWNH]LN DEEyO KRJ\
QHP WDUWR]QDN KR]]iMXN HOOHQHUĘN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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$] HJ\V]HUĦVpJ NHGYppUW YL]VJiOMXQN HOĘV]|U HJ\ Ω iOODQGy V]|JVHEHVVpJJHO IRUJy
NRURQJRW pV D UDMWD PR]Jym W|PHJĦ WHVWHW ÈOODQGy V]|JVHEHVVpJ PHOOHWW |VV]HVHQ NpW ILNWtY
HUĘ OpS IHO D FHQWULIXJiOLV pV D &RULROLVHUĘ $ FHQWULIXJiOLV HUĘ QDJ\ViJD
Fcf = mrΩ
 , 
DKRO r D WHVW SLOODQDWQ\L KHO\]HWpQHN D IRUJiVWHQJHO\WĘO PpUW WiYROViJD $ FHQWULIXJiOLV HUĘ
PLQGLJ VXJiU LUiQ\~ pV D WHQJHO\WĘO NLIHOp PXWDW $ NLIHMH]pV V]HULQW D FHQWULIXJiOLV HUĘ D
WHQJHO\HQ NtYO VHKRO VHP WĦQLN HO 0LYHO D] HUĘ QHP IJJ D VHEHVVpJWĘO D FHQWULIXJiOLV HUĘ
iOOy WHVWHNUH LV KDW
6]iPXQNUD IRQWRVDEE D &RULROLVHUĘ PHO\ D IRUJy UHQGV]HUKH] NpSHVW PR]Jy WHVWHNUH KDW
FVDN $ IRUJy UHQGV]HUEHQ v QDJ\ViJ~ VHEHVVpJJHO PR]Jy WHVWUH KDWy &RULROLVHUĘ QDJ\ViJD
FC = mvΩ , 
LUiQ\D PLQGLJ D VHEHVVpJUH PHUĘOHJHV SR]LWtY D]D] D] yUDPXWDWy MiUiViYDO HOOHQWpWHV IRUJiV
HVHWpQ PLQGLJ D VHEHVVpJWĘO MREEUD PXWDW 1DJ\ViJD IJJHWOHQ D WHVW VHEHVVpJpQHN LUiQ\iWyO
D VXJiU LUiQ\EDQ NLIHOp YDJ\ D] HUUH D] LUiQ\UD PHUĘOHJHVHQ PR]Jy WHVW HVHWpQ XJ\DQDQQ\L
KD D VHEHVVpJ PLQGNpW HVHWEHQ v QDJ\ViJ~  iEUD
c Ωa =2   u
u
 iEUD $] Ω V]|JVHEHVVpJJHO SR]LWtY LUiQ\EDQ IRUJy NRURQJRQ PR]Jy WHVWUH KDWy &RULROLVHUĘ
iOWDO RNR]RWW aC = Ωv J\RUVXOiV D VHEHVVpJ LUiQ\iUD PHUĘOHJHV V D VHEHVVpJWĘO MREEUD PXWDW
$ &RULROLVHUĘ DEEyO DGyGLN KRJ\ D WHVW PR]JiVD N|]EHQ D] ÄDODWWD OHYĘ´ NRRUGLQiWD
UHQGV]HU HOIRUGXO D]D] D WHVW H[WUD J\RUVXOiVQDN YDQ NLWpYH PLQWKD Ui PpJ HJ\ HUĘ KDWQD
$ &RULROLVHUĘ IHOOpSpVpQHN V]NVpJHVVpJH MyO PHJYLOiJtWKDWy D N|YHWNH]Ę HJ\V]HUĦ
SpOGiQ 7HNLQWVQN HJ\ iOOy WHVWHW PHO\HW HJ\ Ω V]|JVHEHVVpJJHO SR]LWtY LUiQ\EDQ IRUJy
N|UKLQWiEyO ILJ\HOQN ,WW D]W OiWMXN KRJ\ D WHVW iOODQGy v VHEHVVpJJHO N|USiO\iQ PR]RJ +D
Ui FVDN D] mrΩ FHQWULIXJiOLV HUĘ KDWQD D IRUJy UHQGV]HUEHQ DPL NLIHOp PXWDW DNNRU HJ\UH
WiYRODEE NHOOHQH NHUOQLH $KKR] KRJ\ N|USiO\iQ PDUDGKDVVRQ KDWQLD NHOO WHKiW Ui PpJ HJ\
WHKHWHWOHQVpJL HUĘQHN (QQHN DNNRUiQDN NHOO OHQQLH KRJ\ D] HUHGĘ D EHIHOp PXWDWy −mrΩ
FHQWULSHWiOLV HUĘW DGMD $ KLiQ\]y HUĘ QDJ\ViJD tJ\ pSSHQ mrΩ V EHIHOp NHOO PXWDWQLD
(] QHP PiV PLQW D &RULROLVHUĘ PHO\ iWtUKDWy D  DODNED KD IHOKDV]QiOMXN D NHUOHWL
VHEHVVpJ  D V]|JVHEHVVpJ pV D WiYROViJ N|]|WW pUYpQ\HV v = Ωr NDSFVRODWRW
(] D ILNWtY HUĘ QHYpW HOVĘ UpV]OHWHV OHtUyMiUyO *DVSDUG *XVWDY GH &RULROLVUyO NDSWD 
$ IRUJy )|OG|Q OH]DMOy MHOHQVpJHNUH J\DNRUROW KDWiViUD )RXFDXOW NtVpUOHWH  KtYWD IHO D
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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ILJ\HOPHW DNL OHYH]HWWH KRJ\ D &RUROLVHUĘ N|YHWNH]WpEHQ D] LQJD OHQJpVL VtNMiQDN ODVVDQ HO
NHOO IRUGXOQLD .tVpUOHWpYHO PHJPXWDWWD KRJ\ D PpUW pV D V]iPROW pUWpN PHJHJ\H]LN V H]]HO
HOVĘNpQW V]ROJiOW EL]RQ\tWpNNDO D )|OG IRUJiViUD
(OVĘ DONDOPD]iVDNpQW YL]VJiOMXQN HJ\ WHVWHW PHO\ D QHP IRUJy LQHUFLD UHQGV]HUEHQ
HJ\HQOHWHVU VHEHVVpJJHO PR]RJYDL HOPR]GXOiVW WHQQH PHJ V EHFVOMN PHJ KRJ\ PHQQ\LW
WpUO HO HUHGHWL LUiQ\iWyO D NRRUGLQiWDUHQGV]HU Ω V]|JVHEHVVpJĦ IRUJiVD N|YHWNH]WpEHQ 
iEUD .LV HOWpUOpVW IHOWpWHOH]YH D] HOWHOW LGĘ t = L/U  $ WHVW J\RUVXOiVD D] HUHGHWL
LUiQ\UD PHUĘOHJHVHQ aC = FC/m =  UΩ $] s = at/ QpJ\]HWHV ~WW|UYpQ\W D]
HUHGHWL LUiQ\UD PHUĘOHJHV HOPR]GXOiVUD D &RULROLVJ\RUVXOiVVDO DONDOPD]YD D] s HOWpUOpV
s = aCt
/ = ΩL/U  $]W NDSMXN KRJ\
s
L
=
ΩL
U
. 
$ s HOWpUOpVQHN D WHOMHV L HUHGHWL HOPR]GXOiVKR] YLV]RQ\tWRWW DUiQ\iW WHKiW D] Ω L/U
KiQ\DGRV DGMD $QQDN HOOHQpUH KRJ\ D &RULROLVJ\RUVXOiV D VHEHVVpJJHO QĘ D] HOWpUOpV
IRUGtWRWWDQ DUiQ\RV D VHEHVVpJJHO XJ\DQLV J\RUVDEE PR]JiV HVHWpQ D &RULROLVHUĘ U|YLGHEE
LGHLJ KDW
 iEUD $] HUĘKDWiV KLiQ\iEDQ U iOODQGy VHEHVVpJJHO HJ\HQHV YRQDO~ HJ\HQOHWHV PR]JiVW YpJ]Ę
WHVW L HOPR]GXOiVW WHQQH PHJ $ &RULROLVHUĘ KDWiViUD D WHVW D VHEHVVpJUH PHUĘOHJHVHQ s WiYROViJUD
HO LV WpUO 3R]LWtY IRUJiVLUiQ\~ UHQGV]HUEHQ D] HOWpUOpV D] HUHGHWL HOPR]GXOiVWyO MREEUD W|UWpQLN
%HFVOMN PHJ H]HN XWiQ PHQQ\LUH WHNLQWKHWĘ LQHUFLDUHQGV]HUQHN HJ\ D IRUJy )|OG|Q
HOKHO\H]NHGĘ ODERUDWyULXP 7|NpOHWHV LQHUFLDUHQGV]HUEHQ VHPPLO\HQ HOWpUOpVW QHP WDSDV]
WDOQiQN (J\ I|OGL ODERUDWyULXP DNNRU WHNLQWKHWĘ My N|]HOtWpVVHO LQHUFLDUHQGV]HUQHN KD
EHQQH D] HOWpUOpV NLFVL $  UHODWtY HOWpUOpV WHKiW D] D PpUĘV]iP PHO\ PHJDGMD
KRJ\ PHNNRUD KLEiW N|YHWQN HO KD LQHUFLDUHQGV]HUQHN WHNLQWMN D ODERUDWyULXPRW .|]HSHV
I|OGUDM]L V]pOHVVpJHQ L =  P PpUHWĦ PpUĘDV]WDOW U =  PV VHEHVVpJHNHW IHOWpWHOH]YH
V IHOKDV]QiOYD D )|OG  IRUJiVL V]|JVHEHVVpJpW D]W NDSMXN KRJ\ s/L =  × − V ·
 P PV=  × − D]D] ,  UHODWtY KLEiW N|YHWQN FVDN HO KD D &RULROLVHUĘW
HOKDQ\DJROMXN $ ODERUDWyULXP YDJ\ D V]RED WHKiW LJHQ My N|]HOtWpVVHO LQHUFLDUHQGV]HU
*\DNUDQ KDOOMXN D NpUGpVW PLQHN DODSMiQ G|QWKHWĘ HO HJ\ DEODN QpONOL IUGĘV]REiEDQ
KRJ\ D] pV]DNL YDJ\ D GpOL IpOJ|PE|Q YDJ\XQNH $ YiODV] D OHIRO\y IRUJiVLUiQ\D PHO\HW D
&RULROLVHUĘ KDWiUR] PHJ (] HOYLOHJ KHO\HV D KDWiV D]RQEDQ RO\DQ NLFVL KRJ\ D KpWN|]QDSL
pOHWEHQ QHP PXWDWKDWy NL $ OHIRO\y N|UOL OHJHJ\V]HUĦEE iUDPOiV D] PHO\EHQ PLQGHQ
IRO\DGpNUpV]HFVNH HJ\HQHVHQ D N|]pSSRQW IHOp PR]RJ 1\RPiVNO|QEVpJ YDJ\ NOVĘ HUĘ
KDWiViUD D UpV]HFVNpN iOWDOiEDQ |UYpQ\OĘ PR]JiVW LV YpJH]QHN +D H] D] |UYpQ\OpV HJ\HGO D
&RULROLVHUĘ N|YHWNH]PpQ\H DNNRU D] HUHGHWLOHJ D N|]pSSRQW IHOp LQGXOy UpV]HFVNpN D] pV]DNL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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IpOWHNpQ MREEUD HOWpUOQHN pV D] yUDPXWDWy MiUiViYDO HOOHQWpWHV SR]LWtY N|UIRUJiV~ |UYpQ\
M|Q OpWUH $ GpOL IpOWHNpQ IRUGtWRWW D KHO\]HW $KKR] D]RQEDQ KRJ\ D &RULROLVHUĘ OpQ\HJHV
OHJ\HQ HJ\ I|OGL ODERUDWyULXPEDQ PLQGHQ PiV KDWiVW NL NHOO NV]|E|OQQN OHJDOiEE H]UHOpN
SRQWRVViJLJ (]W iOWDOiEDQ QHP WXGMXN EL]WRVtWDQL KLV]HQ D IUGĘNiG YDJ\ Np]PRVy NDJ\Oy
QHP KHQJHUV]LPPHWULNXV JHRPHWULiMD HOHYH HQQpO QDJ\REE Q\RPiVL HUĘNHW KR] OpWUH D GXJy
NLK~]iVDNRU NHOWHWW iUDPOiV KDWiViUyO QHP LV EHV]pOYH $ KpWN|]QDSL WDSDV]WDODW H]pUW QHP
PXWDWMD D OHIRO\yN NLWQWHWHWW |UYpQ\OpVL LUiQ\iW D] HJ\HV IpOWHNpNHQ PLQGNpW LUiQ\~ IRUJiV
HOĘIRUGXOKDW HJ\HWOHQ IUGĘV]REiQ EHOO LV
*RQGRVDQ PHJWHUYH]HWW NtVpUOHWHNEHQ D]RQEDQ HOpUKHWĘ KRJ\ PLQGHQ ]DYDUy KDWiVW
NLNV]|E|OMHQHN $] HOVĘW $ 3HUURW YpJH]WH Q\ROF pYYHO )RXFDXOW XWiQ EHQ 3iUL]VEDQ
+DWDOPDV KHQJHU DODN~ WDUWiO\W KDV]QiOW NLVPpUHWĦ NLIRO\yYDO D] DOMiQ V D YL]HW HJ\ WHOMHV
QDSLJ KDJ\WD PHJQ\XJRGQL $ GXJy KLUWHOHQ NLK~]iVD XWiQ YDOyEDQ SR]tWtY LUiQ\~ |UYpQ\OpV
M|WW OpWUH $ NtVpUOHWHW V]i] pYYHO NpVĘEE PHJLVPpWHOWpN %RVWRQEDQ HJ\  P iWPpUĘMĦ NE 
FP PDJDV WDUWiOO\DO V XJ\DQD]W D] HUHGPpQ\W NDSWiN
$  NLIHMH]pV YLOiJRVDQ PXWDWMD D &RULROLVHUĘ VDMiWRV WXODMGRQViJiW D KDWiViUD
EHN|YHWNH]HWW UHODWtY HOWpUOpV QĘ D WiYROViJJDO iOODQGy VHEHVVpJ PHOOHWW $]  WiEOi]DW D
UHODWtY HOWpUOpV pUWpNHNHW DGMD PHJ HJ\UH QDJ\REE L HOPR]GXOiVRNUD D OpJN|UL PR]JiVRNUD
LV MHOOHP]Ę  PV VHEHVVpJUH
 WiEOi]DW $ UHODWtY HOWpUOpV V]i]DOpNEDQ NLIHMH]HWW pUWpNH D] HUHGHWL LUiQ\EDQ PHJWHWW L
HOPR]GXOiV IJJYpQ\pEHQ D] Ω =  · − V U =  PV pUWpNHNNHO $ YL]HN PR]JiViUD
MHOOHP]Ę U =  PV VHEHVVpJHNNHO D] s/L pUWpNHN UHQGUH V]HU QDJ\REEQDN DGyGQDN
L  P  P  NP  NP  NP  NP
s/L (%) ,  ,  ,    
$ WiEOi]DWEyO MyO OiWV]LN KRJ\ D ODERUDWyULXP  PpWHUHV NLWHUMHGpVpYHO V]HPEHQ D 
NPHV WiYROViJRQ D] HOWpUOpV PiU VHPPLNpSSHQ VHP KDQ\DJROKDWy HO D] HQQpO QDJ\REE
WiYROViJRNRQ SHGLJ PiU |VV]HPpUKHWĘ YDJ\ QDJ\REE PLQW D] HJ\HQHV PHQWL HOPR]GXOiV
0HJMHJ\H]]N KRJ\ D  |VV]HIJJpV OHYH]HWpVHNRU IHOWpWHOH]WN KRJ\ D] HOWpUOpV NL
FVL H]pUW D] HUHGPpQ\ L >  NP HVHWpQ PiU NRUUHNFLyUD V]RUXO -HOHQ IRUPiMD LV MyO PXWDWMD
D]RQEDQ D QDJ\ViJUHQGL YLV]RQ\RNDW $ WiEOi]DW HUHGPpQ\HL HJ\EHQ D]W LV MHO]LN KRJ\ D
ODERUDWyULXPPDO V]HPEHQ HJ\ PHJ\pQ\L NLWHUMHGpVĦ YDJ\ DQQiO QDJ\REE WDUWRPiQ\ PiU
HJ\iOWDOiQ QHP WHNLQWKHWĘ LQHUFLDUHQGV]HUQHN $] XWROVy RV]ORSRN HJ\pUWHOPĦHQ PXWDWMiN
KRJ\ D W|EE V]i] NPHV I|OGL WiYROViJRNRQ D Yt]V]LQWHV VtNEHOL PR]JiVRNEDQ D &RULROLVHUĘ
PLQGHQ PiV HUĘQpO IRQWRVDEEi YiOLN
9pJO PHJHPOtWMN KRJ\ D KRVV]~ HJ\HQHV PHQWL PR]JiVUD NpQ\V]HUtWHWW WHVWHN HVHWpQ
D &RULROLVHUĘ KDWiVD DEEDQ PXWDWNR]LN PHJ KRJ\ D PR]JiVKR] NpSHVW MREE pV EDO ROGDORQ
D NpQ\V]HUHUĘN QHP D]RQRVDN ËJ\ SpOGiXO D UHSOĘJpSHNQHN NLVVp G|QW|WW V]iUQQ\DO NHOO
UHSOQLN KRJ\ D] HOWpUtWĘ KDWiVW D] HOOHQNH]Ę LUiQ\ED YDOy NRUPiQ\]iVVDO NRPSHQ]iOQL
WXGMiN $ PĦV]DNL J\DNRUODWEyO LVPHUW KRJ\ D] pV]DNL IpOWHNpQ D YDV~WL VtQHNQHN D
PHQHWLUiQ\KR] NpSHVW MREE ROGDOL iJD MREEDQ NRSLN PLQW D EDO ROGDOL KLV]HQ D &RULROLV
HUĘ PLDWW D MREE ROGDOL NHUHNHN SHUHPpUH QDJ\REE NpQ\V]HUHUĘQHN NHOO KDWQLD D] LUiQ\WDUWiV
EL]WRVtWiVD pUGHNpEHQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  02=*È6(*<(1/(7(.
(EEH D VRUED LOOHV]NHGLN D IRO\yN SDUWPRViVL DV]LPPHWULiMiQDN MHOHQVpJH $ QDJ\ Q\XJDW
V]LEpULDL IRO\yNRQ PiU W|EE PLQW NpWV]i] pYYHO H]HOĘWW PHJILJ\HOWpN KRJ\ D MREE SDUW
UHQGV]HUHVHQ PDJDVDEE pV PHUHGHNHEE PLQW D EDO $ &RULROLVHUĘ IRJDOPiQDN PHJMHOHQpVH
HQQHN WHUPpV]HWHV PDJ\DUi]DWiW DGWD GH D JHROyJLDL V]DNLURGDORPEDQ HJ\ HWWĘO IJJHWOHQ
pUYHOpV WHUMHGW HO PHO\EĘO D] DGyGLN KRJ\ D] HOWpUtWĘ KDWiV IĘOHJ D GpON|U PHQWL IRO\yNDW
pULQWL D V]pOHVVpJL N|U PHQWLHNHW MyYDO NHYpVEp (] D] ~Q %DHUW|UYpQ\  WpYHV KLV]HQ
D]]DO OHQQH HJ\HQpUWpNĦ KRJ\ D] HOWpUtWĘ KDWiV LUiQ\IJJĘ $ IRO\yPHGUHN DV]LPPHWULiMiUD
YRQDWNR]y VWDWLV]WLNDL YL]VJiODWRN DOiWiPDV]WMiN KRJ\ RWW DKRO D WHNWRQLNDL KDWiVRN QHP
HUĘVHN D SDUWPRViVL DV]LPPHWULD D &RULROLVHUĘEĘO N|YHWNH]LN IJJHWOHQO D IRO\iVL LUiQ\WyO
>@ 0LQGH] PHJILJ\HOKHWĘ D PDJ\DURUV]iJL IRO\yN HVHWpEHQ LV $] DV]LPPHWULiQ NtYO D
&RULROLVKDWiVW WiPDV]WMD DOi D IRO\yN YiQGRUOiVL LUiQ\D LV ËJ\ SpOGiXO D 'XQD D Y|OJ\pQ
EHOOL PHJMHOHQpVH yWD D IRO\iVLUiQ\KR] NpSHVW IRO\DPDWRVDQ MREEUD YiQGRURO >@
 $ J|UEOHWL KDWiVRN
$ QDJ\VNiOiM~ N|UQ\H]HWL iUDPOiVRN D )|OG YDJ\LV HJ\ My N|]HOtWpVVHO J|PE DODN~ pJLWHVW
IHOV]tQH PHQWpQ ]DMODQDN 9pJLJ NHOO JRQGROQXQN H]pUW PL D KLGURGLQDPLNDL HJ\HQOHWHN
OHJHJ\V]HUĦEE DODNMD PHO\ D J|PEL MHOOHJHW KĦHQ WNU|]L (KKH] HOĘEE D NRRUGLQiWDUHQGV]HU
DONDOPDV YiODV]WiViW PDMG D WHKHWHWOHQVpJL HUĘN PHJIHOHOĘ DODNMiW WHNLQWMN iW
$ )|OG IHOV]tQpQ D KDJ\RPiQ\RV I|OGUDM]L NRRUGLQiWiNDW KDV]QiOMXN  iEUD 0LQGHQ
IHOV]tQL SRQW NpW V]|JJHO D V]pOHVVpJJHO pV D KRVV]~ViJJDO MHOOHPH]KHWĘ $ V]pOHVVpJHW D]D]
D SRQWKR] K~]RWW HJ\HQHV V]DNDV]QDN D] (J\HQOtWĘ VtNMiYDO EH]iUW V]|JpW ϕYHO MHO|OMN $
ϕ = π/ LOO ϕ = −π/ pUWpNHN D] eV]DNL LOO 'pOLVDUNQDN IHOHOQHN PHJ $ I|OGUDM]L
KRVV]~ViJ D] D λ V]|J DPHOO\HO D )|OG WHQJHO\H N|UO SR]LWtY LUiQ\EDQ HOIRUGXOYD D SRQW
V]pOHVVpJL N|UpUH MXWXQN (] PHJHJ\H]pV V]HULQW *UHHQZKLFKQpO YHV]L IHO  pUWpNpW λ = ±π
D GiWXPYiODV]Wy YRQDO
 iEUD $ I|OGUDM]L NRRUGLQiWiN ϕ D V]pOHVVpJHW λ D KRVV]~ViJRW MHO|OL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ *g5%h/(7, +$7È62. 
$ )|OG J|PEQHN WHNLQWHWW IHOV]tQpQ GHILQLiOKDWXQN WiYROViJRW MHOHQWĘ NRRUGLQiWiNDW LV
+DJ\RPiQ\RVDQ
x ≡ (RF cosϕ) λ 
YiODV]WKDWy D NHOHWQ\XJDWL
y ≡ RF |ϕ| 
SHGLJ D] pV]DNGpOL LUiQ\EDQ PpUW KHO\NRRUGLQiWiNQDN DKRORF D )|OG VXJDUD D GpOL IpOWHNpQ
ϕ QHJDWtY D] DEV]RO~W pUWpN D]W IHMH]L NL KRJ\ D] y NRRUGLQiWD D VDUNRN IHOp QĘ
7HNLQWVQN D )|OG VXJDUiQiO NLVHEE L < RF Yt]V]LQWHV PpUHWĦ WDUWRPiQ\W %iUPHO\
(ϕ, λ) I|OGUDM]L KHO\ N|UO IHOYHKHWQN HJ\ MREE VRGUiV~ GHUpNV]|JĦ NRRUGLQiWDUHQGV]HUW
PHO\QHN (x, y) VtNMD D] pULQWĘVtNEDQ IHNV]LN yWHQJHO\H D N|]HOHEEL SyOXV LUiQ\iED PXWDW
pV D z NRRUGLQiWD D KHO\L IJJĘOHJHV LUiQ\EDQ QĘ $] (x, y, z) NRRUGLQiWiN D] (x ≡
(RF cosϕ)λ, y ≡ RFϕ, z) KHO\]HWĦ RULJyWyO PpULN D WiYROViJRW (EEHQ D ORNiOLV
UHQGV]HUEHQ tUMXN OH D IRO\DGpN PR]JiViW  iEUD (]]HO |VV]KDQJEDQ D] v = (u, v, w)
VHEHVVpJ u NRPSRQHQVH D V]pOHVVpJL N|U|NNHO SiUKX]DPRV D] pV]DNL IpOWHNpQ NHOHWUH D GpOLQ
Q\XJDWUD QĘ v SHGLJ D] pV]DN±GpOL LUiQ\~ iUDPOiV VHEHVVpJH PHO\ DNNRU SR]LWtY KD D
N|]HOHEEL VDURN IHOp PXWDW D )|OG pULQWĘVtNMiEDQ $ IJJĘOHJHV LUiQ\~ VHEHVVpJ w
 iEUD $ ORNiOLV UHQGV]HU pV D] ΩF IRUJiVL V]|JVHEHVVpJYHNWRU NRPSRQHQVHL D NpW IpOWHNpQ $
MREE ROGDOL UDM]RQ D NRRUGLQiWDUHQGV]HUW D] pJWiMDNNDO HJ\WW LV EHUDM]ROWXN pV]DNL IpOWHNH
$ IRUJy )|OG NDSFViQ IRQWRV HPOpNH]WHWQQN DUUD KRJ\ D V]|JVHEHVVpJ YHNWRUPHQQ\LVpJ
$ YHNWRU PLQGLJ D WHVW MHOHQ HVHWEHQ D )|OG IRUJiVWHQJHO\H HJ\HQHVpEH HVLN V LUiQ\tWRWWViJD
RO\DQ KRJ\ KD MREE NH]QN KYHO\N XMMD PXWDW D YHNWRU KHJ\H IHOp DNNRU W|EEL XMMXQN
J|UEOpVH DGMD D IRUJiVLUiQ\W (] MyO OiWV]LN D  iEUiQ DKRO D] Ω YHNWRU D NRURQJ VtNMiUD
PHUĘOHJHV 0LYHO D UDM]RQ IHOIHOp PXWDW D IRUJiVLUiQ\ PHO\HW D YpNRQ\ Q\LOD]RWW J|UEH MHO|O
SR]LWtY D]D] D] yUDPXWDWy MiUiViYDO HOOHQWpWHV $ )|OG NHOHWUH IRURJ V]|JVHEHVVpJYHNWRUD
H]pUW D IRUJiVWHQJHO\ PHQWpQ pV]DNUD PXWDW DKRJ\ D  iEUD LV MHO]L
$ N|UQ\H]HWL iUDPOiVRN V]HPSRQWMiEyO DODSYHWĘ SDUDPpWHU D )|OG IRUJiVL V]|JVHEHVVpJp
QHN D  HJ\HQOHWWHO PHJDGRWW QDJ\ViJD $] HPEHUL pOHW LGĘVNiOiMiQ PHO\HQ D N|UQ\H]HWL
iUDPOiVRNDW YL]VJiOMXN H] D V]|JVHEHVVpJ QDJ\RQ My N|]HOtWpVVHO iOODQGy
+DWiUR]]XN PHJ D )|OG IRUJiVL V]|JVHEHVVpJYHNWRUiQDN NRPSRQHQVHLW D ORNiOLV UHQGV]HU
EHQ 0LYHO D] RULJyED HOWROW V]|JVHEHVVpJYHNWRU GHILQtFLy V]HULQW D] y, z VtNEDQ YDQ D] x
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  02=*È6(*<(1/(7(.
LUiQ\~ NRPSRQHQV ]pUXV $ YHNWRU PDJD D V]pOHVVpJL V]|JJHO PHJHJ\H]Ę ϕ V]|JHW ]iUMD EH
D] y WHQJHOO\HO  iEUD
$] RULJyEDQ OHYĘ PHJILJ\HOĘ WHKiW D] y, z NRRUGLQiWDUHQGV]HUEHQ RO\DQQDN OiWMD D
)|OG V]|JVHEHVVpJYHNWRUiW pV NRPSRQHQVHLW PLQW DKRJ\ D  iEUD PXWDWMD %iUPHO\LN
V]REiEDQ D )|OG V]|JVHEHVVpJYHNWRUD WHKiW pSSHQ DNNRUD V]|JHW ]iU EH D Yt]V]LQWHV VtNNDO
PLQW D I|OGUDM]L KHO\ V]pOHVVpJH $ YHNWRU Yt]V]LQWHV pV]DN±GpOL NRPSRQHQVH H]pUW ΩF cosϕ
IJJĘOHJHV NRPSRQHQVH SHGLJ ΩF sinϕ $ N|]HSHV V]pOHVVpJHNUH tJ\ 0DJ\DURUV]iJUD LV
MHOOHP]Ę ϕ = ◦ pV]DNL V]pOHVVpJ D Yt]V]LQWHV pV D IJJĘOHJHV NRPSRQHQV D]RQRV pV
PLQGNHWWĘ ΩF√/
 iEUD $ )|OG V]|JVHEHVVpJYHNWRUiQDN NRPSRQHQVHNUH ERQWiVD D ϕ >  V]pOHVVpJL N|U|Q OHYĘ
ORNiOLV UHQGV]HUEHQ
$ ORNiOLV UHQGV]HUEHQ WHKiW D V]|JVHEHVVpJ YHNWRU
ΩF = (Ωx ≡ ,Ωy ≡ ±ΩF cosϕ,Ωz ≡ ΩF sinϕ) . 
$] ΩyEDQ IHOOpSĘ QHJDWtY HOĘMHO D GpOL IpOWHNpUH YRQDWNR]LN DKRO D IRUJiVL V]|JVHEHVVpJ
Yt]V]LQWHV NRPSRQHQVH D] (J\HQOtWĘ IHOp D]D] QHJDWtY y LUiQ\ED PXWDW 0LYHO D GpOL IpOWHNpQ
ϕ <  D IJJĘOHJHV V]|JVHEHVVpJ NRPSRQHQV RWW QHJDWtY (]pUW PRQGMXN KRJ\ D] pV]DNL
IpOWHNpKH] V]RNRWW PHJILJ\HOĘ D GpOL IpOWHNpQ ~J\ pUH]KHWL PLQWKD D )|OG D IRUGtWRWW LUiQ\ED
IRURJQD 0LQGH] D NRRUGLQiWDUHQGV]HU PHJYiODV]WiViQDN N|YHWNH]PpQ\H GH PLQGDQQ\LXQN
V]iPiUD H] D YiODV]WiV D WHUPpV]HWHV
$ WHKHWHWOHQVpJL HUĘN N|]O WHNLQWVN HOĘV]|U LVPpW D FHQWULIXJiOLV HUĘW (QQHN QDJ\ViJD
Fcf = mrΩ

F , 
GH LWW r D )|OG IRUJiVWHQJHO\pUH PHUĘOHJHV WiYROViJRW MHO|OL $ FHQWULIXJiOLV HUĘ D VDUNRNRQ
QXOOD pV D] (J\HQOtWĘ PHQWpQ D OHJQDJ\REE $ FHQWULIXJiOLV J\RUVXOiV iWODJRV pUWpNH , 
PV WHKiW NLFVL D JUDYLWiFLyV J\RUVXOiVKR] NpSHVW (] XWyEEL D J|PE DODN~QDN IHOWpWHOH]HWW
)|OG N|]pSSRQWMD IHOp PXWDW $ JHROyJLDL LGĘVNiOiQ D )|OG D FHQWULIXJiOLV HUĘ KDWiViUD
NLVVp GHIRUPiOyGRWW $] HUĘVHQ QDJ\tWRWW KDWiVW D  iEUD PXWDWMD $ GHIRUPiFLy DGGLJ
IRO\WDWyGRWW DPtJ D )|OG IHOV]tQH PHUĘOHJHVVp QHP YiOW D JUDYLWiFLyV HUĘ pV D FHQWULIXJiOLV
HUĘ HUHGĘMpUH (]HN HJ\WWHVHQ KR]]iN OpWUH Dg HUHGĘ JUDYLWiFLyV J\RUVXOiVW pV D JHRLG DODNRW
0LYHO D]RQEDQ D FHQWULIXJiOLV J\RUVXOiV WLSLNXV pUWpNH D] HUHGĘ HJ\ H]UHOpNH D J|PE DODNWyO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ *g5%h/(7, +$7È62. 
YDOy HOWpUpV LJHQ FVHNpO\ V D gKH] DGyGy NRUUHNFLy LV NLFVL $ )|OGHW H]pUW My N|]HOtWpVVHO
D WRYiEELDNEDQ LV J|PEQHN WHNLQWMN $ JUDYLWiFLyV J\RUVXOiV PpUW pUWpNpW MHO|OMN gYHO V
YHNWRUD D ORNiOLV UHQGV]HU QHJDWtY z WHQJHO\H LUiQ\iED PXWDW
 iEUD $ g HUHGĘ JUDYLWiFLyV J\RUVXOiV D )|OG N|]pSSRQWMD IHOp PXWDWy YRQ]yHUĘ pV D
FHQWULIXJiOLV HUĘ HUHGĘMpEĘO V]iUPD]LN
$ &RULROLVHUĘ NH]HOpVH HQQpO YDODPLYHO ERQ\ROXOWDEE ÈOWDOiQRV YHNWRULiOLV NLIHMH]pVH
− m ΩF × v , 
DKRO Y D IRUJy )|OG|Q iOOy PHJILJ\HOĘ iOWDO pV]OHOW VHEHVVpJ $] a = (ax, ay, az) pV b =
(bx, by, bz) YHNWRURN YHNWRULiOLV V]RU]DWD NRPSRQHQVHNNHO NLIHMH]YH
a× b = (ay bz − az by, az bx − ax bz, ax by − ay bx) . 
9HJ\N pV]UH KRJ\ D URWiFLy  DODNMD LV KDVRQOy V]HUNH]HWĦ KD D NO|QE|]Ę NRRUGLQiWiN
V]HULQWL SDUFLiOLV GHULYiOiVRNDW WHNLQWMN D] a YHNWRU NRPSRQHQVHLQHN pV b = v
$ &RULROLVHUĘ ORNiOLV UHQGV]HUEHQ pUYpQ\HV DODNMD D  IRUJiVL V]|JVHEHVVpJ pV D v =
(u, v, w) YHNWRU IHOKDV]QiOiViYDO
FC = m (−Ωyw + Ωzv,−Ωzu,Ωyu) . 
eUGHPHV D] HJ\HV WDJRN MHOHQWpVpW HJ\HQNpQW PHJYL]VJiOQL $ −m Ωyw HUĘ x LUiQ\~ pV
FVDN IJJĘOHJHV PR]JiV HVHWpQ OpS IHO (] tUMD OH SpOGiXO D]W D MHOHQVpJHW KRJ\ D] HOHMWHWW
WHVW PR]JiV VRUiQ w <  NHOHW IHOp WpUO HO HVpVH N|]EHQ IRURJ DODWWD D )|OG GH ODVVDEEDQ
KLV]HQ D IHOV]tQ N|]HOHEE YDQ D N|]pSSRQWKR] PLQW D] HOHQJHGpV V]LQWMH
$ Yt]V]LQWHV KRUL]RQWiOLV VtNEDQ YDOy PR]JiVRN H]HQ VtNRQ EHOOL HOWpUOpVppUW D
FhorizC = m (−Ωzv,+Ωzu, ) 
YHNWRU IHOHOĘV (QQHN QDJ\ViJiW D  NLIHMH]pV DGMD D] Ω → Ωz KHO\HWWHVtWpVVHO KD
v PRVW D] (u, v) YHNWRU KRVV]iW MHOHQWL $ Yt]V]LQWHV HOWpUOpV WHKiW XJ\DQRO\DQ MHOOHJĦ
PLQW DKRJ\ D]W D] HOĘ]Ę IHMH]HWEHQ WiUJ\DOWXN FVDN D NRURQJ V]|JVHEHVVpJH KHO\HWW D )|OG
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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IRUJiVL V]|JVHEHVVpJpQHN IJJĘOHJHV NRPSRQHQVpW NHOO WHNLQWHQQN (]pUW KDV]QiOWXN D 
WiEOi]DWEDQ D] Ω =  · − V− ≈ ΩF√/ pUWpNHW
$  NLIHMH]pV XWROVy WDJMD D m Ωyu IJJĘOHJHV HUĘNRPSRQHQV ,O\HQ HUĘ FVDN
NHOHW±Q\XJDWL LUiQ\ED KDODGy WHVWHNUH KDW V PLYHO D] HUĘ IJJĘOHJHV D V~O\XNDW YiOWR]WDWMD
(] D MHOHQVpJ QHP PiV PLQW D] ~Q (|WY|VKDWiV PHO\QHN pUWHOPpEHQ D NHOHWUH PR]Jy
(u > ) WHVWHN V~O\D NLVVp FV|NNHQ (QQHN D] (|WY|V /RUiQG iOWDO D] DV pYHN
HOHMpQ PHJIRJDOPD]RWW HIIHNWXVQDN D NLPXWDWiViUD EHQ D )HNHWHWHQJHUHQ NHOHW±Q\XJDWL
LUiQ\EDQ PR]Jy KDMyNRQ QDJ\ JRQGGDO YpJH]WHN QHKp]VpJL HUĘPpUpVHNHW (|WY|V HJ\V]HUĦ
ODERUDWyULXPL HV]N|]W LV V]HUNHV]WHWW HQQHN D KDWiVQDN NtVpUOHWL LJD]ROiViUD  eU]pNHQ\
PpUOHJHW IJJĘOHJHV WHQJHO\ N|UO HJ\HQOHWHVHQ IRUJDWRWW PHO\QHN NDUMDLUD VHUSHQ\ĘN KHO\HWW
D]RQRV WHVWHN YROWDN HUĘVtWYH $PLNRU IRUJiV N|]EHQ D PpUOHJ NDUMD pV]DN±GpOL LUiQ\~ D]
HJ\LN WHVW NHOHWUĘO Q\XJDWUD D PiVLN SHGLJ XJ\DQDNNRU Q\XJDWUyO NHOHWUH PR]RJ $ WHVWHN
V~O\iEDQ H]pUW HOWpUpVQHN NHOO PXWDWNR]QLD D PpUOHJ HQQHN PHJIHOHOĘHQ NLELOOHQ HJ\HQV~O\L
KHO\]HWpEĘO $] (|WY|VIpOH KDWiV HJ\~WWDO D )|OG IRUJiViQDN LV EL]RQ\tWpND D )RXFDXOWIpOH
LQJDNtVpUOHWKH] KDVRQOyDQ
$ V~O\YiOWR]iV PDJiKR] D V~O\KR] YLV]RQ\tWDQGy H]pUW D] (|WY|VKDWiV WHUPpV]HWHV
PpUĘV]iPD D Ωyu/g KiQ\DGRV $] (J\HQOtWĘQ v = PV HVHWpQ H] , % (] DPHQQ\LVpJ
QHPFVDN NLFVL KDQHP D Yt]V]LQWHV HOWpUtWĘ KDWiV UHODWtY pUWpNpW PHJDGy  NLIHMH]pVVHO
V]HPEHQ QHP IJJ D] L D OLQHiULV PpUHWWĘO V H]pUW QHP LV QĘKHW YHOH $] (|WY|VKDWiV D QDJ\
VNiOiM~ iUDPOiVRNEDQ H]pUW QHP OpQ\HJHV
$ IRUJy )|OG|Q W|UWpQĘ iUDPOiVRN V]HPSRQWMiEyO WDOiQPpJ D IRUJiV WpQ\pQpO LV IRQWRVDEE
KRJ\ D Yt]V]LQWHV HOWpUOpVpUW IHOHOĘVΩz IJJĘOHJHV NRPSRQHQV MHOHQWĘVHQ IJJ D V]pOHVVpJWĘO
-yO OiWV]LN H] D  iEUiUyO V D  NLIHMH]pVEĘO Ωz QDJ\ViJD D VDUNRNRQ D OHJQDJ\REE
D]RQRV ΩF IHO V D] (J\HQOtWĘ IHOp N|]HOHGYH FV|NNHQ 0DJiQ D] (J\HQOtWĘQ HOWĦQLN
(]pUW NULWLNiYDO NHOO IRJDGQXQN D]RNDW D] ÄLVPHUHWWHUMHV]WĘ´ ILOPHNHW PHO\HN ÄEHPXWDWMiN´
KRJ\ HJ\ O\XNDV HGpQ\EHQ D] (J\HQOtWĘWĘO QpKiQ\ PpWHUUH pV]DNUD D Yt] YDODPHO\ IRUJiVVDO
NLIRO\LN D] (J\HQOtWĘQ iWVpWiOYD D]RQEDQ PHJYiOWR]LN D IRUJiVLUiQ\ $] HOĘ]Ę IHMH]HWEHQ
OiWWXN KRJ\ D Yt]V]LQWHV HOWpUOpVpUW IHOHOĘV &RULROLVHUĘ MyYDO NLVHEE D NLIRO\iVW EHIRO\iVROy
HJ\pE HUĘNQpO $ (J\HQOtWĘ N|UQ\pNpQ UiDGiVXO D]RQEDQ HOWpUtWĘ HUĘ QHP LV OpS IHO
0LYHO D] HOWpUtWĘ HUĘQHN D ORNiOLV UHQGV]HUEHQ pUYpQ\HV DODNMD J\DNUDQ V]HUHSHO PDMG
pUGHPHV EHYH]HWQL D
f ≡ Ωz = ΩF sinϕ 
|VV]HIJJpVVHO GHILQLiOW ~Q &RULROLVSDUDPpWHUW (QQHN D] RULJyEDQ D]D] D ϕ, λ I|OGUDM]L
NRRUGLQiWiM~ SRQWEDQ IHOYHWW pUWpNH
f = ΩF sinϕ . 
)RQWRV D]RQEDQ ILJ\HOHPEH YHQQL D]W LV KRJ\ HJ\HWOHQ ORNiOLV UHQGV]HUHQ EHOO D VDUNRN
IHOp KDODGYD D &RULROLVSDUDPpWHU pUWpNH QĘ (J\V]HUĦ N|]HOtWpVNpQW HOIRJDGMXN KRJ\ H] D
Q|YHNPpQ\ DUiQ\RV D] RULJyWyO PpUW y WiYROViJJDO (]pUW tUKDWMXN KRJ\
f = f + βy , 
DKRO β D I|OGUDM]L KHO\]HWUH MHOOHP]Ę ~Q βSDUDPpWHU .LIHMH]KHWĘ PLQW D] f &RULROLV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ *g5%h/(7, +$7È62. 
SDUDPpWHU y V]HULQWL GHULYiOWMD YDJ\LV
β =
df
dy
= ΩF
RF
cosϕ . 
$ βSDUDPpWHU D VDUNRNRQ WĦQLN HO V D] (J\HQOtWĘQ D OHJQDJ\REE DEV]RO~W pUWpNĦ O 
WiEOi]DW /iWQL IRJMXN KRJ\ D  HJ\HQOHWWHO NLIHMH]HWW KHO\IJJpV D] ~Q βKDWiV D
OHJW|EE QDJ\ VNiOiM~ MHOHQVpJ PHJpUWpVH V]HPSRQWMiEyO DODSYHWĘ
 WiEOi]DW $] f pV D βSDUDPpWHU IJJpVH D V]pOHVVpJWĘO D] pV]DNL IpOWHNpQ D GpOL IpOWHNpQ
PLQGHQ pUWpN HOOHQWHWWMH pUYpQ\HV
KRVV]~ViJ IRN      
f ×− / V ,  ,  ,  ,  ,  
β (×− /PV  ,  ,  ,  ,  , 
(]HN XWiQ PiU IHOtUKDWMXN D 1HZWRQHJ\HQOHWQHN D IRUJy )|OG YDODPHO\ (ϕ, λ) RULJyM~
ORNiOLV UHQGV]HUpEHQ pUYpQ\HV DODNMiW >D  VĦUĦVpJHJ\HQOHW pV D] |VV]HQ\RPKDWDWODQ
ViJEyO DGyGy  GLYHUJHQFLDPHQWHVVpJ QHP YiOWR]LN@ $ YDOyGL HUĘNK|] D FHQWULIXJiOLV
HUĘW pV D &RULROLVHUĘW NHOO KR]]iDGQXQN $] HOĘEEL EHOHpSO D] HUHGĘ JUDYLWiFLyV HUĘEH V
OpWUHKR]]D D J JUDYLWiFLyV J\RUVXOiVW ~M WDJ PHJMHOHQpVpYHO WHKiW QHP MiU $ &RULROLVHUĘ
KDWiViW ~J\ NHOO ILJ\HOHPEH YHQQQN KRJ\ D  HJ\HQOHW MREE ROGDOiKR] KR]]iDGMXN D]
aC = FC/m J\RUVXOiVW $  NLIHMH]pV DODSMiQ D] HJ\HV NRPSRQHQVHNUH D]W NDSMXN
KRJ\
du
dt
= −Ωyw + fv − 
ρ
∂p
∂x
+ sx , 
dv
dt
= −fu− 
ρ
∂p
∂y
+ sy , 
dw
dt
= Ωyu− g − 
ρ
∂p
∂z
+ sz , 
DKRO PiU KDV]QiOWXN D &RULROLVSDUDPpWHU  DODNMiW
(]HNQHN D] HJ\HQOHWHNQHN HJ\ pUGHNHV N|YHWNH]PpQ\H D IRUJy )|OG|Q PHJILJ\HOKHWĘ
VDMiWRV IRO\DGpNPR]JiV 7HNLQWVQN HJ\ Yt]V]LQWHV VtNEHOL V~UOyGiVPHQWHV iUDPOiVW v =
(u, v, ) PHO\EHQ QLQFV ORNiOLV Q\RPiVNO|QEVpJ 9L]VJiOMXQN WRYiEEi D ORNiOLV UHQGV]HU
RULJyMD N|Up NRQFHQWUiOyGy iUDPOiVRNDW DPLNRU D &RULROLVSDUDPpWHU KHO\HWWHVtWKHWĘ D]
RULJyEDQ pUYpQ\HV pUWpNpYHO YDJ\LV fODO $ 1HZWRQHJ\HQOHW x pV y NRPSRQHQVH HNNRU
D]
du
dt
= +fv,
dv
dt
= −fu 
DODNUD HJ\V]HUĦV|GLN $] HOVĘ HJ\HQOHWHW LGĘ V]HULQW GHULYiOYD pV D PiVRGLNDW EHKHO\HWWHVtWYH
du
dt
= −f u , 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  02=*È6(*<(1/(7(.
DPL LVPpW D KDUPRQLNXV UH]JpV HJ\HQOHWH O  $ UH]JpV N|UIUHNYHQFLiMD PRVW f 0LYHO
XJ\DQH] D] HJ\HQOHW pUYpQ\HV D v NRPSRQHQVUH LV D IRO\DGpNHOHPHN PR]JiVD NpW HJ\PiVUD
PHUĘOHJHV D]RQRV IUHNYHQFLiM~ UH]JpV V]XSHUSR]tFLyMD YDJ\LV N|UPR]JiV (]W D]
ω = f 
IUHNYHQFLiM~ PR]JiVW WHKHWHWOHQVpJL N|UPR]JiVQDN QHYH]]N ( PR]JiV SHULyGXVLGHMH
T =
π
f
=
π
ΩF sinϕ =
QDS
 sinϕ . 
$] XWROVy HJ\HQOĘVpJEHQ IHOKDV]QiOWXN ΩF  DODNMiW $ SHULyGXVLGĘ D VDUNRNRQ WHKiW
pSSHQ IpO QDS OHQQH D] (J\HQOtWĘ IHOp N|]HOHGYH HQQpO QDJ\REE $] KRJ\ D] (J\HQOtWĘQ
IRUPiOLVDQ YpJWHOHQQHN DGyGLN DQQDN IHOHO PHJ KRJ\ RWW LO\HQ PR]JiV QHP DODNXOKDW NL
KLV]HQ &RULROLVIpOH HOWpUtWĘ HUĘ QHP KDW
$] ω N|UIUHNYHQFLiYDO N|UPR]JiVW YpJ]Ę WHVW NHUOHWL VHEHVVpJpQHN QDJ\ViJD ωr H]pUW
D] U QDJ\ViJ~ VHEHVVpJJHO WHKHWHWOHQVpJL N|UPR]JiVW YpJ]Ę IRO\DGpNHOHP r = U/f VXJDU~
SiO\iQ PR]RJ $]RQRV VHEHVVpJHN HVHWpQ H]HN D SiO\iN D] (J\HQOtWĘ IHOp N|]HOHGYH HJ\UH
QDJ\REE VXJDU~DN  iEUD
 iEUD 7HKHWHWOHQVpJL N|USiO\iN D )|OG|Q U =  P/V PDO V]iPROYD $ VXJDUDN MHOHQWĘV
YiOWR]iVD MyO PXWDWMD KRJ\ PHQQ\LUH IRQWRV D βKDWiV /iWV]LN KRJ\ D SiO\iN N|UOMiUiVL LUiQ\D
D] pV]DNL GpOL IpOWHNpQ QHJDWtY SR]LWtY PHWHRUROyJLDL V]yKDV]QiODWWDO DQWLFLNORQiOLV ?iiT,ff2MX
rBFBT2/BXQ`;frBFBf*Q`BQHBbn2772+i
$ WHKHWHWOHQVpJL N|UPR]JiV QHPFVDN V]iPtWKDWy KDQHP J\DNUDQ PHJ LV ILJ\HOKHWĘ D
WHQJHUHNEHQ yFHiQRNEDQ $ V]HOHN iOWDO NHOWHWW iUDPOiVRNEDQ D V]HOHN HOOWH XWiQ D Q\RPiVL
HUĘN HOKDQ\DJROKDWyYi YiOQDN V D IRO\DGpNHOHPHNUH HNNRU J\DNRUODWLODJ FVDN D &RULROLVHUĘ
KDW ,O\HQNRU WHKHWHWOHQVpJL N|UPR]JiV DODNXO NL PHO\ W|EE QDSLJ N|YHWKHWĘ DPLQW D  iEUD
PXWDWMD
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6(.e/<6e* +$7È6$ 
$ WHKHWHWOHQVpJL N|UPR]JiV SiUKX]DPED iOOtWKDWy D %UXQW±9lLVlOlIUHNYHQFLiM~ UH]JpV
VHO (] XWyEEL D UpWHJ]HWWVpJ N|YHWNH]WpEHQ NLDODNXOy HJ\V]HUĦPR]JiVIRUPD  DOIHMH]HW
0LQG D UpWHJ]HWWVpJ PLQG D IRUJiV WHKiW KDUPRQLNXV UH]JpVUH YH]HW PHO\HN IUHNYHQFLiMD
ω = N  LOO ω = f $] HOĘEEL HJ\ IJJĘOHJHV HJ\HQHV PHQWpQ D] XWyEEL D Yt]V]LQWHV VtNEDQ
DODNXO NL
 $ VHNpO\VpJ KDWiVD
ÓUKDMyEyO Qp]YH D OpJN|U NHVNHQ\ KiUW\iQDN WĦQLN D )|OG IHOV]tQpQ  iEUD $] yFHiQ
iWODJRV H = ,  NPHV PpO\VpJH YDJ\ D OpJN|U OHJDNWtYDEE DOVy UpV]pQHN D WURSRV]IpUi
QDN H =  NPHV iWODJRV YDVWDJViJD VRNNDO NLVHEE PLQW D EHQQN NLDODNXOy iUDPOiVRN
Yt]V]LQWHV VtNEHOL L V]pOHVVpJH PHO\ W|EE H]HU NP LV OHKHW
 iEUD $] ĦUEĘO MyO OiWV]LN KRJ\ D OpJN|U PLO\HQ NHVNHQ\ D )|OG VXJDUiKR] NpSHVW $OVy UpV]H
D WHOMHV OHYHJĘW|PHJ PLQWHJ\  V]i]DOpNiW WDUWDOPD]y WURSRV]IpUD iWODJRVDQ  NP YDVWDJ $] iEUiQ
RQQpW LVPHUKHWĘ IHO KRJ\ D QDJ\ NXPXORQLPEXV]RN IHOVĘ KDWiUD N|]HO HJ\EHHVLN D WURSRV]IpUiMpYDO $
NpS D 1HP]HWN|]L ĥUiOORPiVRQ NpV]OW  M~OLXV pQ ?iiT,ffrrrXBMi2HHbBXM2ifM2rbf
mTHQ/bffSQH`J2bQbT?2`B+*HQm/bLa@XDT;
$] iUDPOiVRNUD YRQDWNR]y ~MDEE PHJV]RUtWiV QHP WRYiEEL ERQ\RGDOPDNDW KDQHP HJ\
V]HUĦV|GpVW MHOHQW 0LO\HQ N|YHWNH]PpQ\HNNHO MiU WHKiW KD D] iUDPOiV L MHOOHJ]HWHV
Yt]V]LQWHV NLWHUMHGpVH VRNNDO QDJ\REE PLQW D IRO\DGpNH iWODJRV PpO\VpJH" %HFVOMN PHJ D
W MHOOHJ]HWHV IJJĘOHJHV iUDPOiVL VHEHVVpJHW (UUH D  GLYHUJHQFLDPHQWHVVpJL HJ\HQOHW
DG OHKHWĘVpJHW $ GLYHUJHQFLD  NLIHMH]pVpEH tUMXN EH KRJ\ D Yt]V]LQWHV VHEHVVpJHN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  02=*È6(*<(1/(7(.
u, v QDJ\ViJUHQGMH YDODPLO\HQU pUWpN $ Yt]V]LQWHV VHEHVVpJNRPSRQHQVHNQHN D Yt]V]LQWHV
NRRUGLQiWiN V]HULQWL GHULYiOWMDL EHFVOKHWĘN PLQW U/L $ IJJĘOHJHV VHEHVVpJQHN D z
NRRUGLQiWD V]HULQWL GHULYiOWMiYDO PHO\ W/H UHQGĦ HJ\WWHVHQ QXOOiW NHOO DGQLXN U/L +
W/H =  (EEĘO D]W NDSMXN KRJ\
|W | ≈ H
L
U . 
L =  NPUH NLWHUMHGĘ N|UQ\H]HWL iUDPOiVRNEDQH/L QDJ\ViJUHQGLOHJ  V]i]DOpN H]pUW D
IJJĘOHJHV LUiQ\EDQ FVDN QDJ\RQ ODVV~ PR]JiVRN W|UWpQKHWQHN $ SLOODQDWQ\L w IJJĘOHJHV
VHEHVVpJ pV D] LO\HQ LUiQ\~ J\RUVXOiV LV HOKDQ\DJROKDWy D Yt]V]LQWHV VHEHVVpJHNKH] pV
J\RUVXOiVRNKR] NpSHVW
$  1HZWRQHJ\HQOHW x NRPSRQHQVpEHQ H]pUW−Ωyw HOKDQ\DJROKDWy fv PHOOHWW $
 KDUPDGLN NRPSRQHQVEHQ D EDO ROGDORQ IHOOpSĘ dw/dt J\RUVXOiV KHO\HWW ]pUXVW tUKDWXQN
WRYiEEi NLKDV]QiOMXN KRJ\ D] (|WY|VKDWiV PLQGLJ J\HQJH V D V~UOyGiVL HUĘEĘO DGyGy
IJJĘOHJHV J\RUVXOiV LV PLQGLJ MyYDO NLVHEE PLQW g ËJ\ D WHOMHV HJ\HQOHWUHQGV]HU
du
dt
= fv − 
ρ
∂p
∂x
+ sx , 
dv
dt
= −fu− 
ρ
∂p
∂y
+ sy , 
 = −g − 
ρ
∂p
∂z
, 
dρ
dt
=  , 
GLYv =  . 
9HJ\N pV]UH KRJ\ HEEHQ D] DODNEDQ pSSHQ D &RULROLVHUĘ OpQ\HJL KDWiVD YDJ\LV D Yt]V]LQWHV
PR]JiVRNUD KDWy  HOWpUtWĘ HUĘEĘO V]iUPD]y FhorizC /m J\RUVXOiV PDUDGW FVDN PHJ(] D IRUJy )|OG ORNiOLV UHQGV]HUpEHQ pUYpQ\HV |VV]HQ\RPKDWDWODQ UpWHJ]HWW N|]HJ VHNpO\
IRO\DGpN HJ\HQOHWH eUGHPHV KDQJV~O\R]QL KRJ\ D IJJĘOHJHV J\RUVXOiVUD YRQDWNR]y 
HJ\HQOHW D]W IHMH]L NL KRJ\ D Q\RPiV PDJDVViJWyO YDOy IJJpVH PR]JiV N|]EHQ LV D] 
KLGURV]WDWLNDL HJ\HQOHWQHN WHV] HOHJHW
(]HQ D QDJ\ VNiOiQ D βKDWiV PiU PLQGLJ ILJ\HOHPEH YHHQGĘ (OKDQ\DJROKDWy Q\RPiVL
HUĘ pV V~UOyGiV HVHWpQ LVPpW D  HJ\HQOHWHW NDSMXN GH f KHO\HWW D WHOMHV  y
IJJĘ &RULROLVSDUDPpWHU iOO (] D]W MHOHQWL KRJ\ D VDUNRNKR] N|]HOHEE NHUOYH DKRO D
&RULROLVSDUDPpWHU QDJ\REE D] HOWpUtWpV HUĘVHEE V H]pUW D SiO\D J|UEOHWH QDJ\REE PLQW D]
(J\HQOtWĘK|] N|]HOHEE HVĘ WDUWRPiQ\RNEDQ $ SiO\D H]pUW D βKDWiV N|YHWNH]WpEHQ QHP ]iUW
N|U KDQHP GHIRUPiOyGLN PpJKR]]i VSLUiOV]HUĦ ~Q FLNORLV DODN]DWWi  iEUD 9HJ\N
pV]UH KRJ\ D N|UPR]JiVWyO HOWpUĘ PR]JiVW YpJ]Ę IRO\DGpNHOHP PLQGNpW IpOWHNpQ Q\XJDW IHOp
VRGUyGLN
$ N|YHWNH]Ę IHMH]HWHNEHQ PLQGHQ MHOHQVpJHW D ± HJ\HQOHWHNEĘO YH]HWQN OH
(]HN SDUFLiOLV GLIIHUHQFLiOHJ\HQOHWHN D] u, v, w, p, ρ PH]ĘNUH $ KĘPpUVpNOHWPH]ĘW D] 
IHMH]HWEHQPHJWiUJ\DOW PyGRQ D] iOODSRWHJ\HQOHWEĘO V]iUPD]WDWKDWMXN 0LQW PLQGHQ SDUFLiOLV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 5266%<+8//È02. 
 iEUD 1DJ\ NLWHUMHGpVĦ WDUWRPiQ\RQ D βKDWiV PLDWW D WHKHWHWOHQVpJL N|USiO\D Q\XJDW IHOp
KDODGy FLNORLV SiO\iM~ PR]JiV OHV] KiWWpUiUDPOiV QpONO LV (]HN V]HULQW D  iEUD N|UHL VHP ]i
UyGQDN SRQWRVDQ Q\XJDW IHOp KDODGy FLNORLVRNEDQ IRO\WDWyGQDN )RUUiV ?iiT,ffD277`2v2`HvX
+QKfBM2`iBH@Qb+BHHiBQMbf
HJ\HQOHW HVHWpEHQ D] HJ\pUWHOPĦ PHJROGiV pUGHNpEHQ QHPFVDN D NH]GHWL IHOWpWHOHNHW KDQHP
D SHUHPIHOWpWHOHNHW LV LVPHUQQN NHOO $] XWyEEL D]W MHOHQWL KRJ\ WXGQXQN NHOO D YiOWR]yN
pUWpNpW D YL]VJiOW WDUWRPiQ\ KDWiUiQ 6~UOyGy N|]HJEHQ D Q\XJYy IDODN PHQWpQ SpOGiXO D
WHOMHV VHEHVVpJYHNWRUQDN HO NHOO WĦQQLH $ IDOKR] N|]HOHGYH D VHEHVVpJHORV]OiVQDN WHKiW
KDVRQOyDQ NHOO YLVHONHGQLH PLQW DKRJ\ D  iEUD MREE ROGDOiQ OiWKDWMXN $ IDODNPHQWpQ H]pUW
PLQGLJ Q\tUiVL iUDPOiVRN DODNXOQDN NL $PHQQ\LEHQ D] iUDPOiVW D WDUWRPiQ\ SHUHPpWĘO WiYRO
YL]VJiOMXN DKRO PiU QHP NHOO V]iPROQXQN D IDODN KDWiViYDO DNNRU D SHUHPIHOWpWHO HJ\V]HUĦHQ
D] KRJ\ D PHJROGiVQDN WpUEHQ pV LGĘEHQ YpJHVQHN NHOO OHQQLH
$QQ\LW PiU H]HQ D] iOWDOiQRV V]LQWHQ LV OHROYDVKDWXQN KRJ\ Q\XJYy N|]HJHW v ≡ 
D] HJ\HQOHW FVDN DNNRU tUKDW OH KD D Q\RPiV D Yt]V]LQWHV VtNEDQ KRPRJpQ D]D] ∂p/∂x =
∂p/∂y = ) $ KLGURV]WDWLNDL IHOWpWHO PLDWW D]RQEDQ H] FVDN DNNRU OHKHW KD D VĦUĦVpJ LV
IJJHWOHQ D x, y NRRUGLQiWiWyO 0LYHO KRUL]RQWiOLVDQ iOODQGy VĦUĦVpJ VRKDVHP IRUGXO HOĘ VHP
D OpJN|UEHQ VHP D] yFHiQRNEDQ D ± HJ\HQOHWHN LV PXWDWMiN KRJ\ WHUPpV]HWHV
N|]HJHLQNQHN |U|N|V iUDPOiVEDQ NHOO OHQQLN
 5RVVE\KXOOiPRN
$ IHMH]HWEHQ OiWWXN KRJ\ D IJJĘOHJHV UH]JpVW YpJ]Ę IRO\DGpNHOHPHN NROOHNWtY PR]JiVD
KXOOiPRW DODNtWKDW NL H] YROW D EHOVĘ KXOOiP +DVRQOyDQ D  iEUiQ FLNORLV DODN~
SiO\iNRQ WHKHWHWOHQVpJL PR]JiVW YpJ]Ę UpV]HFVNpN LV |VV]HiOOKDWQDN HJ\ KXOOiPPi $] LO\HQ
KXOOiPRNDW 5RVVE\KXOOiPRNQDN KtYMXN .O|QOHJHV YRQiVXN KRJ\ PLYHO D] ĘNHW DONRWy
IRO\DGpNHOHPHN PLQG Q\XJDWUD YiQGRUROQDN Q\XJYy N|]HJEHQ D 5RVVE\KXOOiPRN PLQGLJ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  02=*È6(*<(1/(7(.
Q\XJDW IHOp KDODGQDN PLQGNpW IpOWHNpQ
/pJN|UL HOĘIRUGXOiVXN HOVĘVRUEDQ D VDUNL KLGHJ pV D PpUVpNHOW pJ|YL PHOHJHEE OHYHJĘW
HOYiODV]Wy SROiULV IURQWWDO NDSFVRODWRV (] D IURQW DPLQHN IJJĘOHJHV VtNNDO YHWW PHWV]HWH
OiWKDWy D  iEUiQ D KRVV]~ViJL N|U|NUH PHUĘOHJHVHQ iOWDOiEDQ KXOOiP]LN 5RVVE\KXOOiP
IRUPiMiEDQ $ SROiULV IURQWQDN WHWV]ĘOHJHV PDJDVViJEDQ YHWW PHWV]HWH H]pUW iOWDOiEDQ HJ\
PHDQGHUH]Ę DODN]DW DKRJ\ D VHPDWLNXV  iEUD PXWDWMD
 iEUD $ SROiULV IURQW D WURSRV]IpUD N|]HSHV PDJDVViJiEDQ -yO OiWKDWy KRJ\ D KLGHJ pV PHOHJ
OHYHJĘW HOYiODV]Wy YRQDO KXOOiPPR]JiVW YpJH] 5RVVE\KXOOiPRW DONRW
$ NpS MyO PXWDWMD KRJ\ FVDN QpKiQ\ KXOOiP]iV IpU Ui D] DGRWW V]pOHVVpJL N|UUH D WLSLNXV
KXOOiPKRVV] W|EE H]HU NP 0LYHO D OpJN|UL 5RVVE\KXOOiPRN D] HJpV] )|OGUH NLWHUMHGQHN
SODQHWiULV KXOOiPRNQDN LV KtYMiN ĘNHW 5HQGV]HULQW FLNORQRN pV DQWLFLNORQRN YHV]LN ĘNHW N|UO
 iEUD
$] yFHiQEDQ NLDODNXOy XJ\DQFVDN QDJ\ KXOOiPKRVV]~ 5RVVE\KXOOiPRN D]]DO D WXODM
GRQViJJDO LV UHQGHONH]QHN KRJ\ D Yt]IHOV]tQ LJHQ HQ\KH KXOOiP]iViYDO LV MiUQDN (]]HO
HJ\LGHMĦOHJ D]RQEDQ D EHOVĘ iOODQGy VĦUĦVpJĦ IHOOHWHN MyYDO QDJ\REE IJJĘOHJHV NLWpUpVW
PXWDWQDN  iEUD $] yFHiQL 5RVVE\KXOOiPRNQDN tJ\ MHOHQWĘV V]HUHSN YDQ D WHUPRNOLQ
]yQD PHJPR]JDWiViEDQ LV
 )JJHOpN %UXQW±9lLVlOlIUHNYHQFLD D KLGURGLQDPLNDL
HJ\HQOHWHNEĘO
$ WHOMHV ± KLGURGLQDPLNDL HJ\HQOHWUHQGV]HUEĘO WHUPpV]HWHVHQ PLQGHQ KXOOiP
PR]JiV tJ\ SO D EHOVĘ YDJ\ D 5RVVE\KXOOiPRN LV OHYH]HWKHWĘN VĘW H]HQ MHOHQVpJHNQHN
D N|Q\YEHQ EHPXWDWRWW NYDOLWDWtY OHtUiVQiO MyYDO UpV]OHWHVHEE PHJpUWpVpW NDSMXN 0LYHO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 )h**(/e. %58179b,6b/b)5(.9(1&,$ 
 iEUD $ GpOL VDUNN|U PHQWpQ PHJILJ\HOKHWĘ IHOKĘ]HW D FLNORQRN N|]|WW NDQ\DUJy 5RVVE\
KXOOiPUD XWDO $ *DOLOHR ĦUV]RQGD IHOYpWHOH ?iiT,ffrrrX+HBKi2+?M;2Tbv?QHQ;vX#HQ;bTQiX
+QKff
 iEUD ÏFHiQL 5RVVE\KXOOiP IJJĘOHJHV PHWV]HWH $ NOVĘ IHOV]tQ KXOOiP]iViQiO MyYDO
HUĘWHOMHVHEE D EHOVĘ HOYiODV]Wy IHOOHWHNp $] yFHiQL 5RVVE\KXOOiP LV PLQGLJ Q\XJDWUD KDODG
D]RQEDQ H] ~MDEE PDWHPDWLNDL HV]N|]|N DONDOPD]iViW LJpQ\OL HUUH QHP WpUQN NL 0pJLV
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  02=*È6(*<(1/(7(.
V]NVpJHVQHN pUH]]N KRJ\ HJ\HWOHQ SpOGiQ D %UXQW±9lLVlOlUH]JpV SpOGiMiQ EHPXWDVVXN D
KLGURGLQDPLNDL HJ\HQOHWHNQHN D V]HPOpOHWHV OHtUiVVDO YDOy |VV]KDQJMiW
)JJĘOHJHV UpWHJ]HWWVpJĦ N|]HJEHQ OpWH]LN HJ\ VWDFLRQiULXV ρ¯(z) VĦUĦVpJHORV]OiV PHO\
KH] QHP WDUWR]LN iUDPOiV (]]HO IRJODONR]WXQN D  DOIHMH]HWEHQ DKRO H]W D VĦUĦVpJHW PpJ
QHP NO|QE|]WHWWN PHJ IHOOYRQiVVDO (UUH D PHJNO|QE|]WHWpVUH D]pUW YDQ V]NVpJ PHUW
D] iUDPOy N|]HJ ρ(x, y, z, t) VĦUĦVpJH NLVVp HOWpUKHW ¯̺(z)WĘO (]pUW tUKDWMXN KRJ\
ρ(r, t) = ρ¯(z) + ̺′(r, t) , 
DKRO D ̺′ LQJDGR]iVW GLQDPLNDL VĦUĦVpJQHN QHYH]LN KLV]HQ iUDPOiV NLDODNXOiViYDO NDSFVROD
WRV (KKH] KDVRQOyDQ ERQWVXN IHO D Q\RPiVW LV D p¯(z) KLGURV]WDWLNDL Q\RPiV pV D p′ GLQDPLNDL
Q\RPiV |VV]HJpUH
p(r, t) ≡ p¯(z) + p′(r, t) . 
+HO\HWWHVtWVN EH H]HNHW D IHOERQWiVRNDW HOĘV]|U D GLQDPLNDL HJ\HQOHWEH PHO\EHQ HOKD
Q\DJROMXN D V~UOyGiVL HUĘW
dv
dt
= −
ρ
JUDGp¯− 
ρ
JUDGp′ + g ρ¯
ρ
+ g
ρ′
ρ
. 
0LYHO D VĦUĦVpJLQJDGR]iV NLFVL D QHYH]ĘNEHQ ρ KHO\pEH tUKDWXQN ρ¯W (NNRU pV]UHYHVV]N
KRJ\ D  KLGURV]WDWLNDL HJ\HQV~O\ pSSHQ D]W MHOHQWL KRJ\ D MREE ROGDOL HOVĘ pV KDUPDGLN
WDJ NLHMWLN HJ\PiVW ËJ\ D]W NDSMXN KRJ\
dv
dt
= −
ρ¯
JUDGp′ + gρ
′
ρ¯
. 
$ VĦUĦVpJ WHOMHV GHULYiOWMiEDQ
(vJUDG)ρ = (vJUDG)(ρ¯+ ρ′) = w∂ρ¯
∂z
+ u
∂ρ′
∂x
+ v
∂ρ′
∂y
+ w
∂ρ′
∂z
, 
KLV]HQ ρ¯ FVDN zWĘO IJJ $  VĦUĦVpJHJ\HQOHW WHKiW tUKDWy PLQW
∂ρ′
∂t
+ (vJUDG)ρ′ = −wdρ¯
dz
= w
ρ
g
N (z) . 
$ PiVRGLN HJ\HQOĘVpJEHQ IHOKDV]QiOWXN D %UXQW±9lLVlOlIUHNYHQFLD  DODNMiW DKRO ρ D
z V]LQWHQ pUYpQ\HV VWDFLRQiULXV VĦUĦVpJHW MHOHQWL ρ = ρ¯(z)
7HJ\N IHO KRJ\ D IRO\DGpN HJ\ V]pOHV UpWHJpQHN D z V]LQWHQ NLV IHOIHOp PXWDWy w
VHEHVVpJHW DGXQN $] D UpWHJ ODVVDQ HOLQGXO IHOIHOp PDMG IHOWHKHWĘHQ YLVV]DIRUGXO V VHEHVVpJH
YpJLJ IJJĘOHJHV LUiQ\~ v = (, , w) $ W|PHJPHJPDUDGiV V]HULQW YDODKRO HJ\ KDVRQOyDQ
V]pOHV UpWHJQHN OHIHOp NHOO LQGXOQLD GH H] D NLV]HPHOW WDUWRPiQ\WyO WiYRO YDQ V H]pUW QHP NHOO
YHOH PRVW IRJODONR]QXQN 0LYHO D] HJpV] PR]JiV ODVV~ pV D VHEHVVpJ LV NLFVL D (vJUDG)̺′
pV (vJUDG)v WDJRN HOKDQ\DJROKDWyDN $  pV  HJ\HQOHWHN DODNMD HNNRU
∂w
∂t
= −g ρ
′
ρ
, 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 )h**(/e. %58179b,6b/b)5(.9(1&,$ 
∂ρ′
∂t
= w
ρ
g
N (z) . 
,WW IHOKDV]QiOWXN KRJ\ D JUDYLWiFLyV J\RUVXOiV OHIHOp D]D] D QHJDWtY LUiQ\ED PXWDW pV D]W
LV KRJ\ D IJJĘOHJHV LUiQ\~ PR]JiV VRUiQ D Q\RPiV KLGURV]WDWLNXV PDUDGKDW D]D] D] DWWyO
YDOy HOWpUpVUH p′ =  $] HOVĘ HJ\HQOHWHW LGĘ V]HULQW GHULYiOYD pV DEED D PiVRGLNDW
EHKHO\HWWHVtWYH
∂w
∂t
= −N (z)w . 
(] D KDUPRQLNXV UH]JpV  HJ\HQOHWH FVDN D w YiOWR]yUD IHOtUYD V PHJROGiVD
w(t) = w cos (N(z)t) . 
$ IRO\DGpNUpWHJ VHEHVVpJH WHKiW KDUPRQLNXV UH]JpVW N|YHW D]N(z) N|UIUHNYHQFLiYDO (QQHN
PHJIHOHOĘHQ D IRO\DGpNHOHPHN PR]JiVD LV XJ\DQLO\HQ KDUPRQLNXV UH]JpV |VV]KDQJEDQ
D]]DO DPLW D %UXQW±9lLVlOlIUHNYHQFLD WiUJ\DOiVDNRU OiWWXQN  IHMH]HW
9HJ\N pV]UH KRJ\ D ρ′ VĦUĦVpJUH YRQDWNR]y  HJ\HQOHW N|YHWNH]LN D  NLIHMH]pV
OHYH]HWpVpQHN JRQGRODWPHQHWpEĘO LV $ z V]LQWHQ OHYĘ IRO\DGpNHOHP VĦUĦVpJYiOWR]iVD 
pUWHOPpEHQ ρ′ = ρ− ρ¯ (]W D z + z V]LQWHQ NHOO NLpUWpNHOQL 0LYHO D]RQEDQ D IRO\DGpNHOHP
ρ VĦUĦVpJH D PR]JiV VRUiQ iOODQGy PHJHJ\H]LN D NLLQGXOiVL V]LQWHQ IHOYHWW ρ¯(z) pUWpNNHO $
NLWpUpV NLFVLQ\VpJpW IHOKDV]QiOYD
ρ′ = ρ¯(z)− ρ¯(z + z) = −dρ¯
dz
z . 
$ %UXQW±9lLVlOlIUHNYHQFLD NLIHMH]pVpW EHKHO\HWWHVtWYH
ρ′ =
ρN (z)
g
z . 
(QQHN LGĘ V]HULQWL GHULYiOWMD DGMD D  NLIHMH]pVW $ KLGURGLQDPLNDL HOPpOHW WHKiW WHOMHV
HJpV]pEHQ WDUWDOPD]]D D] HJ\V]HUĦ PHFKDQLNDL JRQGRODWPHQHW HUHGPpQ\HLW GH DQQiO VRNNDO
W|EE MHOHQVpJHW NpSHV OHtUQL
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
 IHMH]HW
*HRV]WURILNXV iUDPOiVRN
$] HOĘ]Ę IHMH]HWEHQ OHYH]HWHWW KLGURGLQDPLNDL HJ\HQOHWHN V]iPRV MHOHQVpJHW OHtUQDN 6]i
PXQNUD N|]ON HOVĘVRUEDQ D ODVV~ QDJ\ VNiOiM~ iUDPOiVRN D IRQWRVDN PHO\HN D] LGĘMiUiV
pV D NOtPD YDJ\ PiV QpYHQ D] iOWDOiQRV OpJ pV Yt]N|U]pV PHJKDWiUR]yL /iWQL IRJMXN
KRJ\ HEEHQ D] HVHWEHQ D &RULROLVHUĘW D Yt]V]LQWHV Q\RPiVJUDGLHQV My N|]HOtWpVVHO pSSHQ
NLHJ\HQV~O\R]]D YDJ\LV H NpW HUĘ HUHGĘMH QHP KR] OpWUH J\RUVXOiVW D] iUDPOiVRN DOLJ
YiOWR]QDN LGĘEHQ +DVRQOy H] DKKR] DPLW D]  IHMH]HWEHQ OiWWXQN D VHNpO\VpJ
N|YHWNH]WpEHQ D JUDYLWiFLyV HUĘ pV D IJJĘOHJHV Q\RPiVJUDGLHQV NLHMWLN HJ\PiVW 0LYHO D
ODVV~ QDJ\ OpSWpNĦ iUDPOiVRN D] HJpV] )|OGUH MHOOHP]ĘHN D &RULROLVHUĘ pV D Yt]V]LQWHV
Q\RPiVJUDGLHQV HJ\HQV~O\iYDO MHOOHP]HWW iUDPOiVRNDW JHRV]WURILNXV D]D] D )|OG IRUJiVD iOWDO
PHJKDWiUR]RWW iUDPOiVRNQDN QHYH]]N (]HN W|EE IDMWiMiW LV PHJLVPHUMN HEEHQ D IHMH]HWEHQ
 $ JHRV]WURILNXV iUDPOiV IHOWpWHOH D 5RVVE\V]iP
$ V]DEDG OpJN|UEHQ pV yFHiQEDQ YDJ\LV DKRO WiYRO YDJ\XQN D V]LOiUG IHOV]tQWĘO YDJ\ D] yFHiQL
SHUHPHNWĘO D V~UOyGiVL HUĘ KDWiVD PLQGLJ HOKDQ\DJROKDWy s ≈  PHUW D YLV]NR]LWiV PLQGNpW
N|]HJEHQ NLFVL %HFVOMN PHJ H]HN XWiQ D KLGURGLQDPLNDL J\RUVXOiV pV D &RULROLVJ\RUVXOiV
QDJ\ViJiW D   HJ\HQOHWHNEHQ -HO|OMN D Yt]V]LQWHV VtNEHOL iUDPOiVL VHEHVVpJ
QDJ\ViJiW PLQGNpW LUiQ\EDQ U YDO D MHOOHP]Ę Yt]V]LQWHV WiYROViJRNDW LOHO $] LGĘEHOL
YiOWR]iVRN MHOOHJ]HWHV pUWpNH D] D T LGĘ PHO\ D] L WiYROViJ PHJWpWHOpKH] U VHEHVVpJJHO
V]NVpJHV D]D] T = L/U  $ du/dt YDJ\ dv/dt J\RUVXOiV WLSLNXV QDJ\ViJD H]pUW U/T =
U /L $] fv −fu &RULROLVJ\RUVXOiVRN DEV]RO~W pUWpNH |f|U NpQW EHFVOKHWĘ $ &RULROLV
pV D KLGURGLQDPLNDL J\RUVXOiV DUiQ\D D]
Ro =
U
|f|L 
5RVVE\V]iP $ QDJ\ OpSWpNĦ L QDJ\ pV QHP W~O J\RUV iUDPOiVRN HVHWpQ Ro NLV V]iP
YDJ\LV D &RULROLVJ\RUVXOiV VRNNDO IRQWRVDEE PLQW D KLGURGLQDPLNDL $] LO\HQ iUDPOiVRN
WHKiW LGĘEHQ DOLJ YiOWR]QDN $ JHRV]WURILNXV iUDPOiV IHOWpWHOH D 5RVVE\V]iP NLFVLQ\VpJH
$ Ro NLFVLQ\VpJH ~J\ LV HOpUKHWĘ KD D] f &RULROLVSDUDPpWHU QDJ\ U/LKH] NpSHVW
$ JHRV]WURILNXV iUDPOiVRN WHKiW J\RUVDQ IRUJDWRWW N|]HJEHOL iUDPOiVRNQDN WHNLQWKHWĘN
PHO\HNEHQ D KLGURGLQDPLNDL J\RUVXOiV HOKDQ\DJROKDWy D &RULROLVJ\RUVXOiVKR] NpSHVW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 5266%<6=È0 
9HJ\N pV]UH KRJ\ D 5RVVE\V]iPEDQ QHP OpS IHO D N|]HJ VĦUĦVpJH 9t]UH pSS~J\ PLQW
OHYHJĘUH D JHRV]WURILNXVViJ IHOWpWHOH FVDN D VHEHVVpJWĘO D] iUDPOiV Yt]V]LQWHV PpUHWpWĘO pV ±
fRQ NHUHV]WO ± D I|OGUDM]L V]pOHVVpJWĘO IJJ
 iEUD 0ĦKROGIHOYpWHO HJ\ 1DJ\%ULWDQQLD IHOHWWL FLNORQ IHOKĘUHQGV]HUpUĘO PHO\EHQ D OpJW|PH
JHN D] yUDPXWDWy MiUiViYDO HOOHQWpWHV SR]LWtY LUiQ\EDQ IRURJQDN ?iiT,ffrrrXTMQ`KBX+QKf
T?QiBbfQ`B;BMHfXDT;
%HFVOMN PHJ QpKiQ\ NRQNUpW QDJ\VNiOiM~ iUDPOiV 5RVVE\V]iPiW (OVĘNpQW WHNLQWVQN
HJ\ PpUVpNHOW |YL FLNORQW  iEUD $ FLNORQRN W|EE RUV]iJQ\L NLWHUMHGpVĦHN WHKiW PpUHWN
YHKHWĘ L =  NPQHN %HQQN D] iUDPOiV VHEHVVpJH U =  PV N|UOL H]  NPyUD
VHEHVVpJĦ V]HOHW MHOHQW (]HNNHO D SDUDPpWHUHNNHO N|]HSHV V]pOHVVpJHNHQ f = − /V D
5RVVE\V]iP Ro = , 
(J\ yFHiQL SpOGD D *ROIiUDPODW OHV]DNDGy |UYpQ\HLQHN PR]JiVD  iEUD PHO\HN
PLQWHJ\ L =  NP iWPpUĘMĦHN V EHQQN D NHUOHWL VHEHVVpJ U = ,  PV =  NPK
XJ\DQDQQ\L PLQW PDJiQDN D *ROIiUDPODWQDN D VHEHVVpJH PHO\ D 'XQD iUDPOiVL VHEHVVp
JpYHO PHJHJ\H]Ę (]]HO Ro = , 
$] HJpV] yFHiQL PHGHQFpNUH NLWHUMHGĘ iUDPOiVL N|UiUDPRN  iEUD MyYDO ODVVDEEDN pV
HJ\EHQ QDJ\REE NLWHUMHGpVĦHN -HOOHJ]HWHV DGDWDLN U = ,  PV L =  NP H]pUW D
KR]]iMXN WDUWR]y 5RVVE\V]iP Ro = ,  · −
6]iPRV PiV SpOGD LV D]W PXWDWMD KRJ\ D ODVV~ QDJ\ VNiOiM~ N|UQ\H]HWL iUDPOiVRNEDQ D
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD 0ĦKROGIHOYpWHO D *ROIiUDPODWUyO 0LXWiQ HOKDJ\MD D] DPHULNDL NRQWLQHQVW D] iUDPODW
NtJ\y]y PHDQGHUH]Ę DODN]DWRW YHV] IHO PHO\UĘO PLQWHJ\  NP iWPpUĘMĦ V W|EE KyQDSLJ HVHWHQNpQW
pYHNLJ LV MyO D]RQRVtWKDWy J\ĦUĦN V]DNDGQDN OH .|]ON D] iUDPOiVWyO GpOUH V]DNDGyN D N|UQ\H]H
WNQpO KLGHJHEEHN pV SR]LWtY IRUJiV~DN FLNORQiOLVDN D] pV]DNLDN SHGLJ PHOHJHN pV QHJDWtY IRUJiV~DN
DQWLFLNORQiOLVDN ?iiT,ffrrrX+TiBMT?BH+?`i2`bX+QKfnBK;f;mH7bi`2KXDT;
5RVVE\V]iP HJ\QpO KDWiUR]RWWDQ NLVHEE D]D] D]RN PLQG JHRV]WURILNXV iUDPOiVRN
/pWH]QHN WHUPpV]HWHVHQ RO\DQ QDJ\ VNiOiM~ iUDPOiVRN LV PHO\HN QHP JHRV]WURILNXVDN $
WUySXVL FLNORQRN D KXUULNiQRN YDJ\ WiMIXQRN O  IHMH]HW YDODPLYHO NLVHEE NLWHUMHGpVĦHN
PLQW D PpUVpNHOW pJ|YLHN GH PLYHO EHQQN D VHEHVVpJ W|EE PLQW V]HU QDJ\REE V
PLYHO N|]HOHEE YDQQDN D] (J\HQOtWĘK|] &RULROLVSDUDPpWHUN LV NLVHEE O  WiEOi]DW
5RVVE\V]iPXN  N|UOL $ N|YHWNH]Ę IHMH]HWEHQ NDSRWW HUHGPpQ\HN H]pUW KXUULNiQRNUD QHP
pUYpQ\HVHN 7HUPpV]HWHVHQ WRUQiGyNUD VHP PHO\HN RO\DQ NLV PpUHWĦHN KRJ\ EHQQN D
&RULROLVKDWiV HJ\iOWDOiQ QHP LV MiWV]LN V]HUHSHW
eUGHPHV PpJ D]W LV PHJMHJ\H]QQN KRJ\ D] (J\HQOtWĘ N|UQ\pNpQ PpJ D OHJODVV~EE
iUDPOiVRN VHP JHRV]WURILNXVDN KLV]HQ RWW D] f &RULROLVSDUDPpWHU QXOOD N|UOL  WiEOi]DW
D 5RVVE\V]iP LJHQ QDJ\
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 *(26=752),.86 È5$0/È62. +202*e1 .g=(*%(1 
9pJO KDWiUR]]XN PHJ HJ\ IUGĘNiG OHIRO\yMiUD MHOOHP]Ę 5RVVE\V]iPRW $] iUDPOiVL
VHEHVVpJ PLQWHJ\  FPV D] iUDPOy Yt]W|PHJ iWPpUĘMH NE  FP $ N|]HSHV V]pOHVVpJUH
MHOOHP]Ę &RULROLVSDUDPpWHUUHO D]W NDSMXN KRJ\ Ro = , /(,  × −) =  (] D
QDJ\ V]iPpUWpN LV DUUD XWDO KRJ\ D &RULROLVKDWiV D IUGĘV]RED YDJ\ D ODERUDWyULXP OpSWpNpQ
HOHQ\pV]Ę DKRJ\DQ D]W D  IHMH]HWEHQ OiWWXN
 *HRV]WURILNXV iUDPOiVRN KRPRJpQ N|]HJEHQ
9L]VJiOMXN HOĘV]|U D QHP W~O QDJ\ PDJDVViJUD YDJ\ PpO\VpJUH NLWHUMHGĘ JHRV]WURILNXV
iUDPOiVRNDW (]HNEHQ D VĦUĦVpJ My N|]HOtWpVVHO iOODQGy ρ ≈ ρ D N|]HJ KRPRJpQQHN
WHNLQWKHWĘ .LV 5RVVE\V]iP~ iUDPOiVRNUD D J\RUVXOiV HOKDQ\DJROKDWy H]pUW D NLDODNXOy
JHRV]WURILNXV iUDPOiV ug, vg Yt]V]LQWHV NRPSRQHQVHLUH D   HJ\HQOHWHNEĘO PH
O\HNEHQ D YLV]Ny]XV HUĘW PiU QHP tUMXN NL D]W NDSMXN KRJ\
 = fvg − 
ρ
∂p
∂x
,  = −fug − 
ρ
∂p
∂y
. 
$ IHQWL HJ\HQOHW PDWHPDWLNDL IRUPiEDQ PXWDWMD KRJ\ D Yt]V]LQWHV Q\RPiVJUDGLHQV HOOHQV~
O\R]]D D &RULROLVHUĘW DPLQW D]W D  iEUD V]HPOpOWHWL (] yKDWDWODQXO D]W MHOHQWL KRJ\ D
IRO\DGpN iUDPOLN KLV]HQ NO|QEHQ HOWĦQQH D &RULROLVHUĘ
 iEUD (UĘYLV]RQ\RN JHRV]WURILNXV HJ\HQV~O\EDQ D −fn× ug &RULROLVHUĘ D −JUDGp/ρ Q\R
PiVL HUĘYHO HOOHQWpWHVHQ HJ\HQOĘ 5iMXN PHUĘOHJHV D NLDODNXOy NpWGLPHQ]LyV JHRV]WURILNXV iUDPOiV ug
VHEHVVpJYHNWRUD $ PDJDVDEE Q\RPiV SR]LWtY IRUJDWiV HVHWpQ D VHEHVVpJYHNWRU MREE ROGDOiUD HVLN
ÈWUHQGH]pV XWiQ NDSMXN KRJ\ D JHRV]WURILNXV iUDPOiV Yt]V]LQWHV NRPSRQHQVHL
(ug, vg) =
(
− 
fρ
∂p
∂y
,

fρ
∂p
∂x
)
. 
9HNWRULiOLV DODNEDQ
ug =

fρ
n× JUDGp , 
DKROn = (, , ) D IJJĘOHJHV HJ\VpJYHNWRU pV JUDG D NpWGLPHQ]LyV x pV y V]HULQWL JUDGLHQVW
MHOHQWL
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
0LQGNpW DODNEyO D]W OiWMXN KRJ\ D JHRV]WURILNXV VHEHVVpJ YHNWRUiQDN pV D Q\RPiVJUDGL
HQV YHNWRUiQDN VNDOiULV V]RU]DWD QXOOD
ug · JUDGp =  . 
$ JHRV]WURILNXV iUDPOiV RO\DQ Yt]V]LQWHV VtNEHOL iUDPOiV PHO\QHN ug VHEHVVpJH PHUĘOHJHV
D Yt]V]LQWHV Q\RPiVJUDGLHQVUH $] iUDPOiV WHKiW QHP DUUD IRO\LN DPHUUH D Q\RPiV KDMWDQi
KDQHP DUUD PHUĘOHJHVHQ (] WHOMHVHQ HOOHQWpWHV KpWN|]QDSL WDSDV]WDODWXQNNDO PHUW HJ\ FVĘ
EHQ SpOGiXO D Q\RPiVJUDGLHQV LUiQ\iED IRO\LN D Yt] $ JHRV]WURILNXV iUDPOiV J\RUVDViJiW D
Yt]V]LQWHV Q\RPiVJUDGLHQV HJ\pUWHOPĦHQ PHJKDWiUR]]D $ VHEHVVpJ LUiQ\D D Q\RPiVL HUĘUH
PLQGLJ PHUĘOHJHV SR]LWtY QHJDWtY IRUJiVL LUiQ\ f >  f <  HVHWpQ ug H]HQ HUĘ YHNWR
UiWyO MREEUD EDOUD PXWDW $] iUDPOiV MREE EDO ROGDOiQ WDOiOKDWy WHKiW D PDJDVDEE Q\RPiV
0LYHO D] HOPR]GXOiV PHUĘOHJHV D Q\RPiVL HUĘUH D PXQND ]pUXV V H]pUW D] iUDPOiV D IRUJy
UHQGV]HUEHQ NO|Q HQHUJLDEHIHNWHWpV QpONO LV IHQQPDUDG
eUGHPHV KDQJV~O\R]QL KRJ\ D JHRV]WURILNXV iUDPOiV WLSLNXVDQ |UYpQ\HV $ 
IJJĘOHJHV |UYpQ\HVVpJNRPSRQHQVUH D] fN|]HOtWpVEHQ D]W NDSMXN KRJ\
ζg =

fρ
(
∂p
∂x
+
∂p
∂y
)
. 
$ JHRV]WURILNXV |UYpQ\HVVpJ WHKiW D Q\RPiV WpUNRRUGLQiWiN V]HULQWL PiVRGLN SDUFLiOLV GHUL
YiOWMDLQDN |VV]HJpYHO YDJ\LV D Q\RPiV VtNEHOL /DSODFHRSHUiWRUiYDO DUiQ\RV
$ JHRV]WURILNXV iUDPOiV VHEHVVpJpQHN QDJ\ViJD D IHQWLHN V]HULQW MyO EHFVOKHWĘ D]
|ug| = |f|ρ
dp
dr

|VV]HIJJpV DODSMiQ DKRO dp D dr WiYROViJRQ NLDODNXOy KRUL]RQWiOLV Q\RPiVNO|QEVpJ $
OpJN|UEHQ J\DNUDQ PHJYDOyVXOy HVHW KRJ\ NpW dr =  NP WiYROViJEDQ IXWy L]REiU N|]|WW
D Q\RPiVNO|QEVpJ dp =  K3D =  1P 9HJ\N pV]UH KRJ\ H] D Q\RPiVNO|QEVpJ
KiURP QDJ\ViJUHQGGHO NLVHEE D KLGURV]WDWLNDL Q\RPiVQiO PHO\  K3D N|UOL $ OHYHJĘ
ρ = ,  NJP VĦUĦVpJpYHO pV D N|]HSHV V]pOHVVpJHNUH MHOOHP]Ę fDO V]iPROYD O 
WiEOi]DW D]W NDSMXN KRJ\ |ug| =  PV ≈  NPK (] D YDOyGL FLNORQEHOL V]pOVHEHVVpJHN
QDJ\ViJUHQGMH D JHRV]WURILNXV iUDPOiV NpSOHWWHO NLIHMH]KHWĘ VHEHVVpJH WHKiW MyO YLVV]DDGMD D
KpWN|]QDSL WDSDV]WDODWRW
$ PHWHRUROyJLiEDQ PLQWHJ\  pYH LVPHUW D EiULNXV V]pOW|UYpQ\ PHO\HW & %X\V%DOORW
KROODQGPHWHRUROyJXV tUW OH HOĘV]|U DPHO\ V]HULQW D] pV]DNL IpOWHNpQ D V]pO LUiQ\iQDN YHNWRUi
WyO DPDJDVDEE Q\RPiVPLQGLJ MREEUD HVLN D GpOL IpOWHNpQ SHGLJ IRUGtWYD (] |VV]KDQJEDQ YDQ
D JHRV]WURILNXV V]DEiOO\DO GH DQQiO W|EEHW LV MHOHQW D JHRV]WURILNXV iUDPOiVWyO YDOy HOWpUpV
D YDOyGL V]HOHN HVHWpEHQ VRKDVHP DQQ\LUD HUĘV KRJ\ D] RULHQWiFLyV YLV]RQ\RN IHOERUXOKDWQi
QDN
$] KRJ\ D JHRV]WURILNXV iUDPOiV PHUĘOHJHV D Q\RPiVJUDGLHQVUH D]W LV MHOHQWL KRJ\
ug SiUKX]DPRV D] L]REiURNNDO $ JHRV]WURILNXV iUDPOiV WHKiW QHP PHWV]KHWL D Q\RPiVL
NRQW~URNDW D]RN RO\DQ V]HUHSHW MiWV]DQDN PLQW D IRO\yN SDUWYRQDODL $KRO D] L]REiURN
|VV]HV]ĦNOQHN D] iUDPOiV IHOJ\RUVXO  iEUD
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 *(26=752),.86 È5$0/È62. +202*e1 .g=(*%(1 
 iEUD $] L]REiURN IRO\WRQRV YRQDODN pV D]ug JHRV]WURILNXV iUDPOiVL YHNWRU YLV]RQ\D VHPDWLNXV
iEUD $] iUDPOiV IHOJ\RUVXO DKRO D] L]REiURN N|]HO YDQQDN HJ\PiVKR]
 iEUD 6]LQWYRQDODN pV V]pOLUiQ\RN ]iV]OyV YHNWRURN D OpJN|UEHQ $ IRO\WRQRV YRQDODN D]RNDW D
SRQWRNDW N|WLN |VV]H DPHO\HNEHQ D  K3 Q\RPiV D]RQRV PDJDVViJUD HVLN iWODJRV pUWpNN PLQWHJ\
 NP 0LYHO D Q\RPiVYiOWR]iV D Yt]V]LQWHV VtNEDQ YLV]RQ\ODJ J\HQJH H]HN D V]LQWYRQDODN KDVRQOyDQ
IXWQDN PLQW D] D]RQRV PDJDVViJKR] WDUWR]y L]REiURN $ODV]NDL ,GĘMiUiVN|]SRQW  QRYHPEHU 
?iiT,ffrrrXQH/rmX`?XMQX;QpfmTT2`rBM/bfMHvbBbnX;B7
$ JHRV]WURILNXV IHOWpWHO D OpJN|UL PR]JiVRNUD D PDJDVDEE OpJUpWHJHNEHQ QDJ\RQ MyO
WHOMHVO $ PHWHRUROyJLDL WpUNpSHN V]pOYHNWRUDL YDOyEDQ D] L]REiURNNDO SiUKX]DPRVDQ iOOQDN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD
0LQGHQ Q\RPiVHORV]OiVKR] WDUWR]LN HJ\ JHRV]WURILNXV iUDPOiV 1p]]N PHJ KRJ\ H]
PLO\HQ N|U DODN~ L]REiURN HVHWpQ KD D N|]pSSRQWEDQ DODFVRQ\DEE D Q\RPiV PLQW NtYO
D iEUD $] L]REiURN PHQWpQ N|UN|U|V JHRV]WURILNXV iUDPOiV DODNXO NL $] LO\HQ UDGLiOLV
Q\RPiVHORV]OiV FLUNXOiFLyV iUDPOiVUD YH]HW PHO\ N|UOIRO\MD D] DODFVRQ\ Q\RPiV~ KHO\HW
PpJKR]]i  V]HULQW f >  HVHWpQ D] yUDPXWDWy MiUiViYDO HOOHQWpWHV LUiQ\iEDQ 9HJ\N
pV]UH KRJ\ H] SR]LWtY N|UOMiUiV~ D] pV]DNL IpOWHNH FLNORQMDLQDN PHJIHOHOĘ iUDPOiV
 iEUD )RUJiVV]LPPHWULNXV p(r) Q\RPiVHORV]OiV KDWiViUD NLDODNXOy JHRV]WURILNXV iUDPOiV DOD
FVRQ\ D pV PDJDV E Q\RPiV~ N|]SRQW N|UO 1\RPiVPLQLPXP N|UO D] iUDPOiV FLNORQiOLV $] D
pV E iEUiN D] pV]DNL IpOWHNH FLNORQDL LOO DQWLFLNORQDL PRGHOOMHLQHN WHNLQWKHWĘN
ÈOWDOiEDQ FLNORQiOLVQDN DQWLFLNORQiOLVQDN D] DODFVRQ\ PDJDV Q\RPiV~ N|]SRQW N|UO
NLDODNXOy N|UN|U|V iUDPOiVW QHYH]]N $] iUDPOiVRN IRUJiVL LUiQ\D IJJ D IRUJDWiVL V]|JVH
EHVVpJ HOĘMHOpWĘO 1HJDWtY f HVHWpQ V H]pUW D GpOL IpOJ|PE|Q D FLNORQiOLV iUDPOiV D] yUDPXWDWy
MiUiViYDO PHJHJ\H]Ę D]D] QHJDWtY LUiQ\~  iEUD 8J\DQLO\HQ LUiQ\~ YLV]RQW D] pғV]DNL
IpOJ|PE DQWLFLNORQiOLV iUDPOiVD E iEUD
$QQDN pUGHNpEHQ KRJ\ NLVVp MREEDQ PHJpUWVN D FLNORQEHOL iUDPOiV WXODMGRQViJDLW
WHJ\N IHO KRJ\ D IRUJiVV]LPPHWULNXV Q\RPiVHORV]OiVW D
p(r) = p −∆pe−r/R 
IJJYpQ\ tUMD OH DKRO p =  K3D ∆p =  K3D R =  NP pV r D FLNORQ
N|]pSSRQWMiWyO PpUW WiYROViJ 7HJ\N IHO KRJ\ D FLNORQPRGHOO D] pV]DNL IpOWHNpQ YDQ
N|]HSHV V]pOHVVpJHNHQ $]  |VV]HIJJpV V]HULQW D FLNORQ N|]pSSRQWMiEDQ D Q\RPiV 
K3D V ODVVDQ Q|YHNV]LN NLIHOp KDODGYD 0LYHO e− = ,  D] r = R WiYROViJRQ PiU
J\DNRUODWLODJ YLVV]DiOO D] iWODJRV p OpJQ\RPiV $ FLNORQ VXJDUD H]pUW R =  NPQHN
WHNLQWKHWĘ $  |VV]HIJJpV V]HULQW HOYpJH]YH D GHULYiOiVW
|ug| = ∆p
fρ

R
re−r
/R . 
(]HN V]HULQW D FLNORQ N|]pSSRQWMiEDQ QLQFV iUDPOiV $ N|UN|U|V iUDPOiV NLIHOp KDODGYD
HUĘV|GLN GH HJ\V]HU FVDN FV|NNHQQL NH]G KLV]HQ D] e−r/R IJJYpQ\ QDJ\ WiYROViJEDQ
QXOOiKR] WDUW $ PD[LPXP KHO\pW D] r V]HULQWL GHULYiOW HOWĦQpVpEĘO NDSKDWMXN PHJ 0LYHO D]
re−r
/R IJJYpQ\ GHULYiOWMD (− r/R)e−r/R  D PD[LPiOLV V]pOVHEHVVpJ D N|]pSSRQWWyO
r = R/
√ = , R ≈  NP WiYROViJEDQ DODNXO NL D]D] D FLNORQ VXJDUiQDN PLQWHJ\
HJ\KDUPDGiEDQ $ VHEHVVpJ pUWpNH LWW∆p/(fρR)√/e =  P/V≈  NP/yUD  iEUD
(]W D IDMWD iUDPOiVW D PHWHRUROyJLiEDQ ÄJHRFLNORV]WURILNXV´ iUDPOiVQDN LV QHYH]LN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 *(26=752),.86 È5$0/È62. +202*e1 .g=(*%(1 
 iEUD &LNORQ IHOKĘNpSH D GpOL IpOWHNpQ )LJ\HOMN PHJ KRJ\ D N|UEHIRUJiV HOOHQWpWHV LUiQ\~ PLQW
D  iEUiQ ?iiT,ffrrrXHTBXmb`X2/mfBK;2bfb+HQfb+HQnaX;B7
 iEUD $  |VV]HIJJpVVHO PHJDGRWW Q\RPiVHORV]OiV pV D JHRV]WURILNXV VHEHVVpJ |ug| 
DEV]RO~W pUWpNH WiYROViJIJJpVpQHN VHPDWLNXV UDM]D
$ FLNORQEHOL iUDPOiV |UYpQ\HVVpJH D  |VV]HIJJpV DODSMiQ V]iPROKDWy $ 
IJJYpQ\ PiVRGLN GHULYiOWMDLQDN NLV]iPtWiVD XWiQ NDSMXN KRJ\
ζg =
∆p
fρR
(R − r)e−r/R . 
$] |UYpQ\HVVpJ WHKiW D FLNORQ N|]HSpQ D OHJQDJ\REE D] pV]DNL IpOWHNpQ SR]LWtY V RQQpW
FV|NNHQ DKRO PiU NLV DEV]RO~W pUWpNĦ HOĘMHOHW LV YiOW
$ JHRV]WURILNXV iUDPOiV  NLIHMH]pVpEHQ D WHOMHV f &RULROLVSDUDPpWHU V]HUHSHO QHP
DQQDN f N|]HOtWpVH %HFVOMNPRVW PHJ PHQQ\LYHO NO|QE|]LN DPD[LPiOLV VHEHVVpJ D 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
PRGHOOFLNORQ pV]DNL pV GpOL ROGDOiQ D βKDWiV N|YHWNH]WpEHQ $  WiEOi]DWEyO NLROYDVVXN
KRJ\ N|]HSHV V]pOHVVpJHNHQ β = ,  ·− /VP r =  NPUHO D FLNORQ N|]pSSRQWMiWyO
pV]DNUD D &RULROLVSDUDPpWHU βr ≈  · − /V pUWpNNHO QDJ\REE PLQW f =  · − /V
0LYHO H] f KDW V]i]DOpND D] pV]DNL SHUHPHQ D V]pOVHEHVVpJ NE KDW V]i]DOpNNDO NLVHEE
PLQWHJ\  NP/yUD $ GpOLQ H]]HO V]HPEHQ  NP/yUD
$ QDJ\ OpSWpNĦ PHWHRUROyJLDL WpUNpSHNHQ  iEUD PLQGLJ PHJILJ\HOKHWĘ V]iPRV
FLNORQ DODFVRQ\ Q\RPiV~ NpS]ĘGPpQ\ PHO\HW D] DQJRO U|YLGtWpVQHN PHJIHOHOĘHQ / EHWĦYHO
MHO|OQN pV DQWLFLNORQ PDJDV Q\RPiV~ NpS]ĘGPpQ\ MHON +
 iEUD .|]HSHV OpJN|UL iUDPOiVL UHQGV]HU  K3 NE ± NP QDJ\ OpSWpNĦ PHWHRUROyJLDL
WpUNpSH 9LOiJRVDQ OiWKDWy HJ\ DODFVRQ\ / pV HJ\ PDJDV + Q\RPiV~ N|]SRQW D]D] HJ\ FLNORQ
pV HJ\ DQWLFLNORQ $ ]|OG V]tQH]pV D UHODWtY SiUDWDUWDORPPDO DUiQ\RV )RUUiV ?iiT,ffiQ`M/QX
b7bmX2/mf;2Qb+B2M+2b
$ FLNORQRNNDO pV DQWLFLNORQRNNDO D OpJN|U MHOOHJ]HWHV NpS]ĘGPpQ\HLYHO NDSFVRODWEDQ
pUGHPHV PpJ PHJMHJ\H]QL KRJ\ QHP OpWH]KHWQHN D] (J\HQOtWĘ N|]HOpEHQ /iWWXN KRJ\ RWW
VHPPLO\HQ JHRV]WURILNXV iUDPOiV QHP DODNXOKDW NL KLV]HQ D  5RVVE\V]iP QDJ\ KD
f →  9DOyEDQ DKRJ\ D  iEUD LV EL]RQ\tWMD D WUySXVL FLNORQRN YDJ\LV D KXUULNiQRN
WiMIXQRN QHP D] (J\HQOtWĘQ KDQHP D ±◦ V]pOHVVpJL N|U|Q W~O DODNXOQDN NL V DPLQW OiWWXN
iUDPOiVDLN PpJ RWW LV W~O HUĘVHN DKKR] KRJ\ JHRV]WURILNXVDN OHKHVVHQHN $ JHRV]WURILNXV
iUDPOiVRN PLQWDSpOGiL D PpUVpNHOW |YL FLNORQRN D IHOV]tQ IHOHWWL V]DEDG OpJN|UEHQ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 *(26=752),.86 È5$0/È62. +202*e1 .g=(*%(1 
$  NLIHMH]pV z V]HULQWL GHULYiOiVD XWiQ PLQGNpW NRPSRQHQVEHQ PHJMHOHQLN ∂p/∂z
DPL D  KLGURV]WDWLNDL HJ\HQOHW V]HULQW KRPRJpQ N|]HJEHQ−ρg YDJ\LV NRQVWDQV (QQHN
H]pUW DNiU x DNiU y V]HULQWL GHULYiOWMD HOWĦQLN tJ\ D]W NDSMXN KRJ\
∂ug
∂z
=
∂vg
∂z
=  . 
(] D] ~Q 7D\ORU±3URXGPDQWpWHO DPHO\ D]W PRQGMD NL KRJ\ JHRV]WURILNXV iUDPOiV
EDQ D Yt]V]LQWHV VHEHVVpJNRPSRQHQVHN QHP IJJQHN D PDJDVViJWyO $] HJ\PiV I|O|WWL
IRO\DGpNUpWHJHN N|]|WW QLQFV Q\tUiV H UpWHJHN Yt]V]LQWHV LUiQ\EDQ D]RQRVDQ PR]RJQDN
D] iUDPOiV RV]ORSRV V]HUNH]HWĦ (]W WNU|]LN D VDUNL IpQ\UĘO NpV]OW IpQ\NpSIHOYpWHOHN
PHO\HNHQ D] LRQL]iOW V H]pUW YLOiJtWy Ji]RN IJJ|Q\V]HUĦHQ RV]ODQDN HO KLV]HQ D PDJDV
OpJN|UEHQ D JHRV]WURILNXV iUDPOiVL VHEHVVpJHN QHP IJJQHN D PDJDVViJWyO D] HJ\PiV I|O|WWL
Ji]UpV]HFVNpNQHN D]RQRVDQ NHOO PR]RJQLXN  iEUD
 iEUD $ VDUNL IpQ\ IJJ|Q\V]HUĦ UDM]RODWD $ODV]ND I|O|WW D OpJN|U JHRV]WURILNXV PR]Ji
ViQDN V D 7D\ORU±3URXGPDQWpWHOQHN HJ\LN EL]RQ\tWpND ?iiT,ff;2QHQ;vX+QKfMbfm`Q`f
m`Q`@#Q`2HBb@+m`iBM@HbFXDT;
+D YLV]RQ\ODJ NLV WDUWRPiQ\RNUD V]RUtWNR]XQN DKRO D &RULROLVSDUDPpWHU KHO\IJJpVH
HOKDQ\DJROKDWy DNNRU D  HJ\HQOHWEHQ ugQHN xV]HULQWL GHULYiOWMiW NpSH]YH PDMG HKKH]
vgQHN y V]HULQWL GHULYiOWMiW KR]]iDGYD D]W NDSMXN KRJ\
GLYug ≡ ∂ug
∂x
+
∂vg
∂y
=  . 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD *HRV]WURILNXV iUDPOiVRNEDQ D &RULROLVKDWiV D 7D\ORU±3URXGPDQWpWHO PLDWW D]
HJ\PiV DODWWL IRO\DGpNUpWHJHN D]RQRVDQ PR]RJQDN D IHO pV OHiUDPOiV HOKDQ\DJROKDWy D] iUDPOiVRN
NpWGLPHQ]LyVDN
$ JHRV]WURILNXV iUDPOiV Yt]V]LQWHV VtNEHOL GLYHUJHQFLiMD WHKiW HOWĦQLN
+R]]iYpYH HKKH] D WHOMHV (ug, vg, wg) JHRV]WURILNXV VHEHVVpJYHNWRUQDN D] iUDPOiV |VV]H
Q\RPKDWDWODQViJiEyO DGyGy  GLYHUJHQFLDPHQWHVVpJpW D]W NDSMXN KRJ\ ∂wg/∂z = 
YDJ\LV D IJJĘOHJHV VHEHVVpJ QHP IJJKHW D z NRRUGLQiWiWyO  0LYHO YDODPHO\LN SHUHPHQ D
IJJĘOHJHV VHEHVVpJQHN HO NHOO WĦQQLH H] FVDN ~J\ OHKHW KD D IJJĘOHJHV VHEHVVpJ PLQGHQWW
HOWĦQLN
wg =  . 
$ JHRV]WURILNXV iUDPOiVEDQ WHKiW QLQFV IJJĘOHJHV PR]JiV D] iUDPOiV NpWGLPHQ]LyV (] D
7D\ORU±3URXGPDQWpWHO HUĘVHEE YiOWR]DWD $] HUĘV IRUJDWiV V]LQNURQL]iOWDQ PR]Jy Yt]V]LQWHV
UpWHJHNEH NpQ\V]HUtWL D IRO\DGpNRW PHO\HN N|]|WW QLQFV IHO YDJ\ OHiUDPOiV $] HJ\PiV
I|O|WWL UpWHJHN WHKiW iUDPOiVL V]HPSRQWEyO QHP NO|QE|]WHWKHWĘN PHJ DKRJ\ D]W D  iEUD
V]HPOpOWHWL (] pOHVHQ HOWpU D KpWN|]QDSL WDSDV]WDODWEDQ PHJILJ\HOW yKDWDWODQXO NLV OpSWpNĦ
iUDPOiVRNWyO PHO\HN PLQGLJ KiURPGLPHQ]LyVDN $ QDJ\OpSWpNĦ iUDPOiVRN NpWGLPHQ]LyV
MHOOHJpW YDJ\LV D 7D\ORU±3URXGPDQWpWHO pUYpQ\HVVpJpW D.iUPiQIpOH |UYpQ\VRUQDN J\DNRUL
PHJMHOHQpVH EL]RQ\tWMD PLQG D OpJN|UEHQ PLQG D] yFHiQEDQ O  iEUD
 $ IHOV]tQL DODN JHRV]WURILNXV iUDPOiVRNEDQ
$] HGGLJL |VV]HIJJpVHN DKRJ\ KDQJV~O\R]WXN LV PLQG OpJN|UL PLQG yFHiQL JHRV]WURILNXV
iUDPOiVUD pUYpQ\HVHN $] yFHiQL HVHWQHN D]RQEDQ YDQ HJ\ VDMiWRV YRQiVD QHYH]HWHVHQ
KRJ\ D N|]HJ pOHVHQ PHJKDWiUR]RWW V]DEDG IHOV]tQQHO UHQGHONH]LN $ Q\RPiV VHJtWVpJpYHO
PHJIRJDOPD]YD D V]DEDG IHOV]tQW D] MHOOHP]L KRJ\ RWW D Yt] Q\RPiVD PHJHJ\H]LN D I|O|WWH
HOKHO\H]NHGĘ OHYHJĘ Q\RPiViYDO -HO|OMH η(x, y) D Yt] V]DEDG IHOV]tQpQHN iWODJRV PDJDVViJiW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ )(/6=Ë1, $/$. *(26=752),.86 È5$0/È62.%$1 
DKKR] D JHRLG DODNKR] NpSHVW PHO\HW D YL]HN IHOV]tQH D IRUJy )|OG|Q IHOYHQQH KD OpWH]QH
iUDPOiVPHQWHV Q\XJDOPL iOODSRW
$ WDSDV]WDODW V]HULQW D] η IHOV]tQL HOWpUpV D] yFHiQRNRQ OHJIHOMHEE PpWHUHV QDJ\ViJUHQGĦ
6]LQWH KLKHWHWOHQ GH D PDL WiYpU]pNHOpVHV PĦKROGDV WHFKQLND VHJtWVpJpYHO D] η IHOV]tQL
DODN FP SRQWRVViJJDO UXWLQV]HUĦHQ PHJKDWiUR]KDWy 0ĦKROGDN PHO\HN NE HJ\ KpW DODWW
OHWDSRJDWMiN D )|OG IHOV]tQpW IRO\DPDWRVDQ DGDWRNDW V]ROJiOWDWQDN D Yt] SLOODQDWQ\L V]DEDG
IHOV]tQpUĘO D] ~Q UDGDUDOWLPpWHUHN VHJtWVpJpYHO (]HN KRVV]~ LGHMĦ iWODJROiViYDO NDSKDWy
PHJ D] η(x, y) PH]Ę PHO\HW D  iEUD PXWDW (]HQ D OHJV]HPEH|WOĘEE YRQiV D] KRJ\ D
VDUNN|U|N|Q W~O η QHJDWtY H]HQ WHUOHWHNHQ NtYO YLV]RQW SR]LWtY .O|Q pUGHNHVVpJ KRJ\ D]
η(x, y) PH]Ę ORNiOLV PD[LPXPPDO UHQGHONH]LN D QDJ\ yFHiQL PHGHQFpN N|]HSpQ D N|]HSHV
V]pOHVVpJHNHQ pV D PD[LPXP D PHGHQFpN Q\XJDWL SHUHPH N|]HOpEHQ KHO\H]NHGLN HO (QQHN
D] DV]LPPHWULiQDN D] HOPpOHWL PDJ\DUi]DWiW D  IHMH]HWEHQ DGMXN PDMG PHJ
 iEUD $ Wt] pYUH iWODJROW η(x, y) yFHiQ IHOV]tQL DODN UDGDUDOWLPpWHUHV PpUpVHN DODSMiQ $
NRQW~URN  FHQWLPpWHUHQNpQW YDQQDN PHJDGYD $ YDVWDJ IHNHWH YRQDO D] η ≡  V]LQW $ Q\XJDWL
SHUHP PHQWL PD[LPXP NO|Q|VHQ HUĘV D] eV]DNFVHQGHVyFHiQLPHGHQFpEHQ D .XURVLRiUDPODW 
iEUD MREE ROGDOL NpS PHQWpQ >@
2O\DQ IHOVĘ yFHiQL UpWHJHW YL]VJiOYD PHO\EHQ D VĦUĦVpJ N|]HO iOODQGy pUWpNH OHJ\HQ
ρ D  KLGURV]WDWLNDL HJ\HQOHW z V]HULQWL LQWHJUiOiVD XWiQ D]W NDSMXN KRJ\ p(x, y, z) =
C(x, y)− gρz DKRO D C PHQQ\LVpJ IJJHWOHQ D z PDJDVViJL NRRUGLQiWiWyO $] LGĘIJJpVW
QHP MHO|OWN PHUW WXGMXN KRJ\ D JHRV]WURILNXV iUDPOiVRN VWDFLRQiULXVDN $EEyO D IHOWp
WHOEĘO KRJ\ D z = η V]LQWHQ D Yt] Q\RPiVD PHJHJ\H]LN D p OpJN|UL Q\RPiVVDO PHO\UĘO
IHOWHVV]N KRJ\ iOODQGy C(x, y) = p + gρη YDJ\LV
p(x, y, z) = p − gρ (z − η(x, y)) . 
(] D] |VV]HIJJpV NLIHMH]L KRJ\ D Q\RPiV Yt]V]LQWHV NRRUGLQiWiNWyO YDOy IJJpVpW D IHOV]tQL
DODN DGMD PHJ $ Q\RPiV D PpO\VpJJHO OLQHiULVDQ QĘ PLYHO D]RQEDQ D Yt] PLQWHJ\ H]HUV]HU
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
VĦUĦEE PLQW D OHYHJĘ  PpWHUHV Yt]UpWHJ KLGURV]WDWLNDL Q\RPiVD KR]]iYHWĘOHJHVHQ  NP
WHQJHUV]LQWL VĦUĦVpJĦ OpJUpWHJ Q\RPiViQDN IHOHO PHJ
$KRO NLGXGRURGLN D Yt]IHOV]tQ RWW D Q\RPiV WHUPpV]HWHVHQ QDJ\REE $ NRUiEEL |VV]H
IJJpVHNEHQ IHOOpSĘ Yt]V]LQWHV Q\RPiVJUDGLHQV  DODSMiQ D IHOV]tQL DODN JUDGLHQVpYHO
IHMH]KHWĘ NL
JUDGp = gρJUDGη . 
$] yFHiQEDQ NLDODNXOy JHRV]WURILNXV iUDPOiVRN VHEHVVpJpUH WHKiW  DODSMiQ pUYpQ\HV D
(ug, vg) =
(
− g
f
∂η
∂y
,
g
f
∂η
∂x
)
, 
YDJ\
ug =
g
f
n× JUDGη , 
|VV]HIJJpV $ JHRV]WURILNXV iUDPOiVW H]HN V]HULQW D IHOV]tQL DODN KDWiUR]]D PHJ D VHEHVVpJ
SiUKX]DPRV D] η IHOV]tQL DODN V]LQWYRQDODLYDO KLV]HQ H]HN D] L]REiURN 3R]LWtY f &RULROLV
SDUDPpWHU HVHWpQ D] iUDPOiVL LUiQ\WyO MREEUD WDOiOKDWy D PDJDVDEE IHOV]tQ
eUGHPHV QpKiQ\ SpOGiEDQ PHJYL]VJiOQL KRJ\ NRQNUpW IHOV]tQL DODNRNKR] PLO\HQ JHRV]W
URILNXV iUDPOiVRN WDUWR]QDN
$  iEUD OHJIHOWĦQĘEE UDM]RODWD D GpOL VDUNN|UUHO SiUKX]DPRVDQ IXWy G|QW|WW IHOV]tQĦ
ViY ,WW  NPHQ PLQWHJ\ ,  P V]LQWHVpV ILJ\HOKHWĘ PHJ D VDURN IHOp (] D]W MHOHQWL
KRJ\ ∂η/∂y = ,  · − PLN|]EHQ ∂η/∂x ≈  $  |VV]HIJJpV DODSMiQ f D GpOL
IpOWHNpQ QHJDWtY D JHRV]WURILNXV iUDPOiV ]RQiOLV Q\XJDWUyO NHOHWUH W|UWpQLN 1DJ\ViJD D]
f = −,  · − /V pUWpNNHO O  WiEOi]DW ug = . P/VQDN DGyGLN (] D] $QWDUNWLV]
N|UOL iUDPODW PHJILJ\HOpVHNEĘO LVPHUW WLSLNXV VHEHVVpJH $ IHOV]tQ G|QW|WWVpJH WHKiW D]]DO
YDQ |VV]KDQJEDQ KRJ\ LWW HJ\ NHOHWQ\XJDWL WHQJHUiUDPODW IRO\LN 0LYHO D GpOL IpOWHNpQ
YDJ\XQN D IRO\DGpNHOHPHNUH |f|ug QDJ\ViJ~ &RULROLVJ\RUVXOiV KDW pV]DN IHOp ,GĘIJJHWOHQ
iUDPOiV FVDN ~J\ iOOKDW IHQW KD H]W HJ\ pV]DNUyO GpOUH PXWDWy IHOV]tQL OHMWpVEĘO DGyGy
g∂η/∂y Q\RPiVJUDGLHQV HOOHQV~O\R]]D $] $QWDUNWLV] N|UOL iUDPODW WHKiW HOVĘ N|]HOtWpVEHQ
JHRV]WURILNXV HJ\HQV~O\EDQ OHYĘQHN WHNLQWKHWĘ
 iEUD $] x LUiQ\EDQ Q|YHNYĘ η(x) IHOV]tQL DODN N|YHWNH]WpEHQ NLDODNXOy y LUiQ\~ JHRV]WURILNXV
iUDPOiV
7HJ\N IHO PRVW KRJ\ D IHOV]tQL DODN FVDN xWĘO IJJ V DGRWW η(x) IJJYpQ\ V]HULQW
HPHONHGLN NHOHW IHOp V QDJ\ WiYROViJRNUD NRQVWDQV pUWpNKH] WDUW  iEUD $ 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ )(/6=Ë1, $/$. *(26=752),.86 È5$0/È62.%$1 
|VV]HIJJpV V]HULQW D JHRV]WURILNXV iUDPOiV y LUiQ\~ OHV] V D] pV]DNL IpOWHNpQ D SR]LWtY y
LUiQ\ED D]D] pV]DNUD PXWDW vg =  PVRV iUDPOiV NLDODNXOiViKR] dη/dx = − QDJ\ViJ~
JUDGLHQVUH YDQ V]NVpJ WHKiW  NPHQNpQW  PpWHUQ\L HPHONHGpVUH $ *ROIiUDPODW NpW
SHUHPH N|]|WW LO\HQ QDJ\ViJUHQGĦ IHOV]tQHPHONHGpV YDOyEDQ PHJILJ\HOKHWĘ D  iEUD
YpJHV IHOERQWiVD PLDWW D]RQEDQ H] D] HPHONHGpV QHP OiWV]LN MyO $  iEUD RWW IHOHO PHJ D]
iUDPODWQDN DKRO D] PpJ D] IORULGDL SDUWYRQDOODO SiUKX]DPRVDQ KDODG pV]DN IHOp O  iEUD
5pV]OHWHVHEE OHtUiVW DGKDWXQN KD NRQNUpW IHOV]tQDODNRW YiODV]WXQN /HJ\HQ
η(x) = η(− e−x/R) . 
(EEHQ D *ROIiUDPODWQDNPHJIHOHOĘ SDUDPpWHUHN My N|]HOtWpVVHO η = PR =  NP (EEĘO
D VHEHVVpJ  DODSMiQ
vg(x) =
gη
fR
e−x/R , 
D]D] D VHEHVVpJ H[SRQHQFLiOLV WHPEHQ FV|NNHQ D WiYROViJ Q|YHNHGpVpYHO 0D[LPiOLV pUWpNpW
D Q\XJDWL SHUHPHQ x =  YHV]L IHO 0LYHO D VHEHVVpJ J\RUVDQ FV|NNHQ D] iUDPODW YDVWDJiJD
R =  NPQHN WHNLQWKHWĘ ÈWODJRV D =  PHV PpO\VpJHW IHOWpWHOH]YH D WHOMHV
Q Yt]KR]DP YDJ\LV D PiVRGSHUFHQNpQW HJ\ IJJĘOHJHV V]HOYpQ\HQ D] HJpV] PHGHQFpEHQ
iWiUDPORWW WpUIRJDW
Q = D
∫
∞

vg(x)dx =
Dηg
fR
∫
∞

e−x/Rdx =
Dηg
f
. 
,WW IHOKDV]QiOWXN KRJ\ ∫∞ e−x/Rdx = R $ NRQNUpW DGDWRNNDO D Yt]KR]DP PiVRGSHUFHQNpQW PLOOLy N|EPpWHU D]D]  VYHUGUXS  VYHUGUXS 6Y D]D] PiVRGSHUFHQNpQW HJ\ PLOOLy
N|EPpWHU D] yFHiQL Yt]KR]DP HJ\VpJH $] HUĘV iUDPODWRN Yt]KR]DPD YDOyEDQ W|EE  6Y
8WROVy SpOGDNpQW WHNLQWVQN HJ\ ORNiOLV IHOV]tQL NLGXGRURGiVW PHO\HW D] η(r) IRUJiVV]LP
PHWULNXV IJJYpQ\ tU OH O  iEUD V OHJ\HQ
η(r) = ηe−r
/R . 
$ VHEHVVpJ QDJ\ViJD FVDN D UDGLiOLV NRRUGLQiWiWyO rWĘO IJJ N|UN|U|V iUDPOiV M|Q OpWUH $]
pV]DNL IpOWHNpQ HJ\ QHJDWtY HOĘMHOĦ N|UiUDP DODNXO NL PHO\ DQWLFLNORQiOLV iUDPOiVQDN IHOHO
PHJ (] D JHRPHWULD MHOOHP]L D *ROIiUDPODWWyO pV]DNUD OHYiOy PHOHJ J\ĦUĦNHW PHO\HN
PHJILJ\HOKHWĘN D  iEUD N|]pSVĘ UpV]pQ (]HNEHQ D J\ĦUĦNEHQ My N|]HOtWpVVHO η = , 
P R =  NP $ GpOUH NHUOĘ KLGHJ J\ĦUĦN FLNORQiOLV MHOOHJĦHN N|]HSN|Q IHOV]tQL
EHKRUSDGiVVDO η = −,  P $ VHEHVVpJ V]iPROiVD KDVRQOy D  Q\RPiVHORV]OiV HVHWpQ
DONDOPD]RWWKR] D PD[LPiOLV iUDPOiV D] r = R/√ ≈  NP WiYROViJEDQ DODNXO NL D J\ĦUĦ
V]pOHVVpJpQHN NE HJ\KDUPDGiEDQ V RWW |ug| = ηg/(fR)√/e = ,  P/V
$] yFHiQL PHGHQFpNEHQ PLQGNpW IpOWHNpQ OpWH]LN KDWDOPDV N|UiUDPRN DKRJ\ D  iEUD
PXWDWMD 0LQGHJ\LN PHGHQFH EHOVHMpEHQ NE  PpWHUUHO PDJDVDEE D] iWODJRV Yt]V]LQW PLQW D
V]pOpQ 0LQGHJ\LN QDJ\ N|UiUDP DQWLFLNORQiOLV V JHRV]WURILNXV HJ\HQV~O\EDQ YDQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD $ IRUJiVV]LPPHWULNXV rUHO FV|NNHQĘ η(r) IHOV]tQL DODN QHJDWtY N|UOMiUiV~ DQWLFLNOR
QiOLV JHRV]WURILNXV iUDPOiVW WDUW IHQQ D] pV]DNL IpOWHNpQ
 5pWHJ]HWW N|]HJHN WHUPLNXV V]pO
$ QDJ\REE PDJDVViJUD YDJ\ PpO\VpJUH NLWHUMHGĘ iUDPOiVRN HVHWpEHQ PLQGLJ OpQ\HJHV V]HUH
SHW MiWV]LN KRJ\ D VĦUĦVpJ QHP iOODQGy $ KHO\L iWODJRV VĦUĦVpJ IJJ D KHO\NRRUGLQiWiNWyO V
IRUJDWRWW UHQGV]HUEHQ D] LV HOĘIRUGXOKDW KRJ\ D VĦUĦVpJHORV]OiV QHP FVDN D z PDJDVViJWyO
PLQW D  IHMH]HWEHQ WiUJ\DOW HVHWEHQ KDQHP D Yt]V]LQWHV VtNEHOL x y NRRUGLQiWiNWyO
LV IJJ $ EHHVĘ QDSVXJiU]iV HJ\HQHWOHQ HORV]OiVD PLDWW D )|OG|Q PLQG D OHYHJĘ PLQG
D] yFHiQL Yt] VĦUĦVpJH QDJ\REE D VDUNRN N|UQ\pNpQ PLQW D] (J\HQOtWĘQ 0HULGLRQiOLV
VĦUĦVpJJUDGLHQV WHKiW WHUPpV]HWHV PyGRQ NLDODNXO V HQQHN PHJKDWiUR]y V]HUHSH YDQ D QDJ\
VNiOiM~ N|UQ\H]HWL iUDPOiVRNEDQ 7HJ\N IHO H]pUW iOWDOiQRVDQ KRJ\ D N|]HJEHQ OpWUHM|WW HJ\
ρ(x, y, z) LGĘIJJHWOHQ VĦUĦVpJPH]Ę
$ NLV 5RVVE\V]iP~ iUDPOiVRNUD WXGMXN KRJ\ D J\RUVXOiV HOKDQ\DJROKDWy H]pUW D
NLDODNXOy JHRV]WURILNXV iUDPOiV PHO\EHQ D YLV]NR]LWiV VRKDVHP MiWV]LN OpQ\HJHV V]HUHSH
ug, vg Yt]V]LQWHV NRPSRQHQVHLUH D   HJ\HQOHWHNEĘO D]W NDSMXN KRJ\
(ug, vg) =
(
− 
fρ
∂p
∂y
,

fρ
∂p
∂x
)
. 
0LYHO JUDYLWiFLyV WpUEHQ VWDELO UpWHJ]HWWVpJ FVDN DNNRU OpWH]KHW KD D VĦUĦVpJ IHOIHOp KDODGYD
FV|NNHQ D  KLGURV]WDWLNDL |VV]HIJJpV V]HULQW
∂p
∂z
= −ρg , 
YDJ\LV N|YHWNH]LN KRJ\ D Q\RPiV D IJJĘOHJHV LUiQ\EDQ J\RUVDEEDQ FV|NNHQ D VĦUĦ
PLQW D NHYpVEH VĦUĦ N|]HJEHQ (QQHN N|YHWNH]WpEHQ D Yt]V]LQWHV Q\RPiVJUDGLHQV IJJ
DWWyO KRJ\ PLO\HQ PDJDVViJL V]LQWHQ YDJ\XQN YDJ\LV D JHRV]WURILNXV iUDPOiV VHEHVVpJH
UpWHJ]HWW N|]HJEHQ IJJ D PDJDVViJWyO (] D UpWHJ]HWW pV IRUJDWRWW N|]HJ iUDPOiViQDN HJ\LN
OHJPHJOHSĘEE WXODMGRQViJD
$QQDN pUGHNpEHQ KRJ\ D PDJDVViJIJJpV QDJ\ViJiW NYDQWLWDWtYDQ LV NLIHMH]KHVVN tUMXN
HOĘV]|U D] LGĘIJJHWOHQ VĦUĦVpJPH]ĘW D
ρ(x, y, z) = ρ + ρ′(x, y, z) 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 5e7(*=(77 .g=(*(. 7(50,.86 6=e/ 
DODNED DKRO ρ HJ\ iOODQGy UHIHUHQFLDVĦUĦVpJ ρ′ SHGLJ D] HWWĘO YDOy HOWpUpV 0LYHO WXGMXN
KRJ\ D VĦUĦVpJYiOWR]iV WHUPpV]HWHV N|]HJHLQNEHQ PpJ QDJ\ WiYROViJRQ LV FVDN QpKiQ\
V]i]DOpN ρ′ NLFVL ËUKDWMXN WHKiW KRJ\ |ρ′| ≪ ρ .pSH]]N H]HN XWiQ D  HJ\HQOHW z
V]HULQWL GHULYiOWMiW 0LYHO D  KLGURV]WDWLNDL |VV]HIJJpV V]HULQW ∂p/∂z DUiQ\RV PDJiYDO
D VĦUĦVpJJHO D Q\RPiV Yt]V]LQWHV JUDGLHQVH KHO\HWW D VĦUĦVpJ Yt]V]LQWHV JUDGLHQVH MHOHQLN
PHJ (
∂ug
∂z
,
∂vg
∂z
)
=
g
fρ
(
∂ρ′
∂y
,−∂ρ
′
∂x
)
. 
$ QHYH]ĘEHQ PHJMHOHQĘ VĦUĦVpJHW D UHIHUHQFLDpUWpNNHO KHO\HWWHVtWHWWN KLV]HQ D] HWWĘO YDOy
HOWpUpV NLFVL 9HNWRULiOLV DODNEDQ
∂ug
∂z
= − g
fρ
n× JUDGρ′ . 
$ Yt]V]LQWHV VtNEHOL VĦUĦVpJJUDGLHQV WHKiW D]]DO D N|YHWNH]PpQQ\HO MiU KRJ\ D JHRV]W
URILNXV iUDPOiV YiOWR]LN D PDJDVViJJDO .RQNUpWDQ PLQGHQ pV]DN±GpOL PHULGLRQiOLV
VĦUĦVpJNO|QEVpJ D NHOHW±Q\XJDWL ]RQiOLV iUDPOiV VHEHVVpJpQHN YiOWR]iViW LGp]L HOĘ $
 |VV]HIJJpVVHO MHOOHP]HWW JHRV]WURILNXV iUDPOiVW WHUPLNXV iUDPOiVQDN QHYH]]N $]
HOQHYH]pV HUHGHWpUH KDPDURVDQ XWDOXQN
$] pV]DNL IpOWHNpQ f >  SO D] pV]DN IHOp Q|YHNYĘ VĦUĦVpJ D NHOHWUH LUiQ\XOy iUDPOiV
VHEHVVpJpQHN Q|YHNHGpVpW RNR]]D D PDJDVViJJDO  iEUD $ GpOL IpOWHNpQ f <  D
VĦUĦVpJ D VDURN WHKiW D SR]LWtY y LUiQ\EDQ QĘ GH D NRRUGLQiWDUHQGV]HU LUiQ\tWRWWViJD LV PiV
V D QHJDWtY x LUiQ\~ iUDPOiV NHOHWUH LUiQ\XOy iUDPOiVW MHOHQW $ Q\XJDWL V]HOHN WHKiW PLQGNpW
IpOWHNpQ HUĘV|GQHN D PDJDVViJJDO
 iEUD $ WHUPLNXV iUDPOiV D IHUGpQ HOKHO\H]NHGĘ VĦUĦVpJIHOOHWHNKH] WDUWR]y JHRV]WURILNXV
iUDPOiV +D D] HPHONHGpV D SyOXV LUiQ\iEDQ W|UWpQLN pV D IHOOHWHN IJJHWOHQHN D] x NRRUGLQiWiWyO
DNNRU IHOIHOp KDODGYD HJ\UH HUĘVHEE NHOHWUH PXWDWy iUDPOiVW Q\XJDWL V]HOHW WDSDV]WDOXQN DPLQW D]W
D ODSED EHIHOp PXWDWy HJ\UH QDJ\REE Q\tOYpJ V]LPEyOXPRN pU]pNHOWHWLN
0LYHO D VĦUĦVpJ D VDURN N|UO D OHJQDJ\REE D Q\RPiV IHOIHOp KDODGYD RWW FV|NNHQ
D OHJJ\RUVDEEDQ $] L]REiURN H]pUW D QHJDWtY y LUiQ\EDQ HPHONHGQHN V PHUHGHNVpJN
DQQiO QDJ\REE PLQpO PDJDVDEEDQ YDQ D] L]REiU KLV]HQ RWW NLVHEE D VĦUĦVpJ V DGRWW
Q\RPiVNO|QEVpJ HOpUpVpKH] QDJ\REE WiYROViJUD YDQ V]NVpJ $] RO\DQ iUDPOiVW PHO\
EHQ D Q\RPiVL pV D VĦUĦVpJL YRQDODN QHP SiUKX]DPRVDN HJ\PiVVDO EDURNOLQ iUDPOiVQDN
QHYH]]N $ WHUPLNXV iUDPOiV WHKiW PLQGLJ EDURNOLQ V MHOOHJpEHQ H]pUW DODSYHWĘHQ HOWpU
D EDURWUyS iUDPOiVRNWyO DKRO D VĦUĦVpJ FVDN D Q\RPiV IJJYpQ\H V H]pUW D] L]RYRQDODN
SiUKX]DPRVDN HJ\PiVVDO $ KRPRJpQ N|]HJ iUDPOiVDL PLQGLJ EDURWUySRN $ EDURWUyS pV
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
D EDURNOLQ JHRV]WURILNXV iUDPOiVRN MHOOHJpW KDVRQOtWMD |VV]H D  iEUD 8J\DQDNNRUD IHOVĘ
Q\RPiVJUDGLHQV HVHWpQ D EDURWUyS HVHWEHQ D] iUDPOiV HUĘVVpJH QHP IJJ D PDJDVViJWyO D
EDURNOLQ HVHWEHQ YLV]RQW OHIHOp KDODGYD FV|NNHQ
 iEUD %DURWUyS D pV EDURNOLQ E iUDPOiVRN |VV]HKDVRQOtWiVD $ EDURWUyS HVHWEHQ D
VĦUĦVpJYiOWR]iV HJ\WW MiU D Q\RPiVYiOWR]iVVDO D] iOODQGy Q\RPiV~ pV VĦUĦVpJĦ IHOOHWHN PLQGHQWW
SiUKX]DPRVDN pV PHUHGHNVpJN QHP YiOWR]LN D PDJDVViJJDO (]pUW D Q\RPiVJUDGLHQVEĘO DGyGy
JHRV]WURILNXV VHEHVVpJ VHP IJJ D PDJDVViJWyO $ EDURNOLQ HVHWEHQ D VĦUĦVpJ D] RV]ORS EDO ROGDOiQ
KDWiUR]RWWDQ QDJ\REE D] iOODQGy VĦUĦVpJĦ IHOOHWHN QDJ\REE PDJDVViJRNRQ HJ\UH PHUHGHNHEEHN
$ KLGURV]WDWLNDL Q\RPiV LWW J\RUVDEEDQ QĘ OHIHOp KDODGYD PLQW D PiVLN ROGDORQ (] D KLGURV]WDWLNDL
MiUXOpN OHQW FV|NNHQWL D Q\RPiVJUDGLHQVW V H]pUW D JHRV]WURILNXV iUDPOiV D WHUPLNXV iUDPOiV
HUĘVVpJH LV FV|NNHQ D PDJDVViJJDO
 iEUD $] eV]DNLVDUN N|UOL KLGHJ OpJNXSROD ]|OG V]tQĦ WDUWRPiQ\ SLOODQDWQ\L NHUHV]WPHWV]HWH
D] L]REiURN V D WHUPLNXV V]pO L]RYRQDODL SLURV J|UEpN $ KLGHJ OpJNXSROD NOVĘ SHUHPH D SROiULV
IURQW $ PD[LPiOLV V]pOHUĘVVpJ D VDUNL MHWEHQ IRUGXO HOĘ PHO\HW D ODSED LOO D] DEEyO NLIHOp PXWDWy
Q\tOYpJ MHOH]
+D D VĦUĦVpJ QHP IJJ xWĘO pV D ∂ρ′/∂y GHULYiOW iOODQGy DNNRU D WHUPLNXV iUDPOiV OLQH
iULVDQ HUĘV|GLN  iEUD $PHQQ\LEHQ D z =  V]LQWHQ D VHEHVVpJ HOWĦQLN EĘO
ug(z) =
g
ρf
∂ρ′
∂y
z ≡ U z
H
, 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 5e7(*=(77 .g=(*(. 7(50,.86 6=e/ 
DKRO U D H PDJDVViJEDQ NLDODNXOy VHEHVVpJ ,O\HQ PR]JiV KRPRJpQ IRUJDWRWW IRO\DGpNEDQ
WHUPpV]HWHVHQ QHP DODNXOKDW NL KLV]HQ RWW QLQFV VĦUĦVpJJUDGLHQV
$ YDOyViJEDQ D VĦUĦVpJHORV]OiV x, yIJJpVpW UHQGV]HULQW D KĘPpUVpNOHWHORV]OiV LQKR
PRJHQLWiVD RNR]]D $  iOODSRWHJ\HQOHW V]HULQW ρ′/ρ JUDGLHQVH PHJHJ\H]LN D JUDGT
KĘPpUVpNOHWL JUDGLHQV (−α)V]RURViYDO DKRO α D KĘWiJXOiVL HJ\WWKDWy (]pUW
∂ug
∂z
=
αg
f
n× JUDGT . 
$  JHRV]WURILNXV iUDPOiVW H]HQ HNYLYDOHQV DODNMD PLDWW QHYH]LN WHUPLNXV iUDPOiVQDN D
PHWHRUROyJLiEDQ WHUPLNXV V]pOQHN
$ ∆T KĘPpUVpNOHWNO|QEVpJ KDWiViUD D H PDJDVViJEDQ NLDODNXOy WHUPLNXV iUDPOiV U
VHEHVVpJH D  |VV]HIJJpV pV D |∆ρ|/ρ = α∆T iOODSRWHJ\HQOHW DODSMiQ EHFVOKHWĘ PLQW
U =
gα∆TH
|f|L , 
DKRO L D] D Yt]V]LQWHV WiYROViJ PHO\HQ D ∆T KĘPpUVpNOHWNO|QEVpJ IHOOpS (]HN V]HULQW
L =  NP WiYROViJRQ  IRNRV KĘPpUVpNOHWNO|QEVpJ HVHWpQ D WURSRV]IpUD WHWHMpQ DKRO
H =  NP D WHUPLNXV V]pO VHEHVVpJH U =  P/V
$ )|OG OpJN|UpEHQ D VDUNRN N|UQ\pNpQ PLQGLJ MHOHQ YDQ HJ\ KLGHJ OpJNXSROD (QQHN
N|YHWNH]WpEHQ D WURSRV]IpUiEDQ D  V]pOHVVpJ N|UQ\pNpQ D] L]REiURN MHOHQWĘVHQ G|QW|WWHN
D N|]HSHV V]pOHVVpJHN LUiQ\iED ,WW IHOIHOp KDODGYD D WHUPLNXV V]pO J\RUVDQ HUĘV|GLN HJ\
PD[LPXP HOpUpVpLJ N|UOEHOO D WURSRV]IpUD pV D V]WUDWRV]IpUD KDWiUiW DONRWy WURSRSDX]iLJ
(] D  NP N|UOL PDJDVViJRNEDQ YDQ DKRO D] L]REiURN G|QW|WWVpJH PiU VRNNDO NLVHEE 
iEUD (] D ORNDOL]iOW HUĘV iUDPOiV D] ~Q VXJiUiUDPOiV MHWVWUHDP NRQNUpWDQ D VDUNL MHW OiVG
 iEUD PHO\ J\ĦUĦW DONRW D VDURN N|UO ÈUDPOiVL VHEHVVpJH D IHQWL EHFVOpVQHN PHJIHOHOĘHQ
 NP/yUD N|UOL GH HQQpO QDJ\REE LV OHKHW
$ VDUNL MHW J\RUV iUDPOiVD HUĘVHQ ORNDOL]iOW NLWHUMHGpVH Yt]V]LQWHV LUiQ\EDQ PLQWHJ\ 
NP IJJĘOHJHVHQ QpKiQ\ NP 3LOODQDWQ\L KHO\pW D OpJN|UEHQ IHOKĘYRQXODW MHOH]KHWL 
iEUD
$ VDUNL MHW J\ĦUĦMH QHP V]DEiO\RV KDQHP MHOHQWĘV RV]FLOOiFLyNDW PXWDW PHO\HN LGĘEHQ LV
YiOWR]QDN 0HDQGHUH]Ę DODNMD  iEUD OHQ\~OKDW D N|]HSHV V]pOHVVpJHNLJ 0DJ\DURUV]iJ
WHUOHWpUH LV $]RNRQ D YLGpNHNHQ PHO\HN IHOHWW PHJMHOHQLN D OpJN|UL WHYpNHQ\VpJHN IHOHUĘ
V|GQHN D] LGĘMiUiV V]pOVĘVpJHVVp YiOLN $ MHWVWUHDP OpWH]pVH D OpJL N|]OHNHGpV V]HPSRQWMiEyO
LV IRQWRV $ KRVV]~ ~WYRQDODNDW ~J\ WHUYH]LN KRJ\ D]RN NHOHW IHOp D MHWVWUHDPEHQ Q\XJDW IHOp
SHGLJ D]W PHVV]H HONHUOYH YH]HVVHQHN (]]HO D UHSOpV WHOMHV LGHMH MHOHQWĘVHQ OHU|YLGtWKHWĘ
$] D WpQ\ KRJ\ D Q\XJDWUD LUiQ\XOy UHSOĘXWDN W|EE PLQW HJ\ yUiYDO LV KRVV]DEEDN OHKHWQHN
PLQW D NHOHWLHN D )|OG IRUJiViQDN LOO D WHUPLNXV V]pO MHOHQOpWpQHN N|YHWNH]PpQ\HL D
KpWN|]QDSL pOHWEHQ
$ VDURN IHOp SR]LWtY KRUL]RQWiOLV VĦUĦVpJJUDGLHQV D PDJDV OpJN|UEHQ D V]WUDWRV]IpUiEDQ
LV IHQQiOO V RWW LV D PDJDVViJJDO HUĘV|GĘ V]HOHNKH] YH]HW 1DJ\ PDJDVViJRNEDQ PiU IRQWRV
$  iEUiQ OiWV]LN KRJ\ D  V]pOHVVpJL IRN N|UO LV OpWH]LN HJ\HJ\ MHWVWUHDP PLQGNpW IpOWHNpQ H]HN
D V]XEWUySXVL MHWHN 0LYHO D WURSRV]IpUD LWW YDVWDJDEE iWODJRV PDJDVViJXN  NP $ EHQQN PHJMHOHQĘ
V]pOVHEHVVpJHN NLVHEEHN PLQW D VDUNRNKR] N|]HOHEEL WiUVDLNEDQ V OpWUHM|WWNHW QHP D WHUPLNXV V]pO KDQHP
D IRUJy UHQGV]HUHNUH MHOOHP]Ę PHJPDUDGiVL WpWHOHN PDJ\DUi]]iN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD $ VDUNL MHW PHQWL IHOKĘN .DQDGD IHOHWW )RUUiV ?iiT,ff2MXrBFBT2/BXQ`;frBFBf
C2inbi`2K
 iEUD $ VDUNL MHW PHDQGHUH]Ę PR]JiViQDN VHPDWLNXV UDM]D D] pV]DNL IpOWHNpQ $ MHW KDVRQOyDQ
KXOOiP]LN PLQW D SROiULV IURQW GH D NpW REMHNWXP NO|QE|]LN KLV]HQ D SROiULV IURQW QHP LV MXW IHO
D]RNED D PDJDVViJRNED DKRO D MHW OpWH]LN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 5e7(*=(77 .g=(*(. 7(50,.86 6=e/ 
D]RQEDQ D]W LV ILJ\HOHPEH YHQQL KRJ\ D KĘWiJXOiVL HJ\WWKDWy QHP iOODQGy 0LYHO D OHYHJĘ
My N|]HOtWpVVHO LGHiOLV Ji]  V]HULQW α = /T  DPLYHO D JHRV]WURILNXV V]pO Q\XJDWL
NRPSRQHQVpQHN PDJDVViJIJJpVpUH   DODSMiQ
∂ug
∂z
= − g
fT
∂T
∂y
≈ g
fT
∆T
L

|VV]HIJJpVW NDSMXN $ N|]HOtWĘ HJ\HQOĘVpJEHQ PHJMHOHQĘ ∆T >  D] L WiYROViJRQ
IHOOpSĘ KĘPpUVpNOHWNO|QEVpJ DEV]RO~W pUWpNH $] HOĘMHOYiOWiV DQQDN N|YHWNH]PpQ\H KRJ\
∂T/∂y < 
 iEUD $ VDUNL |UYpQ\ D] eV]DNL VDUN I|O|WWL V]WUDWRV]IpUiEDQ )RUUiV ?iiT,ffrrrXD?mX
2/mf
$ VDUNRN IHOHWWL V]WDUWRV]IpUD MHOOHJ]HWHV NpS]ĘGPpQ\H D VDUNL |UYpQ\ (QQHN SHUHPH
HJ\ J\RUV Q\XJDWL FLUNXOiFLy D  V]pOHVVpJL IRN N|UO D H =  NP N|UOL PDJDVViJEDQ
)HOKDV]QiOYD D]W D WpQ\W KRJ\ D H =  NP PDJDVViJWyO NH]GYH DKRO D WHUPLNXV V]pO
HUĘVVpJH  P/V D  pV D  V]pOHVVpJL N|U|N WiYROViJXN NE L =  NP N|]|WWL
KĘPpUVpNOHWNO|QEVpJ PLQGHQ V]LQWHQ∆T ≈  . V D] iWODJKĘPpUVpNOHW D V]WUDWRV]IpUiEDQ
T =  . D VDUNL |UYpQ\ MHOOHJ]HWHV VHEHVVpJH PHJEHFVOKHWĘ $  HJ\HQOHW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
LQWHJUiOiViYDO D]W NDSMXN KRJ\
ug(H) = ug(H) +
g
fT
∆T
L
(H −H) . 
$] f = ,  × − /V pUWpNNHO V]iPROYD D VDUNL |UYpQ\ SHUHPpQ D V]pOVHEHVVpJ 
P/VQDN DGyGLN
(QQHN D] HUĘV V]WUDWRV]IpULNXV MHWVWUHDPV]HUĦ iUDPOiVQDN PHO\HW VDUNL pMV]DNDL MHWQHN
SRODU QLJKW MHW QHYH]QHN  iEUD D UpV]OHWHV PHJpUWpVpUH MHOHQWĘV NXWDWiVRN LUiQ\XOQDN
KLV]HQ H] D] iUDPOiV YHV]L N|UO D]W D WDUWRPiQ\W DKRO D] y]RQFV|NNHQpV ]DMOLN D VDUNL KLGHJ
WHOHN YpJpQ (] D QpKRO  NPyUD VHEHVVpJĦ iUDPOiV PHJDNDGiO\R]]D D] DQ\DJWUDQV]SRUWRW
D VDUNL |UYpQ\ EHOVHMH pV NOVHMH N|]|WW $ MHOHQVpJ KDVRQOy DKKR] DPLW D] iUXKi]DN
OpJIJJ|Q\HL NDSFViQ WpOHQ WDSDV]WDOXQN D IJJĘOHJHVHQ iUDPOy OHYHJĘ PHJDNDGiO\R]]D
KRJ\ D] XWFDL KLGHJ OHYHJĘ D Q\LWRWW NDSXQ iW D] pSOHWEH MXVVRQ $ PHOHJHEE OHYHJĘ D MHWEHQ
iUDPOLN V tJ\ D QDJ\ KLGHJEHQ OHKHWĘVpJ Q\tOLN DUUD KRJ\ D] |UYpQ\ EHOVHMpEHQ RO\DQ NpPLDL
UHDNFLyNPHQMHQHN YpJEH PHO\HN D QDSIpQ\ WDYDV]L PHJMHOHQpVHNRU D] y]RQPHQQ\LVpJ J\RUV
FV|NNHQpVpW RNR]]iN
$ WHUPLNXV iUDPOiVUD YRQDWNR]y  |VV]HIJJpV WHUPpV]HWHVHQ D] yFHiQRNEDQ LV pU
YpQ\HV V D]W IHMH]L NL KRJ\ D Yt]V]LQWHV VĦUĦVpJNO|QEVpJ PLQGHQWW D JUDGLHQVUH PHUĘOHJHV
iUDPOiVW KR] OpWUH PHO\QHN HUĘVVpJH MHOHQWĘVHQ IJJKHW D PDJDVViJWyO $  IHMH]HWEHQ
OiWWXN KRJ\ D IHOV]tQN|]HOL iUDPOiVRNDW D] η V]DEDG IHOV]tQ LQKRPRJHQLWiVD KDWiUR]]DPHJ $
WHUPLNXV iUDPOiV HKKH] DGyGLN KR]]i D PpO\HEE Yt]UpWHJHNEHQ 7pWHOH]]N IHO KRJ\ D JUDGρ′
Yt]V]LQWHV VĦUĦVpJJUDGLHQV QHP IJJ D PDJDVViJWyO DPL J\DNUDQ My N|]HOtWpVVHO WHOMHVO $
 PHQQ\LVpJHW z V]HULQW LQWHJUiOYD HNNRU D]W NDSMXN KRJ\ D] DUiQ\RV D PDJDVViJJDO
(QQHN D MiUXOpNQDN D]RQEDQ D] z = η V]LQWHQ HO NHOO WĦQQLH KLV]HQ RWW  DGMD D VHEHVVpJHW
ËJ\ D QDJ\ Yt]PpO\VpJEHQ LV pUYpQ\HV JHRV]WURILNXV iUDPOiVL VHEHVVpJUH D]W NDSMXN KRJ\
ug =
g
f
n× JUDGη + g(η − z)
fρ
n× JUDGρ′ . 
$] HOVĘ WDJ D]W IHMH]L NL KRJ\ D] yFHiQL iUDPOiVRN HUĘVVpJpW D V]DEDG IHOV]tQ WHWV]ĘOHJHV
PpO\VpJLJ PHJKDWiUR]Qi KD D N|]HJ KRPRJpQ OHQQH (] D 7D\ORU±3URXGPDQWpWHO O 
IHMH]HW N|YHWNH]PpQ\H $ PiVRGLN WDJ DEEyO DGyGLN KRJ\ UpWHJ]HWW N|]HJEHQ PiV V]yYDO
EDURNOLQ iUDPOiVRNUD D WpWHO PiU QHP pUYpQ\HV pV D VĦUĦVpJJUDGLHQV IRQWRV MiUXOpNRW DG D
IHOV]tQL iUDPOiVL HUĘVVpJKH] +D SpOGiXO D ∆ρ′ = ,  NJ/P VĦUĦVpJNO|QEVpJ L = 
NPHQ OpS IHO DNNRU D z = −H = − P PpO\VpJEHQ D WHUPLNXV iUDPOiV HUĘVVpJH
My N|]HOtWpVVHO gH∆ρ′/(ρfL) =  FP/V 0LYHO D WLSLNXV IHOV]tQL yFHiQL iUDPOiVRN
D QDJ\ iUDPODWRNRQ NtYO  FP/V VHEHVVpJĦHN H] D]RNNDO |VV]HPpUKHWĘ MiUXOpN $
VĦUĦVpJJUDGLHQV PHJIHOHOĘ HOĘMHOH HVHWpQ H] FV|NNHQWKHWL D IHOV]tQL DODNEyO DGyGy VHEHVVpJHW
V D FV|NNHQpV PpUWpNH UiDGiVXO QĘKHW D PpO\VpJJHO
ÈOWDOiQRV WDSDV]WDODW D] KRJ\ D QpKiQ\ NLORPpWHUHV PpO\VpJEHQ D] yFHiQL iUDPOiVRN
PiU HOKDQ\DJROKDWy VHEHVVpJĦHN D IHOV]tQL VHEHVVpJHNKH] NpSHVW $QQDN IHOWpWHOH KRJ\
D z = −H PpO\VpJEHQ My N|]HOtWpVVHO ug =  OHJ\HQ D  HJ\HQOHWEĘO PHJNDSKDWy $]
HJ\V]HUĦVpJ NHGYppUW IHOWpWHOH]YH KRJ\ D Yt]V]LQWHV NRRUGLQiWiN N|]O PLQGHQ FVDN xWĘO
IJJ D]W NDSMXN KRJ\
∂η
∂x
= −H
ρ
∂ρ′
∂x
. 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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eUGHPHV EHYH]HWQL D ρ′ = NRQVWDQV iOODQGy VĦUĦVpJĦ IHOOHW KHO\]HWpW PHJDGy χ(x) IJJ
YpQ\W 0LYHO HQQHN PHQWpQ Yt]V]LQWHVHQ dxHW IJJĘOHJHVHQ dz = dχW HOPR]GXOYD ρ′
PHJYiOWR]iVD QXOOD (∂ρ′/∂x)dx+(∂ρ′/∂z)dχ =  $] iOODQGy VĦUĦVpJĦ IHOOHW PHUHGHNVpJH
∂χ
∂x
= −∂ρ
′/∂x
∂ρ′/∂z
. 
9HJ\N pV]UH KRJ\ D QHYH]ĘEHQ PHJMHOHQĘ PDJDVViJ V]HULQWL GHULYiOW NLIHMH]KHWĘ D] 
IHMH]HWEHQ D UpWHJ]HWW N|]HJHN MHOOHP]pVpUH EHYH]HWHWW N %UXQW±9lLVlOlIUHNYHQFLiYDO $]
 NLIHMH]pV IHOKDV]QiOiViYDO tJ\
∂χ
∂x
=
g
N ρ
∂ρ′
∂x

D VWDELO UpWHJ]HWWVpJ PLDWW ∂ρ′/∂z <  $  |VV]HIJJpVEĘO tJ\ NDSFVRODWRW NDSXQN η
pV χ JUDGLHQVHL N|]|WW
∂χ
∂x
= − g
N H
∂η
∂x
. 
(] D]W PXWDWMD KRJ\ D V]DEDG IHOV]tQL DODN pV D] iOODQGy VĦUĦVpJĦ IHOOHW HOOHQNH]Ę G|Q
W|WWVpJĦ 5iDGiVXO D] yFHiQUD MHOOHP]Ę N =  · − /V pUWpNNHO pV H =  NPUHO
V]iPROYD g/(N H) =  D]D] D EHOVĘ IHOV]tQ PHUHGHNVpJH V]RU QDJ\REE PLQW D
NOVĘp $  iEUD HJ\ pV]DNL yFHiQL PHGHQFH pV]DN±GpOL V]HOYpQ\pW PXWDWMD VHPDWLNXV
iEUi]ROiVEDQ $ V]XEWUySXVL WDUWRPiQ\EDQ D JHRLG DODNKR] NpSHVW YDODPHO\HVW NLWUHPNHGLN
D IHOV]tQ D VDURN N|]HOpEHQ YLV]RQW EHKRUSDG |VV]KDQJEDQ D  iEUiYDO $] yFHiQ
EHOVHMpEHQ NLDODNXOy iOODQGy VĦUĦVpJĦ IHOOHWHN D IHQWLHN pUWHOPpEHQ HQQpO MyYDO QDJ\REE
YiOWR]iVW PXWDWQDN V HQQHN N|YHWNH]WpEHQ YDOyVXO PHJ KRJ\ D H PpO\VpJEHQ D] iUDPOiVL
VHEHVVpJ PiU HOKDQ\DJROKDWyDQ NLFVL OHV]
 iEUD (J\ yFHiQL PHGHQFH pV]DN±GpOL PHWV]HWpQHN L]RYRQDODL $ IHOV]tQL DODN  P N|UOL
YiOWR]iViKR] D] iOODQGy VĦUĦVpJĦ IHOOHWHN PLQWHJ\  PpWHUQ\L YiOWR]iVD WDUWR]LN $ IHOV]tQL IRUPD
D] iWWHNLQWKHWĘVpJ NHGYppUW D UDM]RQ HUĘVHQ QDJ\tWRWW $ QXOOD V]LQWYRQDO PHQWpQ D IHOV]tQ QDJ\
G|QW|WWVpJpQHN PHJIHOHOĘHQ MHOHQWĘV Q\XJDW±NHOHWL iUDPODWRN IRO\QDN SO D *ROIiUDPODW D] DPHULNDL
SDUWRN HOKDJ\iVD XWiQ YDJ\ D GpOL IpOWHNpQ D] $QWDUNWLV] N|UOL iUDPODW
$  |VV]HIJJpV OHKHWĘYp WHV]L D]W LV KRJ\ PHJEHFVOMN KRJ\ D WHQJHUYt] VĦUĦVpJp
QHN YiOWR]iViEDQ D KĘPpUVpNOHW YDJ\ D VyWDUWDORP MiWVV]DH D IRQWRVDEE V]HUHSHW D] iUDPOiVRN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
V]HPSRQWMiEyO (J\ V]XEWUySXVL PHGHQFH YL]H PHOHJ GH D] HUĘV SiUROJiV PLDWW VyWDUWDOPD
LV PDJDV 0LYHO D KĘPpUVpNOHW pV D V]DOLQLWiV D VĦUĦVpJHW HOOHQNH]Ę LUiQ\EDQ EHIRO\iVROMiN
O  IHMH]HW HOVĘ UiQp]pVUH QHP OHKHW PHJiOODStWDQL KRJ\ PHO\LN KDWiV D IRQWRVDEE $
∆η IHOV]tQL YiOWR]iV QDJ\ViJD D  HJ\HQOHW V]HULQW H∆ρ′/ρNpQW EHFVOKHWĘ $ 
iOODSRWHJ\HQOHW DODSMiQ YLV]RQW D VĦUĦVpJYiOWR]iV∆ρ′ = ρ(−α∆T + γ∆S) DKRO∆T pV∆S
D PHGHQFpUH MHOOHP]Ę KRUL]RQWiOLV KĘPpUVpNOHW LOO VyWDUWDORPNO|QEVpJHN ËJ\
∆η
H
= α∆T − γ∆S . 
$ V]XEWUySXVL PHGHQFpUH∆T ≈  . pV∆S ≈  368 MHOOHP]Ę $ KĘWiJXOiVL HJ\WWKDWy pV
D VĦUĦVpJL HJ\WWKDWy  IRNRQ pUYpQ\HV α = × − .− γ = , × − 368− pUWpNHLW
EHKHO\HWWHVtWYH ∆η = ( − , ) × −H  (EEĘO OHROYDVKDWy KRJ\ D KĘPpUVpNOHW MiWVV]D
D IRQWRVDEE V]HUHSHW V H]pUW D] iOODQGy VĦUĦVpJĦ IHOOHWHN KDVRQOtWDQDN D] L]RWHUPiNKR] $
IHOV]tQQHN D  iEUiQ LV MHO]HWW V]XEWUySXVL PHJHPHONHGpVppUW WHKiW HOVĘVRUEDQ D PHOHJ
IRO\DGpN QDJ\REE WpUIRJDWD D IHOHOĘV
 1DJ\ OpSWpNĦ IURQWRN NpWUpWHJĦ N|]HJHN
0LQG D OpJN|UEHQ PLQG D YL]HNEHQ J\DNUDQ HOĘIRUGXO KRJ\ HJ\ IHOOHW PHQWpQ D VĦUĦVpJ
V]LQWH XJUiVV]HUĦHQ YiOWR]LN PtJ D IHOOHWHQ NpW ROGDOiQ J\DNRUODWLODJ NRQVWDQV $] LO\HQ
N|]HJHW NpWUpWHJĦQHN QHYH]]N V IRQWRV MHOOHP]ĘMH D IHQWL KtJDEE pV D OHQWL VĦUĦEE IRO\DGpNRW
HOYiODV]Wy IHOOHW χ(x, y) DODNMD *HRV]WURILNXV iUDPOiVRNUD HJ\pUWHOPĦ NDSFVRODW YH]HWKHWĘ
OH D IHOOHW PHUHGHNVpJH pV D NpW ROGDOiQ NLDODNXOy iUDPOiVL VHEHVVpJHN N|]|WW
ËUMXN IHO KRJ\ D IHOOHW EiUPHO\ NpW SRQWMD N|]|WWL Q\RPiVNO|QEVpJ HOĘiOO D  iEUiQ
IHOWQWHWHWW NpW SiO\D PHQWpQ 1RKD H]HN D SiO\iN NpW NO|QE|]Ę VĦUĦVpJĦ N|]HJEHQ IXWQDN
D NDSRWW Q\RPiVNO|QEVpJHNQHN D]RQRVQDN NHOO OHQQLN KLV]HQ D N|]HJ D]RQRV SRQWMDLKR]
WDUWR]QDN $] HJ\V]HUĦVpJ NHGYppUW YL]VJiOMXN D] HOYiODV]Wy IHOOHW x NRRUGLQiWiWyO YDOy
IJJpVpW V YL]VJiOMXN DQQDN HJ\ U|YLG HJ\HQHVQHN WHNLQWKHWĘ V]DNDV]iW
$ Q\RPiV PHJYiOWR]iVD D]  pV  SiO\D PHQWpQ (∂p/∂xdx + ∂p/∂zdz) V KDVRQOy
|VV]HIJJpV iOO IHQQ D  SiO\D PHQWpQ LV $ NpW Q\RPiVNO|QEVpJ D]RQRV H]pUW LJD] KRJ\(
∂p
∂x
dx+
∂p
∂z
dz
)

=
(
∂p
∂x
dx+
∂p
∂z
dz
)

. 
0LYHO D χ HOYiODV]WyIHOOHW PHJYiOWR]iVD XJ\DQD] PLQW D z NRRUGLQiWD PHJYiOWR]iVD dz =
dχ D ∂χ/∂x PHUHGHNVpJUH iWUHQGH]pV XWiQ D]W NDSMXN KRJ\
∂χ
∂x
=
∂p/∂x− ∂p/∂x
g(ρ − ρ) , 
DKRO IHOKDV]QiOWXN D  KLGURV]WDWLNDL |VV]HIJJpVW LV 0LYHO D ∆ρ VĦUĦVpJNO|QEVpJ
iOWDOiEDQ NLFVL tUKDWMXN KRJ\ ρ = ρ ρ = ρ+∆ρ D QHYH]Ę WHKiW−g∆ρ $ ∂p/∂x GHULYiOW
 pUWHOPpEHQ D JHRV]WURILNXV VHEHVVpJ v NRPSRQHQVpYHO DUiQ\RV ∂pi/∂x = fρivg,i LJD]
PLQG i =  PLQG i = UH  EĘO WHKiW My N|]HOtWpVVHO NDSMXN KRJ\
vg, − vg, = g
′
f
∂χ
∂x
, 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 iEUD .pWUpWHJĦ N|]HJ G|QW|WW χ(x) HOYiODV]Wy IHOOHWH PHO\QHN NpW SRQWMD N|]|WW D Q\RPiVN
O|QEVpJHW D NpW PHJDGRWW SiO\D PHQWpQ LV NLV]iPtWKDWMXN $ VĦUĦVpJHN ρ = ρ ρ = ρ + ∆ρ $
PHUHGHNVpJ WJγ = dχ/dx
DKRO PHJMHOHQW D
g′ =
∆ρ
ρ
g = α∆Tg 
UHGXNiOW JUDYLWiFLyV J\RUVXOiV ,WW D] XWROVy iWDODNtWiVEDQ IHOKDV]QiOWXN D  iOODSRW
HJ\HQOHWHW $ UHGXNiOW J\RUVXOiV KDVRQOy V]HUHSHW MiWV]LN D NpWUpWHJĦ N|]HJ MHOOHP]pVpEHQ
PLQW D %UXQW±9lLVlOlIUHNYHQFLD D IRO\WRQRV UpWHJ]HWWVpJ HVHWpQ (]W DOiWiPDV]WMD D] 
|VV]HIJJpV LV PHO\ V]HULQW N H PHJIHOHO g′QHN $  |VV]HIJJpV D]W IHMH]L NL KRJ\ D
IHUGH HOYiODV]Wy IHOOHW NpW ROGDOiQ NO|QE|]Ę D VHEHVVpJ V H]pUW D  WHUPLNXV iUDPOiVL
UHOiFLy NpWUpWHJĦ PHJIHOHOĘMpQHN WHNLQWKHWĘ
,GĘMiUiVL IURQWRNUyO DNNRU EHV]pOQN KD D] HOYiODV]Wy IHOOHW HOpUL D N|]HJ DOVy YDJ\ IHOVĘ
SHUHPpW $ IURQWYRQDORQ χ =  $ IURQWRNDW D IURQWYRQDO PHQWL γ GĘOpVV]|JNNHO V]RNiV
MHOOHPH]QL (J\ pV]DN±GpOL D]D] y LUiQ\~ IURQWYRQDO PHQWpQ ∂χ/∂x =WJγ O  iEUD V
γ DNNRU SR]LWtY KD x Q|YHNHGpVpYHO D VĦUĦEE N|]HJEH MXWXQN $  HJ\HQOHWEĘO
vg, − vg, = g
′
f
WJγ . 
$  HJ\HQOHW D] ~Q 0DUJXOHVIpOH |VV]HIJJpV D IURQW NpW ROGDOiQ PHJILJ\HOKHWĘ
VHEHVVpJNO|QEVpJ D UHGXNiOW JUDYLWiFLyV J\RUVXOiV pV D] HOYiODV]Wy IHOOHW Yt]V]LQWHVVHO
EH]iUW γ GĘOpVV]|JH N|]|WW WHUHPW NDSFVRODWRW $0DUJXOHV|VV]HIJJpV VWDFLRQiULXV iOODSRWRW
tU OH D JHRV]WURILNXV iUDPOiVEDQ NLDODNXOy IURQWQDN WHKiW QHP NHOO PR]RJQLD $ IURQWYRQDOODO
SiUKX]DPRVDQ YLV]RQW VHEHVVpJXJUiVQDN NHOO PHJMHOHQQLH $  IHMH]HWEHQ WiUJ\DOW NLV
OpSWpNĦ IURQWRNUD DKRO D &RULROLVKDWiV HOKDQ\DJROKDWy PLQGH] QHP LJD]
$ IURQW KDMOiVV]|JH UHQGV]HULQW NLFVL V H]pUW WDQJHQVpYHO KHO\HWWHVtWKHWĘ (QQHN D V]|JQHN
D VĦUĦVpJ LOO KĘPpUVpNOHWNO|QEVpJJHO PHJDGRWW NLIHMH]pVH H]pUW
γ =
f
g
̺
∆̺
(vg, − vg,) = f
gα∆T
(vg, − vg,) . 
,WW ∆T D IHOVĘ pV D] DOVy N|]HJ N|]|WWL KĘPpUVpNOHWNO|QEVpJ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD 1\XJDORPEDQ OHYĘ IURQW N|UOL iUDPOiV JHRV]WURILNXV HJ\HQV~O\EDQ $ VĦUĦ KLGHJ N|]HJ
D χ(x) IJJYpQQ\HO KDWiUROW WDUWRPiQ\EDQ KHO\H]NHGLN HO $] iUDPOiVL VHEHVVpJ PLQGNpW N|]HJEHQ
PHUĘOHJHV D UDM] VtNMiUD pV D] DOVy N|]HJEHQ J\HQJpEE D] y LUiQ\~ VHEHVVpJ $ UDM]RQ D γ GĘOpVV]|J
QHJDWtY
$ONDOPD]]XN PLQGH]W OpJN|UL KLGHJIURQWRNUD $ 0DUJXOHV|VV]HIJJpV PXWDWMD KRJ\
Q\XJDWUyO pUNH]Ę KLGHJ IURQWEDQ γ <  D] pV]DNL IpOWHNpQ vg, < vg, (]HN V]HULQW D
IURQW iWKDODGiVDNRU MHOHQWĘV GpOUH PXWDWy D]D] pV]DNL V]pO NRPSRQHQV LV PHJMHOHQLN D GpOL
V]pO J\HQJO YDJ\ HOOHQNH]Ę LUiQ\~Yi YiOWR]LN $ PHUHGHNVpJ WLSLNXV pUWpNH / tJ\ D
N|]HSHV V]pOHVVpJHNHQ f = − /V V]RURV UHGXNFLyYDO V]iPROYD PHO\HW PiU 
. KĘPpUVpNOHWNO|QEVpJ OpWUHKR] KLV]HQ α ≈ / /. D VHEHVVpJXJUiVUD  PVRW
NDSXQN DPL PHJIHOHO KpWN|]QDSL WDSDV]WDODWXQNQDN
$ YDOyViJRV OpJN|UL IURQWRN iOWDOiEDQ PR]RJQDN PHUW YDODPLO\HQ KiWWpUiUDPOiVVDO SO
IHOV]tQL Q\XJDWL V]pO pUNH]QHN
 iEUD 0R]Jy OpJN|UL IURQWRN DODNMD ROGDOQp]HW pV VHPDWLNXV iUDPOiVL YLV]RQ\DLN $ VHEHV
VpJQHN D IURQWYRQDOUD PHUĘOHJHV pV D]]DO SiUKX]DPRV NRPSRQHQVH LV YDQ D +LGHJIURQW $ IURQW
HOĘWWL KHYHV IHOiUDPOiV ]LYDWDUIHOKĘN NLDODNXOiViUD YH]HW E 0HOHJIURQW $ IHOiUDPOiV J\HQJpEE GH
D PHOHJ OHYHJĘ PHVV]H D IURQW HOĘWW LV IHOKDWRO D KLGHJ I|Op V UpWHJIHOKĘN PHJMHOHQpVpYHO MiU
$ OpJN|UL KLGHJIURQWRN KDWiUIHOOHWH HOĘUHJ\ĦUĘGLN D IHOV]tQHQ HOWĦQĘ VHEHVVpJ PLDWW
D  iEUD V GĘOpVV]|JN // N|UOL $ KLGHJ OpJUpWHJ YDVWDJViJD ± NP
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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PHO\HW D] HOYiODV]Wy IHOOHW D IURQWYRQDO P|J|WW PLQWHJ\  NPUH PiU HOpU
 iEUD +LGHJIURQW EDO ROGDOL IHKpU OpJW|PHJ iWKDODGiVD D %DODWRQRQ  PiMXV iQ
+RUYiWK ÈNRV 206= 6LyIRNL 2EV]HUYDWyULXP IHOYpWHOH
$ OpJN|UL PHOHJIURQW KDWiUIHOOHWH HOODSRVRGLN E iEUD $ PHOHJIURQWRN GĘOpVV]|JH
NLVHEE // $]  NPHV V]LQWHW D] HOYiODV]Wy IHOOHW WHKiW NE  NPUHO D IURQW
HOĘWW pUL HO
$ IHOiUDPOiV D KLGHJIURQW PHQWpQ HUĘWHOMHVHEE D QDJ\REE GĘOpVV]|J PLDWW D I|OiUDPOy OH
YHJĘEĘO NXPXORQLPEXV]RN NpS]ĘGQHN  iEUD 0HOHJIURQW HVHWpQ D IHOiUDPOiV ODVVDEE
pV NLWHUMHG D] HJpV] HOYiODV]Wy IHOOHW IHOHWWL OHYHJĘUpWHJUH YDJ\LV D IHOV]tQUĘO Qp]YH PHJHOĘ]L
D IURQWRW $ PHOHJ OHYHJĘ IHOIXWiVD UpWHJIHOKĘN NLDODNXOiViUD YH]HW PHO\HN iWODJRV YDVWDJ
ViJD DQQiO NLVHEE PLQpO WiYRODEE pV PDJDVDEEUD YDJ\XQN D IURQWWyO $] pJHQ PHJMHOHQĘ
SHKHO\IHOKĘN H]pUW N|]HOHGĘ PHOHJIURQWUD XWDOQDN
0R]Jy IURQWRN PHQWpQ D] DOVy OpJUpWHJHN WN|]QHN |VV]HiUDPOiV W|UWpQLN V H] IHOiUDP
OiVKR] YH]HW  iEUD $ IURQWRN H]pUW D IHOV]tQHQ PLQGLJ ORNiOLV Q\RPiVFV|NNHQpVVHO
MiUQDN $ IURQWYRQDO PHQWpQ D IHOV]tQL L]REiURN PHJW|UQHN  iEUD KLV]HQ D IURQW iWYR
QXOiVD D VĦUĦEE N|]HJ W|EEOHWQ\RPiViQDN PHJMHOHQpVpYHO MiU gVV]KDQJEDQ YDQ H] D]]DO LV
KRJ\ D IHOV]tQL V]pOVHEHVVpJEHQ XJUiV W|UWpQLN D IURQWUD PHUĘOHJHV LUiQ\EDQ $PHWHRUROyJLDL
J\DNRUODWEDQ D IURQW PHJpUNH]pVpQHN OHJEL]WRVDEE MHOH D KLUWHOHQ V]pOIRUGXOiV  iEUD
$ PHOHJ WHQJHUiUDPODWRN SHUHPH Yt]EHQ NLDODNXOy IURQWQDN WHNLQWKHWĘ $ PHOHJ IRO\D
GpNRW D] DODWWD OHYĘ KLGHJ N|]HJWĘO HJ\ χ(x) EHOVĘ HOYiODV]Wy IHOOHW KDWiUROMD 0LYHO D]
DOVy N|]HJ J\DNRUODWLODJ iOO PHJ WXGMXN EHFVOQL χ DODNMiW D] η V]DEDG IHOV]tQ LVPHUHWpEHQ
$ V]DEDG IHOV]tQKH] HJ\ vg = (g/f)(∂η/∂x) JHRV]WURILNXV VHEHVVpJ WDUWR]LN PHO\ OHKDWRO
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
 iEUD )HOV]tQL Q\RPiVHORV]OiV IURQWRN PHQWpQ $ Q\RPiV D IURQW N|UOL IHOiUDPOiV PLDWW ORNiOLV
PLQLPXPRW PXWDW $ IHOV]tQL VHEHVVpJXJUiV N|YHWNH]WpEHQ D] L]REiURN PHJW|UQHN $ EDO ROGDOL iEUD
HJ\ Q\XJDWUyO pUNH]Ę PHOHJIURQW D IURQWYRQDO PHQWpQ NLV IpON|U|N N|UOL YLV]RQ\RN VHPDWLNXV UDM
]D (J\ FLNORQEDQ UHQGV]HULQW KLGHJIURQW MHOH NLV KiURPV]|JHN pV PHOHJIURQW LV HOĘIRUGXO 0LQGNpW
IURQWYRQDORQ PHJW|UQHN D] L]REiURN H]pUW D FLNORQRN IHOV]tQN|]HOL Q\RPiVYRQDODL QHP D  iEUD VLPD
N|UN|U|V J|UEpL KDQHP VRNNDO LQNiEE KDVRQOtWDQDN HJ\ FVLJDKi] KDWiUYRQDOiUD
 iEUD +LGHJIURQWWDO MiUy YiOWR]iVRN )LJ\HOHPUH PpOWy D MHOHQWĘV V]pOIRUGXOiV IHNHWH J|UEH
EDO ROGDOL VNiOD pV KĘPpUVpNOHWYiOWR]iV SLURV J|UEH MREE ROGDOL VNiOD )RUUiV ?iiT,ffrrrX
2DbbKXQ`;f
D] HOYiODV]Wy IHOOHWLJ $] D]RQ NLDODNXOy VHEHVVpJXJUiVW D  |VV]HIJJpV DGMD PHJ
$EEyO D IHOWpWHOEĘO KRJ\ HQQHN DEV]RO~W pUWpNH D]RQRV OHJ\HQ D IHOVĘ N|]HJ VHEHVVpJpYHO
D]W NDSMXN KRJ\
∂χ
∂x
= − g
g′
∂η
∂x
. 
0LYHO D UHGXNiOW J\RUVXOiV NLFVL χ PHUHGHNVpJpQHN VRNNDO QDJ\REEQDN pV HOOHQWHWW HOĘMH
OĦQHN NHOO OHQQLH PLQW ηpQDN (] D NDSFVRODW D IRO\WRQRV UpWHJ]HWWVpJUH pUYpQ\HV 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 1$*< /e37e.ĥ )52172. .e75e7(*ĥ .g=(*(. 
|VV]HIJJpV NpWUpWHJĦ N|]HJUH YRQDWNR]y PHJIHOHOĘMH
$ONDOPD]]XN PLQGH]W D  IHOV]tQL DODNUD 0LYHO D IURQWYRQDORQ PLQGNpW IJJYpQ\
HOWĦQLN
χ(x) = − g
g′
η(x) = − g
g′
η(− e−x/R) = −D(− e−x/R) , 
DKRO D = ηg/g′ D PHOHJ N|]HJ PpO\VpJH D IURQWYRQDOWyO WiYRO
$ *ROIiUDPODW HVHWpEHQ D KĘPpUVpNOHWNO|QEVpJ PLQWHJ\ ∆T =  IRN tJ\ D UHGXNiOW
J\RUVXOiV αYt]∆Tg = ,  × − ·  ·  PV ≈  × − PV 0LYHO η =  P D]HOYiODV]Wy IHOOHW PpO\VpJHD =  P $] HOYiODV]Wy IHOOHW MHOOHJ]HWHV PHUHGHNVpJH LV NE
V]RU QDJ\REE PLQW D IHOV]tQp  iEUD
 iEUD ÏFHiQL PHOHJIURQW YDJ\LV HJ\ WHQJHUiUDPODW PHWV]HWH D] iUDPOiVL LUiQ\UD PHO\ LWW D] y
LUiQ\ PHUĘOHJHVHQ $ NOVĘ OpJN|UL Q\RPiV p
$] iUDPODWEDQ PR]Jy Yt]PHQQ\LVpJ YDVWDJViJD D IURQWYRQDOWyO x WiYROViJEDQ (η +
D)(−e−x/R) ≈ D(−e−x/R) $ q(x) DQ\DJWUDQV]SRUW YDJ\LV D] x KHO\ N|UO HJ\ HJ\VpJQ\L
V]pOHVVpJĦ IJJĘOHJHV WpJODODSRQ LGĘHJ\VpJ DODWW iWiUDPOy WpUIRJDW HQQHN D YDVWDJViJQDN pV
D  NpSOHWWHO PHJDGRWW vg(x) VHEHVVpJQHN D V]RU]DWD
q(x) = vg(x)D(− e−x/R) = Dηg
Rf
(− e−x/R)e−x/R . 
 iEUD $  |VV]HIJJpVVHO PHJDGRWW DQ\DJWUDQV]SRUW WiYROViJIJJpVpQHN VHPDWLNXV UDM]D
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  *(26=752),.86 È5$0/È62.
(] D PHQQ\LVpJ D IURQWYRQDOWyO R ln  = , R WiYROViJUD PD[LPiOLV O  iEUD ,WW
iUDPOLN iW WHKiW D OHJW|EE Yt] LGĘHJ\VpJ DODWW DQQDN HOOHQpUH KRJ\ D VHEHVVpJ D IURQWYRQDOODO
SiUKX]DPRVDQ D OHJQDJ\REE GH RWW D YDVWDJViJ ]pUXV
$ WHOMHV Q Yt]KR]DP YDJ\LV D IJJĘOHJHV V]HOYpQ\HQ LGĘHJ\VpJHQNpQW iWiUDPOy WpUIRJDW
D q(x) PHQQ\LVpJ x V]HULQWL LQWHJUiOMD
Q =
∫
∞

q(x)dx =
∫
∞

Dηg
fR
(− e−x/R)e−x/Rdx . 
0LYHO ∫∞ e−x/Rdx = R pV ∫∞ e−x/Rdx = R/
Q =
Dηg
f . 
9HJ\N pV]UH KRJ\ H] pSSHQ IHOH D  NLIHMH]pVQHN PHO\HW D]]DO D IHOWHYpVVHO NDSWXQN
KRJ\ D] iUDPODWPLQGHQWW D]RQRVPpO\VpJĦ $] HOYiODV]Wy IHOOHW IURQW DODNMiQDN IHOLVPHUpVH
WHUPpV]HWHVHQ NLVHEE Yt]KR]DPUD YH]HW KLV]HQ pSSHQ D QDJ\ iUDPOiVL VHEHVVpJHN PHOOHWW NL
FVL D Yt]PpO\VpJ $ V]iPDGDWRNNDO PRVW NDSRWW  VYHUGUXS Yt]KR]DP YLV]RQW My N|]HOtWpVVHO
PHJHJ\H]LN D *ROIiUDPODW PpUW Yt]KR]DPiYDO 0LQGH] LVPpW LJD]ROMD KRJ\ PHQQ\LUH My
N|]HOtWpVVHO YDOyVXO PHJ D JHRV]WURILNXV iUDPOiV D YDOyViJEDQ V D]W LV PHQQ\LUH IRQWRV D
UpWHJ]HWWVpJ ILJ\HOHPEHYpWHOH
 $ 5RVVE\VXJiU
0LQGHQ IRUJDWRWW pV UpWHJ]HWW N|]HJEHQ OpWH]LN HJ\ MHOOHJ]HWHV iOODQGy PpUHW D] ~Q 5RVVE\
VXJiU PHO\HW D SDUDPpWHUHN HJ\pUWHOPĦHQ PHJKDWiUR]QDN .LIHMH]pVH N|QQ\HQ PHJNDSKDWy
GLPHQ]LyV PHJIRQWROiVRN DODSMiQ $EEyO D] LVPHUW |VV]HIJJpVEĘO PLV]HULQW D IHOV]tQKH]
N|]HOL H PDJDVViJEDQ HOHMWHWW WHVW v = √gH VHEHVVpJJHO pU D I|OGUH NLROYDVKDWy KRJ\ D√
g′H PHQQ\LVpJ LV VHEHVVpJ PpUWpNHJ\VpJĦ DKRO g′ D UpWHJ]HWW IRO\DGpN  UHGXNiOW
JUDYLWiFLyV J\RUVXOiVD H SHGLJ D N|]HJ WHOMHV PpO\VpJH $ IRUJDWiVUD D] f &RULROLV
SDUDPpWHU MHOOHP]Ę PHO\ IUHNYHQFLD PpUWpNHJ\VpJĦ $ NpW PHQQ\LVpJ KiQ\DGRVD H]pUW
WiYROViJ V H]W D KiQ\DGRVW QHYH]]N D] Lρ 5RVVE\VXJiUQDN
Lρ =
√
g′H
f
. 
$ ρ LQGH[ DUUD XWDO KRJ\ D VĦUĦVpJNO|QEVpJ OpQ\HJHV V]HUHSHW MiWV]LN D Lρ 5RVVE\VXJiU
UpWHJ]HWW N|]HJHNUH MHOOHP]Ę 0LYHO EyO g′H ≈ N H V D 5RVVE\VXJiU HNYLYDOHQV
DODNMD
Lρ =
NH
f
. 
(] D] D Yt]V]LQWHV WiYROViJ PHO\HQ D IRUJDWiV KDWiVD |VV]HPpUKHWĘ D UpWHJ]HWWVpJ KDWiViYDO
1HP IRUJDWRWW N|]HJEHQ f =  V Lρ = ∞ KRPRJpQ N|]HJEHQ SHGLJ ∆ρ =  V Lρ = 
YDJ\LV 5RVVE\VXJiU FVDNLV D IRUJDWRWW pV UpWHJ]HWW N|]HJUH MHOOHP]Ę
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 5266%<68*È5 
eUGHPHV PHJEHFVOQL D 5RVVE\VXJiU pUWpNpW D OpJN|UEHQ pV D] yFHiQEDQ $ OpJN|UL
N ≈ − /V %UXQW±9lLVlOlIUHNYHQFLD pUWpNNHO pV D WURSRV]IpUDH =  NP YDVWDJViJiYDO
N|]HSHV V]pOHVVpJHNHQ f ≈ − /V
Lρ,OpJN|U =  NP . 
$] yFHiQUD NLVVp NLVHEE %UXQW±9lLVlOlIUHNYHQFLD MHOOHP]Ę N ≈  · − /V $ IHOVĘ
H =  NPHV YDVWDJViJJDO V]iPROYD N|]HSHV V]pOHVVpJHNHQ
Lρ,yFHiQ =  NP . 
$] yFHiQL 5RVVE\VXJiU WHKiW VRNNDO NLVHEE PLQW D OpJN|UL )LJ\HOHPUH PpOWy D]RQEDQ KRJ\
± D GHILQtFLy V]HULQW ± PLQGNpW N|]HJEHQ IJJHWOHQ D] iUDPOiV VHEHVVpJpWĘO
$  FLNORQ PRGHOO pV D  yFHiQL PRGHOOiUDPODWEDQ KDV]QiOW R SDUDPpWHUHN
YDOyViJQDN PHJIHOHOĘ pUWpNHL  NP LOO  NP YROWDN 9HJ\N pV]UH KRJ\ H]HN pSSHQ
D PHJIHOHOĘ 5RVVE\VXJDUDN $ N|UQ\H]HWL iUDPOiVRN HOPpOHWpQHN HJ\LN IRQWRV IHOLVPHUpVH
KRJ\ H] QHP SXV]WD YpOHWOHQ $ N|YHWNH]Ę IHMH]HW YpJpQ WiUJ\DODQGy EDURNOLQ LQVWDELOLWiV
WXODMGRQViJDLEyO iOWDOiQRVDQ N|YHWNH]LN KRJ\ D FLNORQRN iWPpUĘMH pV D] yFHiQL iUDPODWRNUyO
OHV]DNDGy J\ĦUĦN iWPpUĘMH LV WLSLNXVDQ Lρ YDJ\LV D] iUDPODWRN YDVWDJViJD Lρ $ 5RVVE\
VXJiU PLYHO IJJHWOHQ D N|]HJ VHEHVVpJpWĘO PHJMHOHQKHW D JHRV]WURILNXVQiO J\RUVDEE
iUDPOiVRN MHOOHP]ĘMHNpQW LV
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
 IHMH]HW
1HPJHRV]WURILNXV iUDPOiVRN
/iWWXN KRJ\ D QDJ\ VNiOiM~ iUDPOiVRN PLQG D OpJN|UEHQ PLQG D] yFHiQEDQ My N|]HOt
WpVVHO JHRV]WURILNXVDN $ JHRV]WURILNXV iUDPOiVRNEDQ D V~UOyGiV V]HUHSH HOKDQ\DJROKDWy
OpQ\HJpEHQ NpWGLPHQ]LyVDN D]D] HUĘV IHO YDJ\ OHiUDPOiVRN QHP MHOHQQHN PHJ EHQQN V
LGĘWĘO IJJHWOHQHN +D H WXODMGRQViJRN EiUPHO\LNH QHP iOO IHQQ D QDJ\ ViOiM~ iUDPOiVW
QHPJHRV]WURILNXVQDN QHYH]]N (EEHQ D IHMH]HWEHQ VRUUD YHVV]N PLO\HQ N|UOPpQ\HN
YH]HWKHWQHN D IHQWL WXODMGRQViJRNWyO YDOy HOWpUpVUH V H] PLO\HQ ~M iUDPOiVL MHOHQVpJHNUH
YH]HW $ V~UOyGiV PLQGLJ D SHUHPHN PHQWpQ YiOLN OpQ\HJHVVp ÈOOy KDWiUROy IHOOHW HVHWpQ
SO D] iUDPOiVL VHEHVVpJQHN D IHOOHWHQ HO NHOO WĦQQLH DPLQW D]W D  HJ\HQOHWKH] WDUWR]y
SHUHPIpOWpWHO NDSFViQ OiWWXN $ IHOOHW N|]HOpEHQ D] iUDPOiV H]pUW HJpV]HQ PiV MHOOHJĦ PLQW
DWWyO WiYRO $ OpJN|U HVHWpEHQ NO|Q|VHQ MHOHQWĘV H] D KDWiV D SODQHWiULV KDWiUUpWHJEHQ /iWQL
IRJMXN KRJ\ D V~UOyGiV PLDWW LWW VtNEHOL |VV]HiUDPOiVRN DODNXOKDWQDN NL PHO\HN D PDJDVDEE
OpJN|UEH YH]HWĘ IHO LOO OHiUDPOiVRNDW LQGtWDQDN V H]HN DODSYHWĘ LGĘMiUiVW PHJKDWiUR]y
WXODMGRQViJDL D FLNORQRNQDN DQWLFLNORQRNQDN $] yFHiQEDQ D NHYHUHGpVL UpWHJEHQ OpQ\HJHV
D V~UOyGiV XJ\DQLV LWW W|UWpQLN PHJ D OpJN|UUHO YDOy DODSYHWĘ N|OFV|QKDWiV D V]pO Q\tUiVD
PR]JiVED KR]]D H]W D IHOVĘ UpWHJHW $] LWW LV NLDODNXOy HQ\KH IHO LOO OHiUDPOiVRN D PpO\HEE
UpWHJHNNHO NDSFVRODWED NHUOYH DODNtWMiN NL D V]pO KDMWRWWD yFHiQL iUDPOiVRN UHQGV]HUpW $
KLGHJ pV QDJ\ VyWDUWDOP~ yFHiQL Yt] VĦUĦVpJH KHO\HQNpQW MHOHQWĘVHQ PHJKDODGKDWMD N|UQ\H
]HWH VĦUĦVpJpW ,WW ORNDOL]iOW HUĘV OHiUDPOiVRN M|KHWQHN OpWUH V H]HN KDMWMiN D PpO\WHQJHUL
Yt]PR]JiVRNDW $ JHRV]WURILNXV iUDPOiVRN QHP PLQGHJ\LNH VWDELO D]D] iOO HOOHQ NLV NOVĘ
]DYDUy KDWiVRNQDN .O|Q|VHQ IRQWRV H]HN N|]O D WHUPLNXV iUDPOiV PHO\ LQVWDELOQDN
EL]RQ\XO NLV WpUEHOL LQKRPRJHQLWiVRNUD (] D MHOHQVpJ D EDURNOLQ LQVWDELOLWiV PHO\QHN
N|YHWNH]WpEHQ LGĘEHQ YiOWR]y |UYpQ\HN DODNXOQDN NL $] |UYpQ\HN WLSLNXV PpUHWH D 5RVVE\
VXJiU $ OpJN|UEHQ D EDURNOLQ LQVWDELOLWiV YH]HW D FLNORQRN pV DQWLFLNORQRNPHJMHOHQpVpKH] D]
yFHiQEDQ D] iUDPODWRNUyO OHV]DNDGy |UYpQ\HNKH] (]HQ LQVWDELOLWiV PDJ\DUi]]D D PpUVpNHOW
pJ|YL LGĘMiUiV YiOWR]pNRQ\ViJiW ÈOWDOiEDQ LV HOPRQGKDWy KRJ\ D N|UQ\H]HWL iUDPOiVRN WHOMHV
UHQGV]HUH V D]RN IRQWRV JOREiOLV WXODMGRQViJDL EHOHpUWYH D QDJ\ VNiOiM~ V]HQQ\H]pVWHUMHGpVW
LV FVDN D QHPJHRV]WURILNXV iUDPOiVRN LVPHUHWpEHQ pUWKHWĘN PHJ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 6Ò5/Ï'È6 e6 $ 3/$1(7È5,6 +$7È55e7(* 
 6~UOyGiV iUDPOiV D SODQHWiULV KDWiUUpWHJEHQ
$] iOOy WDODM PHQWL SODQHWiULV KDWiUUpWHJ D] D WDUWRPiQ\ DKRO D V~UOyGiVL HUĘ QHP KDQ\DJROKDWy
HO H]pUW D WHOMHV ± KLGURGLQDPLNDL PR]JiVHJ\HQOHW YHNWRULiOLV DODNMD
dv
dt
= −fn× v + g − 
ρ
JUDGp+ s , 
DKRO n D IJJĘOHJHV HJ\VpJYHNWRU $] V V~UOyGiVL HUĘ D SODQHWiULV KDWiUUpWHJEHQ  IHMH]HW
IRQWRV DKRO UiDGiVXO D IHOV]tQ HJ\HQHWOHQVpJH NLV OpSWpNĦ UHQGH]HWOHQ WXUEXOHQV iUDPOiVW KR]
OpWUH (] IHOHUĘVtWL D IpNH]Ę HUĘW D QHPWXUEXOHQV iUDPOiVKR] NpSHVW $]W D UpWHJHW DKRO
D V~UOyGiV IRQWRV HOVĘ OHtUyMiUyO D KtUHV VYpG yFHDQRJUiIXVUyO iOWDOiEDQ (NPDQUpWHJQHN
QHYH]]N
$ QDJ\ VNiOiM~ iUDPOiVRN HVHWpQ D]RQEDQ D  5RVVE\V]iP WRYiEEUD LV NLFVL DPL D]W
MHOHQWL KRJ\ D] iUDPOiV ODVV~ D dv/dt KLGURGLQDPLNDL J\RUVXOiV HOKDQ\DJROKDWy $ VHEHVVpJ
Yt]V]LQWHV VtNEHOL u |VV]HWHYĘMpUH tUYD H]W D] HJ\HQOHW D]
− fn× u− 
ρ
JUDGp+ s =  
DODNRW NDSMXN DKRO IHOKDV]QiOWXN D]W LV KRJ\ D VĦUĦVpJ D KDWiUUpWHJEHQ My N|]HOtWpVVHO iOODQGy
ρ (] D] HJ\HQOHW D]W IHMH]L NL KRJ\ D] (NPDQUpWHJEHQ KiURP HUĘ YDQ HJ\HQV~O\EDQ D
&RULROLVHUĘ D Q\RPiVEyO V]iUPD]y HUĘ pV D V~UOyGiV $ −fn × u &RULROLVJ\RUVXOiV D]
pV]DNL IpOWHNpQ D] u VHEHVVpJYHNWRUUD MREEUD PHUĘOHJHVHQ PXWDW $ V~UOyGiVEyO DGyGy s
J\RUVXOiV HJ\IDMWD IpNH]Ę HUĘ V H]pUW My N|]HOtWpVVHO uYDO HOOHQWpWHV LUiQ\~ ( NpW J\RUVXOiV
HUHGĘMpW D V]DJJDWRWW Q\tO MHO]L D  iEUiQ (]W D] HUHGĘW NHOO NRPSHQ]iOQLD D Q\RPiVJUDGL
HQVEĘO DGyGy −(/ρ)JUDGp J\RUVXOiVQDN (EEĘO D] N|YHWNH]LN KRJ\ D Q\RPiVL JUDGLHQV D
KDWiUUpWHJEHQ QHPPHUĘOHJHV D]u YHNWRU LUiQ\iUD $ V]pO D SODQHWiULV KDWiUUpWHJEHQ WHKiW QHP
SRQWRVDQ D] L]REiURN PHQWpQ I~M PLQW D JHRV]WURILNXV HVHWEHQ 1RKD WRYiEEUD LV LJD] KRJ\
D] DODFVRQ\DEE Q\RPiV HVLN D MREE Np] IHOp D]D] D %X\V±%DOORWW|UYpQ\ pUYpQ\EHQ PDUDG
PHJMHOHQLN D] iUDPOiVL VHEHVVpJQHN HJ\ RO\DQ NRPSRQHQVH PHO\ D Q\RPiVJUDGLHQVVHO
HOOHQWHWW LUiQ\~ $ V~UOyGiV KDWiViUD D] iUDPOiV NH]G WHKiW ~J\ YLVHONHGQL PLQW QHP IRUJDWRWW
UHQGV]HUEHQ DKRO D WHOMHV VHEHVVpJ D Q\RPiVNO|QEVpJ LUiQ\iED PXWDW $] HOWĦQĘ V~UOyGiV
KDWiUHVHWpEHQ D V]DJJDWRWW YHNWRU HJ\EHHVLN D &RULROLVJ\RUVXOiV YHNWRUiYDO H]W NRPSHQ]iOMD
D Q\RPiVJUDGLHQV DPL WHKiW tJ\ PHUĘOHJHV D VHEHVVpJUH V YLVV]DNDSMXN D JHRV]WURILNXV
iUDPOiVW
6RNV]RU FpOV]HUĦ D WHOMHV u VHEHVVpJHW IHOERQWDQXQN D] ug JHRV]WURILNXV VHEHVVpJUH
PHO\ D KDWiUUpWHJHQ NtYO MHOOHP]L D] iUDPOiVW pV D V~UOyGiVEyO DGyGy ung QHPJHRV]WURILNXV
VHEHVVpJUH
u = ug + ung . 
$ JHRV]WURILNXV iUDPOiV  DODNMiW IHOKDV]QiOYD D  HJ\HQOHWEĘO D]W NDSMXN KRJ\
fn× ung = s . 
0LYHO n×ung PLQGLJ ungWyO EDOUD PXWDW D V~UOyGiV iOWDO RNR]RWW iUDPOiV D] pV]DNL IpOWHNpQ
D V~UOyGiVL HUĘ LUiQ\iWyO MREEUD LUiQ\XO 0LQGLJ D] DODFVRQ\DEE Q\RPiV LUiQ\iED PXWDW O
 iEUD (] D VHEHVVpJ DUiQ\RV sVHO WHKiW HOWĦQLN D V~UOyGiVPHQWHV KDWiUHVHWEHQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $] HUĘN J\RUVXOiVRN HJ\HQV~O\iQDN VHPDWLNXV UDM]D D] (NPDQUpWHJEHQ D] pV]DNL
IpOWHNpQ D V]DJJDWRWW YHNWRU D −fn × u + s HUHGĘ DPLW −(/ρ)JUDGp NRPSHQ]iO $ V~UOyGiVEyO
V]iUPD]y s J\RUVXOiV MHOHQOpWH PLDWW D] u V]pOVHEHVVpJ QHP OHKHW SiUKX]DPRV D] L]REiUUDO D
VHEHVVpJQHN D] DODFVRQ\DEE Q\RPiV IHOp PXWDWy NRPSRQHQVH LV YDQ
$ QHPJHRV]WURILNXV VHEHVVpJMiUXOpN MHOHQWĘV D SODQHWiULV KDWiUUpWHJEHQ H]pUW D IHOV]tQL
V]HOHN LUiQ\D MyO PHJILJ\HOKHWĘHQ QHP SiUKX]DPRV D] L]REiURNNDO DPLQW D  iEUiQ LV
OiWV]LN (QQHN PHJIHOHOĘHQ FLNORQRN HVHWpQ NLVVp D N|]pSSRQW IHOp I~M D V]pO DQWLFLNORQRNEDQ
SHGLJ IRUGtWYD
$ V~UOyGiVEyO V]iUPD]y J\RUVXOiV HJ\V]HUĦ PRGHOOMHNpQW WHJ\N PRVW IHO KRJ\ D]
(NPDQUpWHJEHQ
s = −ku , 
DKRO k D IHOOHW pUGHVVpJpYHO DUiQ\RV HJ\WWKDWy PpUWpNHJ\VpJH V $  HJ\HQV~O\L
HJ\HQOHW NRPSRQHQVHNEHQ NLtUW DODNMD
− fv + 
ρ
∂p
∂x
= −ku , 
fu+

ρ
∂p
∂y
= −kv . 
(EEĘO D] DOJHEUDL HJ\HQOHWEĘO D NpW VHEHVVpJNRPSRQHQVW NLIHMH]YH
u =

+ k/f 
(
− 
ρf
∂p
∂y
− k
ρf 
∂p
∂x
)
, 
v =

+ k/f 
( 
ρf
∂p
∂x
− k
ρf 
∂p
∂y
)
. 
7HUPpV]HWHVHQ D kYDO DUiQ\RV MiUXOpNRN MHOHQWLN D V~UOyGiV PLDWW OpWUHM|YĘ QHPJHRV]WRUILNXV
VHEHVVpJHW
eUGHNHV IHOLVPHUpVUH MXWXQN KD NpSH]]N D Yt]V]LQWHV VtNEHOL VHEHVVpJYHNWRU GLYu =
∂u/∂x + ∂v/∂y VtNEHOL GLYHUJHQFLiMiW $] HOVĘ WDJRNEyO DGyGy MiUXOpNRN NLHVQHN V DPL
PDUDG D] D Q\RPiV /DSODFHRSHUiWRUD
GLYu = − k/(ρf
 )
+ k/f 
(
∂p
∂x
+
∂p
∂y
)
. 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 iEUD )HOV]tQL L]REiURN FtPNpN KĘPpUVpNOHWHN V]tQNyG pV V]pOPH]Ę ]iV]OyN $ IHOV]tQL V]HOHN
LUiQ\D HOWpU D] L]REiURNpWyO D]D] QHP JHRV]WURILNXV V]HPEHQ D PDJDVOpJN|UL V]HOHNNHO )RUUiV
?iiT,ffi2``Mi?2r2i?2`KMX#HQ;bTQiX+QK
)HOKDV]QiOYD D ζg JHRV]WURILNXV |UYpQ\HVVpJ  NLIHMH]pVpW D]W NDSMXN KRJ\
GLYu = − k/f+ k/f  ζg . 
$ IHOV]tQL GLYHUJHQFLD WHKiW D ζg JHRV]WURILNXV |UYpQ\HVVpJ HOOHQWHWWMpYHO DUiQ\RV $KRO
|UYpQ\PHQWHV D JHRV]WURILNXV iUDPOiV RWW D IHOV]tQL GLYHUJHQFLD HOWĦQLN ÈOWDOiEDQ D]RQEDQ
QHP H] D KHO\]HW +D D PDJDVOpJN|UEHQ FLNORQiOLV D] iUDPOiV ζg >  DNNRU D IHOV]tQ
N|]HOpEHQ |VV]HiUDPOiV DODNXO NL pV IRUGtWYD (] D WHQGHQFLD OHROYDVKDWy D  iEUiUyO LV $]
|VV]HiUDPOiV RWW HUĘVHEE DKRO QDJ\REE D] |UYpQ\HVVpJ HUĘVHEE D FLNORQ LOO DKRO k QDJ\REE
D]D] SO D V]iUD]I|OG IHOHWW 0LYHO k UHiOLV pUWpNH V]iUD]I|OG|Q − /V k/f ≈ ,  D
GLYHUJHQFLD −, ζgNpQW EHFVOKHWĘ
$ FLNORQRNEDQ D IHOV]tQ N|]HOpEHQ D N|]SRQW IHOp PXWDWy V]HOHN N|YHWNH]PpQ\H D] KRJ\
D FLNORQ N|]HSpQ ODVV~ IHOiUDPOiV DODNXO NL DQWLFLNORQRNEDQ SHGLJ IRUGtWYD O  iEUD
(] D MHOHQVpJ D] ~Q (NPDQSXPSiOiV $ IHOiUDPOiV HUĘVVpJH D IHQWLHNEĘO N|YHWNH]LN
KLV]HQ D  GLYHUJHQFLDPHQWHVVpJL HJ\HQOHWEĘO GLYX = −∂w/∂z 0LYHO D JHRV]WURILNXV
|UYpQ\HVVpJ QHP IJJ D PDJDVViJWyO V D KDWiUUpWHJ DOMiQ D IHOiUDPOiVL VHEHVVpJ ]pUXV D
KDWiUUpWHJ IHOVĘ SHUHPpQ D VHEHVVpJ D
w = , δζg 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
DODNED tUKDWy DKRO δ D KDWiUUpWHJ YDVWDJViJD $] |UYpQ\HVVpJHW D FLNORQ MHOOHJ]HWHV L =
 NPHV PpUHWpYHO pV U =  P/VRV V]pOVHEHVVpJpYHO U/LNpQW EHFVOYH pV δ =  NP
YDVWDJViJJDO V]iPROYD w ≈ − P/V YDJ\LV D] (NPDQSXPSiOiV HUĘVVpJH  PLOOLPpWHU
PiVRGSHUFHQNpQW
$ IHOV]tQ N|]HOpEHQ D OHYHJĘ Yt]SiUDWDUWDOPD QDJ\ D IHOiUDPOiV N|YHWNH]WpEHQ HPHONHGĘ
OpJW|PHJHN OHKĦOQHN V D Yt]SiUD NLFVDSyGLN $] D KpWN|]QDSL WDSDV]WDODW WHKiW KRJ\ D
FLNORQRN FVDSDGpNRV D] DQWLFLNORQRN YLV]RQW FVDSDGpNPHQWHV QDSRV LGĘYHO MiUQDN D IHOV]tQL
V~UOyGiV KDWiViUD NLDODNXOy iUDPOiVRN LVPHUHWpEHQ YiOLN PDJ\DUi]KDWyYi
$ FLNORQEHOL ODVV~ |VV]HiUDPOiV N|YHWNH]PpQ\H KRJ\ D OpJUpV]HN QHP ]iUW N|USiO\iQ
KDQHP HQ\KpQ WHNHUHGĘ VSLUiOLVRQ PR]RJQDN EHIHOp V ODVVDQ IHOIHOp  iEUD $ PpUVp
 iEUD $] DODFVRQ\ pV PDJDV Q\RPiV~ OpJN|UL NpS]ĘGPpQ\HNEHQ FLNORQ LOO DQWLFLNORQ D]
(NPDQUpWHJEHQ D V~UOyGiV N|YHWNH]WpEHQ NLDODNXOy |VV]H LOO V]pWiUDPOiV D N|]pSSRQWEDQ D IHO
LOO OHiUDPOiVW RNR] (] NDSFVRODWRW WHUHPW D PDJDVDEE OpJUpWHJ WLV]WiQ JHRV]WURILNXV iUDPOiViYDO
 iEUD $ |UYpQ\HV iUDPOiVRN MHOOHJ]HWHV WpUEHOL UpV]HFVNHSiO\iL D] pV]DNL IpOWHNpQ D &LNOR
QRNEDQ D J\HQJH EHiUDPOiV MREEUD IRUJy VSLUiORN PHQWpQ W|UWpQLN V HKKH] IHOiUDPOiV WiUVXO E
$QWLFLNORQRNEDQ KDVRQOy VSLUiORN PHQWpQ W|UWpQLN D OHiUDPOiVVDO WiUVXOy NLiUDPOiV
)RUJDWRWW UHQGV]HUHNEHQ D KDWiUUpWHJ YDVWDJViJD J\DNRUODWLODJ iOODQGy DPLQW D]W D]    pV 
iEUiN LV VXJDOOMiN V]HPEHQ D QHPIRUJDWRWW HVHWWHO DKRO D KDWiUUpWHJ D] iUDPOiV LUiQ\iEDQ YDVWDJRGLN >@
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NHOW|YL FLNORQRNUD MHOOHP]Ę VSLUiONDURNDW D] DODFVRQ\ V]LQWĦ IHOKĘ]HW UDM]ROMD NL DPLQW D] D
 iEUiQ LV PHJILJ\HOKHWĘ $  IHMH]HWEHQ OiWWXN KRJ\ D] RWWKRQL OHIRO\yMiEDQ D Yt] QHP
IHOWpWOHQO D] yUDPXWDWy MiUiViYDO HOOHQWpWHVHQ IRURJYD IRO\LN NL DKRJ\DQ D]W D &RULROLVHUĘ
PHJKDWiUR]Qi KLV]HQ D PpUHW QHP HOpJJp QDJ\ DKKR] KRJ\ D &RULROLVHUĘ MHOHQWĘV OHKHVVHQ
$ FLNORQ D]RQEDQ HJ\ QDJ\PpUHWĦ ÄIHOIRO\yQDN´ WHNLQWKHWĘ KLV]HQ EHQQH IHOIHOp iUDPOLN D
OHYHJĘ $ N|UO|WWH NLDODNXOy iUDPOiV NLYpWHO QpONO PLQGLJ SR]LWtY N|UEHMiUiV~ D] pV]DNL
IpOWHNpQ  iEUD DKRJ\ D &RULROLVKDWiVEyO N|YHWNH]LN $ My LGĘYHO MiUy DQWLFLNORQRN ULWND
IHOKĘ]HWpEHQ FVDN NLYpWHOHV DONDOPDNNRU ILJ\HOKHWĘ PHJ D FLNORQpYDO HOOHQWHWW N|UOMiUiV~
VSLUiOLV PLQWi]DW
 iEUD $ KRVV]~ViJL N|U|N PHQWpQ NpS]HWW IHOV]tQL pYHV iWODJRN D V]pOHVVpJL IRN IJJYpQ\pEHQ
)HQW WHQJHUV]LQWL Q\RPiV .|]pSHQ ]RQiOLV V]pO SR]LWtY KD Q\XJDWL /HQW PHULGLRQiOLV V]pO
SR]LWtY KD GpOL $ Q\LODN D PHULGLRQiOLV iUDPOiV LUiQ\iW PXWDWMiN D )|OG IHOV]tQpQ >@
$ QHPJHRV]WURILNXV KDWiVRN RO\DQ OpQ\HJHVHN KRJ\ D] HJpV] )|OGUH iWODJROYD LV MyO
PHJILJ\HOKHWĘN $  iEUD IHOVĘ UpV]H D IHOV]tQL Q\RPiV pYHV iWODJiW PXWDWMD D I|OGUDM]L
V]pOHVVpJ IJJYpQ\pEHQ ,WW IHOLVPHUKHWMN D] HJ\HQOtWĘL LOO D ±◦ V]pOHVVpJHNUH MHOOHP]Ę
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
IHOV]iOOy iUDPODWRN N|YHWNH]PpQ\pEHQ NLDODNXOW DODFVRQ\ Q\RPiV~ WDUWRPiQ\RNDW YDODPLQW
D V]XEWUySXVL NE ±◦ PDJDV Q\RPiV~ |YH]HWHW $ N|]pSVĘ NpSHQ D NHOHW Q\XJDWL
]RQiOLV IHOV]tQL V]HOHN pYL iWODJRV VHEHVVpJH OiWKDWy (] W|NpOHWHV |VV]KDQJEDQ YDQ D
JHRV]WURILNXV WHQGHQFLiYDO KLV]HQ DKRO ∂p/∂y <  SO D DV pV DV V]pOHVVpJHN N|]|WW
RWW D V]pO Q\XJDWL V D GpOL IpOWHNpQ HUĘVHEE KLV]HQ D] $QWDUNWLV] N|UQ\pNpQ NO|Q|VHQ
DODFVRQ\ D] iWODJRV OpJQ\RPiV $] (J\HQOtWĘ N|UQ\pNpQ D SDVV]iW V]HOHN GRPLQiOQDN $
QHPJHRV]WURILNXV KDWiVW D OHJDOVy NpS LOOXV]WUiOMD DKRO D] (J\HQOtWĘ IHOĘO D VDUNRN IHOp I~My
V]pO pYHV iWODJD OiWKDWy (] D J|UEH WHQGHQFLiLEDQ D Q\RPiVHORV]OiV WNU|]|WWMH DPL DUUD XWDO
KRJ\ H] D V]pONRPSRQHQV D Q\RPiVJUDGLHQV LUiQ\iED PXWDW DQQDN HOOHQWHWWMpYHO DUiQ\RV $
QHPJHRV]WURILNXV V]pO |VV]HiUDPOiVD VHJtWL D] HJ\HQOtWĘL IHOiUDPOiVW D V]XEWUySXVL PDJDV
Q\RPiV~ ]yQDEHOL OHiUDPOiV  iEUD SHGLJ HUĘVtWL H]W D NRPSRQHQVW gVV]HVVpJpEHQ D
IHOV]tQL QHPJHRV]WURILNXV MiUXOpN KDVRQOy QDJ\ViJUHQGĦ GH FVDN PLQWHJ\ IHOH DNNRUD PLQW
D JHRV]WURILNXV YDJ\LV D QHPJHRV]WURILNXV V]HOHN MHOHQWĘVHN D IHOV]tQ N|]HOpEHQ D PDJDV
OpJN|UEHQ YLV]RQW HOKDQ\DJROKDWyYi YiOQDN
 6~UOyGiV iUDPOiV D NHYHUHGpVL UpWHJEHQ
$] yFHiQL iUDPOiVRN HJ\LN NRPSRQHQVH D IHOV]tQL iUDPOiVRN UHQGV]HUH PHO\HNHW D OpJN|UL
V]HOHN IHOV]tQL Q\tUyHUHMH KDMW $ PiVLN NRPSRQHQVUĘO D  IHMH]HWEHQ OHV] V]y $ V]pO
KDMWRWWD iUDPOiVRN D] yFHiQL PHGHQFpN PpO\Yt]L UpWHJHL IHOHWW HOKHO\H]NHGĘ PHOHJ pV VyV
IRO\DGpNUpWHJ D WHUPRNOLQ ]yQD PR]JiViYDO NDSFVRODWRVDN DPLQW D]W D VHPDWLNXV  iEUD
PXWDWMD $ WHUPRNOLQ ]yQD  NPHV YDVWDJViJiYDO V]HPEHQ D KDWiUUpWHJ YDJ\LV D] D UpWHJ
PHO\EHQ D V~UOyGiV IRQWRV V]HUHSHW MiWV]LN pV D] iUDPOiV QHPJHRV]WURILNXV FVDN OHJI|OMHEE
 P YDVWDJViJ~ $] yFHiQL KDWiUUpWHJ iOWDOiEDQ HJ\EHHVLN D NHYHUHGpVL UpWHJJHO GH
KDV]QiODWRV LWW LV D] (NPDQUpWHJ HOQHYH]pV /iWQL IRJMXN KRJ\ D V~UOyGiV N|YHWNH]WpEHQ
D NHYHUHGpVL UpWHJEHQ LV NLDODNXOQDN IHO LOO OHiUDPOiVRN D] (NPDQSXPSiOiV D] yFHiQEDQ
LV MHOHQ YDQ (] D ODVV~ iUDPOiV EHKDWRO D PpO\HEE UpWHJHNEH V HQQHN D FVDWROiVQDN D UpYpQ
D WHUPRNOLQ ]yQD iOODQGy Yt]V]LQWHV PR]JiVEDQ YDQ
$ V]HOHN iWODJRV IHOV]tQL Q\tUiVL IHV]OWVpJH MyO LVPHUW DPLQW D  iEUD PXWDWMD (]
D Q\tUyHUĘ PR]JiVED KR]]D D] DODWWD OHYĘ Yt]UpWHJHW GH PHVV]H QHP D]]DO D VHEHVVpJJHO
DPLYHO D V]pO I~M KDQHP MyYDO ODVVDEEDO JRQGROMXQN DUUD PHQQ\LYHO ODVVDEEDQ iUDPOLN D
PHJI~MW OHYHV IHOV]tQH PLQW D V]iQNEyO NLiUDPOy OHYHJĘ $ Q\tUiVL IHV]OWVpJ iWODJRV IHOV]tQL
QDJ\ViJD ,  1/P (] D IHV]OWVpJ D]RQEDQ D V~UOyGiV N|YHWNH]WpEHQ FV|NNHQ DKRJ\ HJ\UH
OHMMHEE MXW D Yt]EHQ $ IRO\DGpNEDQ WHKiW NLDODNXO HJ\ PDJDVViJIJJĘ τ (z) Q\tUiVHORV]OiV
PHO\QHN IHOV]tQL pUWpNH D τ  V]pOQ\tUiVL YHNWRU
+DWiUR]]XN PHJ HOĘV]|U KRJ\DQ DGKDWy PHJ D] s V~UOyGiVEyO DGyGy J\RUVXOiV D Q\tUiV
YiOWR]iViQDN IJJYpQ\pEHQ 9L]VJiOMXQN HJ\ dz YDVWDJViJ~ NHVNHQ\ Yt]V]LQWHV Yt]UpWHJHW
PHO\QHN IHOVĘ IHOV]tQpQ D Q\tUiV x LUiQ\~ NRPSRQHQVH τx(z + dz) DOVy IHOV]tQH IHOHWW SHGLJ
τx(z)  iEUD
$] DOVy IHOV]tQ DODWW WHKiW D UpWHJUH DOXOUyO KDWy Q\tUiV D] XWyEEL HOOHQHUĘMH −τx(z) $]
(] D UpWHJ QHYH]KHWĘ Q\tUyUpWHJQHN LV
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 iEUD $] yFHiQ WHWHMpQ HOKHO\H]NHGĘ PHOHJ VyV Yt]UpWHJ D WHUPRNOLQ ]yQD D KLGHJ NHYpVEp VyV
GH |VV]HVVpJpEHQ VĦUĦEE PpO\WHQJHUL YL]HN IHOV]tQpQ iUDPOLN $] iUDPOiV KDMWyHUHMH D V]HOHN IHOV]tQL
Q\tUyHUHMH PHO\ D V]DJJDWRWW YRQDOODO KDWiUROW NHYHUHGpVL UpWHJEHQ DGyGLN iW $PLQW OiWQL IRJMXN H]
IHO LOO OHiUDPOiVRNDW KR] OpWUH NHWWĘV Q\LODN PHO\HN NLVVp GHIRUPiOMiN D WHUPRNOLQ ]yQD DODNMiW LV
$ UDM] QHP PpUHWDUiQ\RV
 iEUD $ dz YDVWDJViJ~ YpNRQ\ IRO\DGpNUpWHJ Yt]V]LQWHV IHGĘODSMDLUD IHOOUĘO KDWy Q\tUiVL HUĘN
A IHOOHWĦ UpWHJUH KDWy WHOMHV NOVĘ Q\tUiVL HUĘ WHKiW >O  HJ\HQOHW@
A[τx(z + dz)− τx(z)] = A∂τx
∂z
dz . 
$ ρ iWODJRV VĦUĦVpJĦ UpWHJ W|PHJH ρAdz D J\RUVXOiV x NRPSRQHQVH H]pUW sx = (/ρ)∂τx/∂z
V IJJHWOHQ D dz YDVWDJViJWyO pV D A IHOOHWWĘO +DVRQOy NLIHMH]pV LJD] D] y NRPSRQHQVUH LV
V H]pUW D V~UOyGiV iOWDO OpWUHKR]RWW J\RUVXOiV YHNWRUD
s =

ρ
∂τ
∂z
. 
$] yFHiQL iUDPOiVRN PHJpUWpVH pUGHNpEHQ H]W D NLIHMH]pVW NHOO D  HJ\HQOHWEH tUQL $
SODQHWiULV KDWiUUpWHJJHO V]HPEHQ WHKiW D] yFHiQL KDWiUUpWHJEHQ D V~UOyGiV D Q\tUiV PDJDVViJ
V]HULQWL YiOWR]iViYDO DUiQ\RV V QHP D] iOOy IHOV]tQ N|]HOpEHQ PHJILJ\HOKHWĘ VHEHVVpJJHO
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
YDJ\LV LWW  V]HUHSpW  YHV]L iW $] s YHNWRU NLIHMH]pVpWĘO HOWHNLQWYH D]RQEDQ D NpW
SUREOpPD QDJ\RQ KDVRQOy
$ QDJ\ VNiOiM~ iUDPOiVRN ODVV~ViJD PLDWW D 5RVVE\V]iP HEEHQ D] HVHWEHQ LV NLFVL V D
dv/dt KLGURGLQDPLNDL J\RUVXOiV HOKDQ\DJROKDWy EHQ ,VPpW KiURP HUĘ HJ\HQV~O\iUyO
YDQ WHKiW V]y D KDWiUUpWHJEHQ PHO\HW D Yt]V]LQWHV VtNEHOL u iUDPOiVL VHEHVVpJJHO NLIHMH]YH D
− fn× u− 
ρ
JUDGp+ 
ρ
∂τ x
∂z
=  
HJ\HQOHW tU OH DKRO n = (, , ) WRYiEEUD LV D IJJĘOHJHV HJ\VpJYHNWRU $  IHOERQWiVW
DONDOPD]YD D V~UOyGiV N|YHWNH]WpEHQ NLDODNXOy VHEHVVpJ QHN PHJIHOHOĘHQ PRVW
fn× ung = 
ρ
∂τ
∂z
. 
0LYHO D V~UOyGiV KDWiVD QHP D VHEHVVpJJHO DUiQ\RV KDQHP D Q\tUiV YiOWR]iViYDO DPL
YLV]RQW QHP LVPHUW SRQWRVDQ D SUREOpPiW QHP WXGMXN N|]YHWOHQO PHJROGDQL 6]iPXQNUD
D]RQEDQ QHP LV D VHEHVVpJWpU KDQHP D KDWiUUpWHJEHQ PHJPR]JDWRWW WHOMHV Yt]PHQQ\LVpJ
D] pUGHNHV (]W PHJ WXGMXN KDWiUR]QL KD IHOKDV]QiOMXN D]W D IL]LNDL NpSHW KRJ\ D Q\tUiV
D KDWiUUpWHJEHQ FV|NNHQ V D UpWHJ DOMiQ D z = −δ PpO\VpJEHQ HOWĦQLN DKRJ\ D  VHPDWLNXV
iEUD LV PXWDWMD
 iEUD )HOV]tQL τ V]pOQ\tUiVL IHV]OWVpJ iWDGyGLN D N|]HJEH GH D τ(z) Q\tUiV HJ\UH FV|NNHQ D
PDJDVViJJDO PtJ YpJO D δ YDVWDJViJ~ KDWiUUpWHJ D]D] D NHYHUHGpVL UpWHJ DOMiQ HOWĦQLN
$ δ YDVWDJViJ~ KDWiUUpWHJEHQ D Q\tUiV PLDWW PHJPR]JDWRWW WHOMHV Yt]PHQQ\LVpJEĘO
S =
∫ 
−δ
usdz 
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 6Ò5/Ï'È6 È5$0/È6 $ .(9(5('e6, 5e7(*%(1 
WpUIRJDW IRO\LN iW LGĘHJ\VpJHQNpQW D] 6UH PHUĘOHJHV HJ\VpJQ\L V]pOHVVpJĦ IJJĘOHJHV
ViYEDQ (] D] (NPDQWUDQV]SRUW QHYĦ YHNWRUPHQQ\LVpJ PHJMHOHQLN D  HJ\HQOHW EDO
ROGDOiQ KD D]W D KDWiUUpWHJ WHOMHV YDVWDJViJiUD D]D] z = −δ pV z =  N|]|WW LQWHJUiOMXN
$ MREE ROGDORQ D Q\tUiV PDJDVViJ V]HULQW GHULYiOWMiW NHOO LQWHJUiOQL z V]HULQW DPL D]RQEDQ
HJ\V]HUĦHQ D Q\tUiV NO|QEVpJH D IHOV]tQ pV D z = −δ V]LQW N|]|WW 0LYHO D KDWiUUpWHJ DOMiQ D
Q\tUiV HOWĦQLN D MREE ROGDORQ FVDN D IHOV]tQL τ  V]pOQ\tUiV PDUDG
fn× S = τ 
ρ
. 
(EEĘO
S =
τ  × n
ρf
. 
$]W D PHJOHSĘ HUHGPpQ\W NDSWXN KRJ\ D KDWiUUpWHJEHQ D Q\tUiV N|YHWNH]WpEHQPHJPR]JDWRWW
Yt]PHQQ\LVpJ D V]pOQ\tUiV LUiQ\iUD PHUĘOHJHV $] pV]DNL IpOWHNpQ D] S YHNWRU τ WyO MREEUD
PXWDW 1HP IRUJDWRWW N|]HJEHQ D PHJPR]JDWRWW IRO\DGpN LUiQ\D PLQW D PHJI~MW OHYHV
IHOV]tQpQ LV OiWKDWy SiUKX]DPRV D Q\tUiVVDO
(UHGPpQ\QN Q\LOYiQ D &RULROLVHUĘ N|YHWNH]PpQ\H $ NDSRWW V]DEiO\ ~J\ LV pUWHO
PH]KHWĘ KRJ\ D WHOMHV KDWiUUpWHJEHQ D VHEHVVpJQ|YHNPpQQ\HO NDSFVRODWRV &RULROLVHUĘQHN
SRQWRVDQ NRPSHQ]iOQLD NHOO D] HJ\HWOHQ NOVĘ HUĘW D IHOV]tQL V]pOQ\tUiVW DKRJ\ D  iEUD
PXWDWMD
SC
τ0
 iEUD $] S (NPDQWUDQV]SRUW pV D τ  V]pOQ\tUiVL YHNWRU LUiQ\D D] pV]DNL IpOWHNpQ $ C
YHNWRU D] (NPDQWUDQV]SRUWQDNPHJIHOHOĘ iWODJRV VHEHVVpJQ|YHNPpQ\UH KDWy &RULROLVHUĘW MHO|OL PHO\
PHUĘOHJHV PDJiUD D] (NPDQWUDQV]SRUWUD
1DQVHQQHN D  IHMH]HWEHQ HPOtWHWW PHJILJ\HOpVH (NPDQ IHOLVPHUpVHL DODSMiQ WHKiW
~J\ PDJ\DUi]KDWy KRJ\ D PpO\UH PHUOĘ MpJKHJ\HN PR]JiViW DODSYHWĘHQ D Yt] iUDPOiVD
KDWiUR]]D PHJ DPL V]|JHW ]iU EH D V]pO LUiQ\iYDO V H]pUW D MpJKHJ\HN VHP DUUD PR]RJQDN
DPHUUH D V]pO I~MMD ĘNHW
$] (NPDQWUDQV]SRUW QDJ\ViJiW D] S ≈ τ/(ρf) |VV]HIJJpVEĘO EHFVOKHWMN $
τ = ,  1/P ρ =  NJ/P f = − /V pUWpNHNNHO S =  P/VRW NDSXQN
(J\  P V]pOHVVpJĦ ViYEDQ D KDWiUUpWHJEHQ WHOMHV PpO\VpJpEHQ WHKiW  P Yt] iUDPOLN iW
PiVRGSHUFHQNpQW
$] (NPDQWUDQV]SRUW Q\tUiVUD PHUĘOHJHV LUiQ\iQDN IRQWRV N|YHWNH]PpQ\HL YDQQDN D]
yFHiQL iUDPOiVRNUD Qp]YH $] XUDONRGy V]HOHN iOWDO NHOWHWW Q\tUiV (NPDQWUDQV]SRUWRW DODNtW
NL D] yFHiQRN IHOVĘ KDWiUUpWHJpEHQ 6RNV]RU HJ\ ORNiOLV V]pOQ\tUiV N|YHWNH]WpEHQ OpWUHM|WW
WUDQV]SRUW LQGtWMD HO D IRO\DGpNW|PHJHN WHKHWHWOHQVpJL PR]JiViW LV O  iEUD
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
$ V]pOLUiQ\UD PHUĘOHJHV IHOV]tQL iUDPOiV YDJ\ DQQDN LQKRPRJHQLWiVD D NRQWLQXLWiV
N|YHWNH]WpEHQ IJJĘOHJHV LUiQ\~ iUDPOiVW LV PDJiYDO KR] ËJ\ SpOGiXO D] (J\HQOtWĘ N|UQ\pNL
SDVV]iWV]HOHN PLDWW D] (NPDQWUDQV]SRUW D VDUNRN IHOp LUiQ\XO V H] D] (J\HQOtWĘ |YH]HWpW
MHOHQWĘV IHOiUDPOiVL WHUOHWWp WHV]L D iEUD
 iEUD $ V]HOHN pV D] (NPDQWUDQV]SRUW YLV]RQ\D D (J\HQOtWĘL |YH]HW E eV]DN±GpOL IXWiV~
SDUWYRQDODN D] pV]DNL IpOWHNpQ $ WpUEHOL iUDPOiVL NpSHW D  iEUD PXWDWMD
 iEUD $] (NPDQWUDQV]SRUW N|YHWNH]WpEHQ HJ\ WUySXVL FLNORQ DODWW NLDODNXOy Yt]PR]JiV VHPDWL
NXV NpSH
$KRO D V]HOHNQHN YDQ MHOHQWĘV SDUWWDO SiUKX]DPRV |VV]HWHYĘMH pV D SDUW HWWĘO D YHNWRUWyO
D] pV]DNL IpOWHNpQ EDOUD D GpOLQ MREEUD HVLN RWW D] (NPDQWUDQV]SRUW D SDUWWyO HOIHOp PXWDW
V H]pUW D SHUW PHQWpQ IJJĘOHJHV IHOiUDPOiV DODNXO NL E iEUD DKRJ\ D]W D  IHMH]HWEHQ
NYDOLWDWtYHQ PiU EHPXWDWWXN
$] yFHiQOpJN|U FVDWROiV HJ\ ~MDEE SpOGiMDNpQW EHPXWDWMXN D WUySXVL FLNORQRN YLVV]DKD
WiViW D WHQJHUYt]UH $  IHMH]HWEHQ WiUJ\DOW HUĘV IRUJyV]HOHN FLNORQiOLV iUDPOiVW MHOHQWHQHN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6=e/ +$-7277$ Ï&(È1 
$] (NPDQWUDQV]SRUW D NHYHUHGpVL UpWHJEHQ D V]pOQ\tUiVUD PHUĘOHJHV PHO\ PLQGNpW IpOWHNpQ
D FLNORQ N|]HSpWĘO NLIHOp PXWDW $ WHQJHU IHOV]tQpQ H]pUW V]pWiUDPOiV W|UWpQLN  iEUD
H] YLV]RQW D NRQWLQXLWiV PLDWW IJJĘOHJHV IHOiUDPOiVVDO WiUVXO PHO\HW PLQWHJ\  NP
WiYROViJEDQ OHiUDPOiV N|YHW $ PpO\EĘO IHONHUOĘ KLGHJ Yt] D IHOV]tQL UpWHJHNEHQ D NHYHUHGpV
PLDWW V]pWWHUO V YpJO DNiU  NHOYLQQHO LV FV|NNHQWKHWL D IHOV]tQL Yt]KĘPpUVpNOHWHW DPL
WHUPpV]HWHVHQ JiWROMD D] ~MDEE FLNORQRN NLDODNXOiViW
$ IHOiUDPOiV HUĘVVpJpW D GLYHUJHQFLDPHQWHVVpJL HJ\HQOHWEĘO NDSMXN PHO\HW D GLYXs =
−∂w/∂z DODNED LV tUKDWXQN KLV]HQ D] ug JHRV]WURILNXV iUDPOiV VtNEHOL GLYHUJHQFLiMD ]pUXV
DPHQQ\LEHQ NLV WDUWRPiQ\RNDW YL]VJiOXQN DKRO f iOODQGyQDN WHNLQWKHWĘ $] HJ\HQOHWHW D
z = −δ pV D QXOOD V]LQW N|]|WW LQWHJUiOYD D EDO ROGDORQ D] (NPDQWUDQV]SRUW GLYHUJHQFLiMD D
MREE ROGDORQ SHGLJ D KDWiUUpWHJ DOMiQ pUYpQ\HV w IHOiUDPOiVL VHEHVVpJ MHOHQLN PHJ D]D]
w = divS . 
0LYHO S NRPSRQHQVHL  V]HULQW τ,y/(ρf),−τ,x/(ρf) D GLYHUJHQFLD HOYpJ]pVH XWiQ
D]W NDSMXN KRJ\
w =

ρf
(
∂τ,y
∂x
− ∂τ,x
∂y
)
. 
$ MREEROGDORQ pSSHQ D τ  YHNWRU URWiFLyMiQDN z NRPSRQHQVH MHOHQW PHJ
w =

ρf
URWzτ  . 
$ URWτ  YHNWRU PiVLN NpW NRPSRQHQVH ]pUXV KLV]HQ τ  D Yt]V]LQWHV VtNEDQ YDQ V FVDN xWĘO
pV yWyO IJJ $] yFHiQL (NPDQSXPSiOiV HUĘVVpJH WHKiW D V]pOQ\tUiV URWiFLyMiYDO DUiQ\RV
eUGHPHV H]W |VV]HYHWQL D OpJN|UL  HUHGPpQQ\HO DKRO w D JHRV]WURILNXV Yt]V]LQWHV
iUDPOiVL VHEHVVpJ URWiFLyMiYDO DUiQ\RV &LNORQiOLV N|UOMiUiV~ Q\tUiV HVHWpQ D IJJĘOHJHV
VHEHVVpJ PRVW LV IHOIHOp PXWDW
$ IHOiUDPOiVL VHEHVVpJ QDJ\ViJUHQGMpW D  iEUD DODSMiQ EHFVOKHWMN PHJ PHO\UĘO
V]HPOpOHWHVHQ LV OiWV]LN KRJ\ D IHOV]tQL V]pOQ\tUiV |UYpQ\HV /HROYDVKDWy KRJ\ ,  1/P
Q\tUiVYiOWR]iV PLQWHJ\  NPHQ W|UWpQLN tJ\ URWzτ  ≈ , / = − 1/P (EEĘO
w = /( ·− NJ/PV ·− 1/P = − P/V (] RO\DQ NLV VHEHVVpJ KRJ\ PpWHUpY
HJ\VpJHNEHQ V]RNiVPHJDGQL w = P/pY eUGHPHV H]W D NLVPHQQ\LVpJHW |VV]HKDVRQOtWDQL
D WHUOHWHJ\VpJUH HVĘ iWODJRV FVDSDGpNNDO DPL PLQWHJ\  P pYHQWH $] (NPDQSXPSiOiV
HQQpO PLQWHJ\ V]RU QDJ\REE Yt]W|PHJHW PR]JDW PHJ
$  |VV]HIJJpV DODSMiQ D JOREiOLV V]pOQ\tUiVL HORV]OiV LVPHUHWpEHQ NLV]iPtWKDWy D
IHO pV OHiUDPOiVRN HORV]OiVD D] yFHiQRN IHOV]tQpQ DKRJ\ D]W D  iEUD PXWDWMD
 $ V]pO KDMWRWWD yFHiQ
$QQDN PHJpUWpVH pUGHNpEHQ KRJ\ D] yFHiQL iUDPOiVRN KRJ\DQ NDSFVROyGQDN D] (NPDQ
SXPSiOiVKR] WHNLQWVQN HJ\ yFHiQL PHGHQFpW D N|]HSHV V]pOHVVpJHN Q\XJDWL V]HOHL pV D
V]XEWUySXVL SDVV]iW V]HOHN N|]|WW D] pV]DNL IpOWHNpQ $KRJ\ D  VHPDWLNXV iEUD PXWDWMD D
Q\XJDWL V]HOHN GpOUH D NHOHWLHN pV]DNUD PXWDWy (NPDQWUDQV]SRUWRW KR]QDN OpWUH $ PHGHQFH
IHOV]tQHQ |VV]HiUDPOiV W|UWpQLN H]pUW D IHOV]tQ NLVVp NLGXGRURGLN DPLQW DUUD D  iEUD LV
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $] (NPDQSXPSiOiV RNR]WD VHEHVVpJHN WpUEHOL HORV]OiVD PpY HJ\VpJHNEHQ $ ]|OG
WDUWRPiQ\RNEDQ IHO D EDUQiNEDQ OHiUDPOiV W|UWpQLN $ YDVWDJ IHNHWH YRQDO D IHOiUDPOiVPHQWHV
KHO\HNHW MHO]L $] (J\HQOtWĘ N|UO IHKpU ViY DUUD XWDO KRJ\ RWW D] f →  KDWiUHVHWEHQ D] 
|VV]HIJJpV QHP pUYpQ\HV $  iEUD pUWHOPpEHQ H]HN MHOHQWĘV IHOiUDPOiV~ WHUOHWHN $ PHGHQFpN
NHOHWL SHUHPpQ MyO OiWV]DQDN D IHOiUDPOiVL WDUWRPiQ\RN >@
XWDO $ OHJIRQWRVDEE YRQiV D]RQEDQ D] KRJ\ D] |VV]HiUDPOiV N|YHWNH]WpEHQ OHiUDPOiV
DODNXO NL O D  iEUD EDUQD WDUWRPiQ\DL 0LQGH] |VV]KDQJEDQ YDQ D  |VV]HIJJpVVHO
LV KLV]HQ D V]pOQ\tUiV N|UEHMiUiVL LUiQ\D HEEHQ D PHGHQFpEHQ DQWLFLNORQiOLV URWzτ  <  (]
D OHiUDPOiV EHKDWRO D KDWiUUpWHJ DODWWL WLV]WiQ JHRV]WURILNXV WHUPRNOLQ ]yQiED V RWW Yt]V]LQWHV
iUDPOiV PpJKR]]i DPLQW OiWQL IRJMXN GpOUH LUiQ\XOy PR]JiV NLDODNXOiViUD YH]HW
 iEUD $] (NPDQWUDQV]SRUW pV N|YHWNH]PpQ\HL HJ\ RO\DQ yFHiQL PHGHQFpEHQ PHO\QHN pV]DNL
UpV]H D Q\XJDWL V]HOHN GpOL UpV]H D SDVV]iW WDUWRPiQ\iED HVLN
,QGXOMXQN NL D  HJ\HQOHWEĘO PHO\QHN NRPSRQHQVHNEHQ NLtUW DODNMD
− fv + 
ρ
∂p
∂x
=

ρ
∂τx
∂z
, 
fu+

ρ
∂p
∂y
=

ρ
∂τy
∂z
. 
$] HJ\V]HUĦVpJ NHGYppUW IHOWHWWN KRJ\ D VĦUĦVpJ D WHUPRNOLQ ]yQiEDQ LV D ρ iOODQGy
$QQDN pUGHNpEHQ KRJ\ D Q\RPiVW NLNV]|E|OMN NpSH]]N D] HOVĘ HJ\HQOHW y V]HULQWL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6=e/ +$-7277$ Ï&(È1 
pV D PiVRGLN HJ\HQOHW x V]HULQWL GHULYiOWMiW pV YRQMXN NL D NHWWĘW HJ\PiVEyO 0LYHO D]
HUHGPpQ\W QDJ\ WpUVpJHNUH NtYiQMXN DONDOPD]QL QHP V]DEDG PHJIHOHGNH]QQN DUUyO KRJ\ D
&RULROLVSDUDPpWHU IJJ D] y NRRUGLQiWiWyO D  |VV]HIJJpV V]HULQW GHULYiOWMD pSSHQ D
βSDUDPpWHU ËJ\ D]W NDSMXN KRJ\ −βv − fGLYu = −∂(URWzτ )/∂z/ρ $ GLYu = −∂w/∂z
|VV]HIJJpVW LV IHOKDV]QiOYD D]W NDSMXN KRJ\
βv = f
∂w
∂z
+

ρ
∂
∂z
URWzτ . 
$] HJ\HQOHW PHJDGMD D] pV]DN±GpOL PHULGLRQiOLV iUDPOiVL VHEHVVpJHW D IHOiUDPOiV pV D
V]pOQ\tUiV PDJDVViJIJJpVpQHN LVPHUHWpEHQ 6DMQRV H]W D IJJpVW SRQWRVDQ QHP LVPHUMN
GH tJ\ LV IRQWRV N|YHWNH]WHWpVHNUH MXWKDWXQN
7HNLQWVN HOĘV]|U D WHUPRNOLQ ]yQD KDWiUUpWHJ DODWWL YDVWDJ UpWHJpW ,WW D V]pOQ\tUiV
pV GHULYiOWMD PiU HOKDQ\DJROKDWy H]pUW FVDN D MREE ROGDOL HOVĘ WDJ YDQ MHOHQ $ ∂w/∂z
GHULYiOWDW EHFVOKHWMN Dw (NPDQSXPSiOiVL VHEHVVpJ pV D WHUPRNOLQ UpWHJH YDVWDJViJiQDN
KiQ\DGRVDNpQW ËJ\ D] iWODJRV v VHEHVVpJUH D]W D My N|]HOtWpVVHO pUYpQ\HV NLIHMH]pVW NDSMXN
KRJ\
v =
f
βH
w . 
0LYHO w QHJDWtY D WHUPRNOLQ ]yQD EHOVHMpEHQ D] iUDPOiV VHEHVVpJH D] (J\HQOtWĘ LUiQ\iED
D] pV]DNL IpOWHNpQ GpOUH W|UWpQLN $ KDWiUUpWHJEHOL OHiUDPOiV D PpO\HEE UpWHJHNEHQ WHKiW
Yt]V]LQWHV iUDPOiVW KR] OpWUH (QQHN QDJ\ViJD D  |VV]HIJJpV V]HULQW MyYDO HUĘVHEE
D OHiUDPOiVpQiO XJ\DQLV D] f/(βH) KiQ\DGRV QDJ\ $ QHYH]Ę QHP PiV PLQW D &RULROLV
SDUDPpWHU YiOWR]iViQDN QDJ\ViJD D H Yt]V]LQWHV WiYROViJRQ 0LYHO H VRNNDO NLVHEE D )|OG
VXJDUiQiO PHO\HQ f MHOHQWĘVHQ YiOWR]LN D QHYH]Ę VRNNDO NLVHEE D V]iPOiOyQiO V H]pUW v
VRNNDO QDJ\REE PLQW w $ H =  NP f = − /V β = − /PV DGDWRNNDO D]
f/(βH) WpQ\H]Ę  $] (NPDQSXPSiOiV w = −− P/V VHEHVVpJpEĘO WHKiW v = −
FP/V DGyGLN DPL YDOyEDQ D] yFHiQL PHGHQFpN N|]HSpQ PHJILJ\HOKHWĘ WLSLNXV D] (J\HQOtWĘ
LUiQ\iED PXWDWy iUDPOiVL VHEHVVpJ
$]W D WpQ\W KRJ\ KHO\HQNpQW PpJKR]]i PLQGLJ D Q\XJDWL SDUWYRQDODN PHQWpQ HQQpO
MyYDO HUĘVHEE pV HOOHQNH]Ę LUiQ\~ iUDPOiVRN IRUGXOQDN HOĘ PpJ QHP PDJ\DUi]WXN PHJ
(QQHN PHJpUWpVpKH] IRQWRV D] D IHOLVPHUpV KRJ\ D] yFHiQL PHGHQFpN iOWDOiEDQ ]iUWDN YpJHV
NLWHUMHGpVĦHN $ODNMXN D OHJHJ\V]HUĦEE N|]HOtWpVEHQ WpJODODSQDN WHNLQWKHWĘ O  iEUD
$ PHGHQFH OpWH]pVH D]W MHOHQWL KRJ\ D NHOHWL pV D Q\XJDWL SHUHP V]iUD]I|OG $ SDUWYRQDO
PHQWpQ DWWyO YDODPLYHO EHOMHEE D] iUDPOiVQDN D SDUWWDO SiUKX]DPRVDQ NHOO IXWQLD $]
pV]DNL pV GpOL SHUHP OHKHW PDJD HJ\ V]pOHVVpJL N|UUHO SiUKX]DPRVDQ IXWy iUDPODW LV (]HQ
SHUHPHN PHQWpQ D VHEHVVpJWpUQHN UHQGHONH]QLH NHOO NHOHW±Q\XJDWL NRPSRQHQVVHO LV 0LYHO D
V]pOQ\tUiV D PHGHQFH I|O|WW DQWLFLNORQiOLV N|UOMiUiV~ WHUPpV]HWHV KRJ\ D] iUDPOiVL UHQGV]HU
LV DQWLFLNORQiOLV DPLQW D]W D  iEUD LV PXWDWMD
$ PHGHQFH HJpV]pUH MHOOHP]Ę GpOL VHEHVVpJNRPSRQHQV PHO\HW  DG PHJ |VV]
KDQJEDQ YDQ D NHOHWL ROGDOUD pUYpQ\HV SHUHPIHOWpWHOOHO PHUW D] u NRPSRQHQV RWW HWWĘO PpJ
HOWĦQKHW 8J\DQH] D]RQEDQ QHP OHKHW LJD] D Q\XJDWL ROGDORQ KLV]HQ KD RWW LV GpOIHOp
iUDPROQD D Yt] D WHOMHV W|PHJ QHP PDUDGQD PHJ ËJ\ DUUD D N|YHWNH]WHWpVUH MXWXQN KRJ\
D  |VV]HIJJpV D Q\XJDWL SHUHP PHQWpQ HJ\ NHVNHQ\ ViYEDQ QHP iOO IHQQ PHUW RWW
D] pUYpQ\HVVpJL IHOWpWHOHN JHRV]WURILNXVViJ YDJ\ D V~UOyGiVPHQWHVVpJ YDODPHO\LNH QHP
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $ V]pO KDMWRWWD iUDPOiV VHPDWLNXV UDM]D HJ\ ]iUW yFHiQL PHGHQFpEHQ D] pV]DNL IpOWHNpQ
$ PHGHQFH QDJ\ UpV]pQ NLDODNXOy GpOUH PXWDWy iUDPOiV NRPSHQ]iOiViUD D Q\XJDWL SHUHPHQ PLQGLJ
PHJMHOHQLN HJ\ HUĘV pV]DNUD WDUWy SHUHPiUDPODW
WHOMHVO (QQHN D ViYQDN D PHGHQFH WHOMHV V]pOHVVpJpKH] NpSHVW HOKDQ\DJROKDWyDQ NHVNHQ\QHN
NHOO OHQQLH KLV]HQ  OHYH]HWpVHNRU FVDN D]W KDV]QiOWXN IHO KRJ\ QHP YDJ\XQN SDUWRN
N|]HOpEHQ $ W|PHJPHJPDUDGiV tJ\ YLV]RQW WHOMHVOKHW DPHQQ\LEHQ IHOWpWHOH]]N KRJ\
HEEHQ D NHVNHQ\ Q\XJDWL SDUWYRQDO PHQWL ViYEDQ PLQGD] D Yt]PHQQ\LVpJ pV]DN IHOp iUDPOLN
DPHO\ D PHGHQFH EHOVHMpEHQ GpO IHOp PR]GXOW $ Q\XJDWL SDUWRN PHQWpQ WHKiW RO\DQ HUĘV
iUDPODWRN DODNXOQDN NL PHO\HN LQWHQ]LWiVD W|EE QDJ\ViJUHQGGHO PHJKDODGMD D PHGHQFH
EHOVHMpUH MHOOHP]Ę iUDPOiVL VHEHVVpJHNHW
(]HNNHO D Q\XJDWL SHUHPiUDPODWRNNDO D  IHMH]HWEHQ NYDOLWDWtYHQ PiU PHJLVPHUNHG
WQN ,WW PRVW PiU NYDQWLWDWtY PHJpUWpVUH LV PyG Q\tOLN +D SO D] iUDPODW V]pOHVVpJH 
NP D] HJpV] PHGHQFpMH SHGLJ  NP DNNRU H] D VHEHVVpJ v =  P/V (]HNQHN D
Q\XJDWL SHUHPiUDPODWRNQDN PLQW SO D MyO LVPHUW *ROI YDJ\ D .XURVLRiUDPODW D OpWH]pVH
WHKiW N|YHWNH]LN D N|UQ\H]HWL iUDPOiVRN HOPpOHWpEĘO
$ V]pOQ\tUiV pV D] iWODJVHEHVVpJ SRQWRV NDSFVRODWiW D WHOMHV  HJ\HQOHW DODSMiQ
NDSKDWMXN PHJ 0LYHO D PDJDVViJIJJpV LWW VHP LVPHUW SRQWRVDQ LQWHJUiOMXN PLQGNpW ROGDOW
PRVW D WHOMHV Yt]PpO\VpJUH YDJ\LV D WHUPRNOLQ ]yQD z = −H DOMiWyO D z =  NOVĘ IHOV]tQLJ
$ EDO ROGDORQ PHJMHOHQLN HNNRU
V =
∫ 
−H
vdz , 
D WHOMHV PpO\VpJUH LQWHJUiOW (J\HQOtWĘ±VDURN LUiQ\~ YDJ\LV PHULGLRQiOLV WpUIRJDWiUDP x
LUiQ\EDQ HJ\VpJQ\L V]pOHVVpJĦ IJJĘOHJHV ODSUD YRQDWNR]WDWYD (] D] ~Q 6YHUGUXS
WUDQV]SRUW 0LYHO w OHQW LV pV I|QW LV HOWĦQLN D Q\tUiV URWiFLyMD YLV]RQW D IHOVĘ SHUHPHQ QHP
QXOOD KDQHP pSSHQ D τ  V]pOQ\tUiVL IHV]OWVpJ URWiFLyMD LQWHJUiOiV XWiQ D]W NDSMXN KRJ\
V =

ρβ
URWzτ  . 
$ V]pOQ\tUiV URWiFLyMD WHKiW N|]YHWOHQO PHJKDWiUR]]D D 6YHUGUXSWUDQV]SRUWRW $ NRUiEEDQ
KDV]QiOW URWzτ  ≈ − 1/P EHFVOpVVHO V =  P/V $ 6YHUGUXSWUDQV]SRUW WHKiW
PLQWHJ\ Wt]V]HU QDJ\REE WpUIRJDWRW pULQW PLQW D] (NPDQWUDQV]SRUW HOVĘVRUEDQ D]pUW PHUW
MyYDO QDJ\REE Yt]PpO\VpJUH WHUMHG NL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6=e/ +$-7277$ Ï&(È1 
.RQNUpW SpOGDNpQW WHNLQWVQN HJ\ Lx NHOHW±Q\XJDWL ]RQiOLV pV Ly pV]DN±GpOL PHULGLR
QiOLV PpUHWĦ yFHiQL PHGHQFpW PHO\EHQ D V]pOQ\tUiV YHNWRUD PLQGHQWW D] x LUiQ\ED PXWDW
V QDJ\ViJD FVDN yWyO IJJ D
τ,x(y) = −τ cos πy
Ly

|VV]HIJJpV V]HULQW $ PHGHQFH DOVy SHUHPpQ y =  RWW D Q\tUiV D OHJQDJ\REE QHJDWtY
pUWpNHW (−τ)W YHV]L IHO (] IHOHO PHJ D SDVV]iW ]yQiQDN $ Q\tUiV y = Ly/QpO HOWĦQLN
pV D IHOVĘ SHUHPHQ YHV]L IHO D OHJQDJ\REE SR]LWtY pUWpNHW τDW ,WW YDJ\XQN D Q\XJDWL V]HOHN
WDUWRPiQ\iEDQ $] Lx =  NP Ly =  NP YiODV]WiV D] $WODQWLyFHiQ D] Lx = 
NP Ly =  NP D &VHQGHVyFHiQ N|]HSHV V]pOHVVpJĦ UpV]pW PRGHOOH]L
0LYHO URWzτ  = ∂τ,y/∂x− ∂τ,x/∂y DPL D NRQNUpW DODNRW KDV]QiOYD
URWzτ  = −dτx
dy
= −τπ
Ly
sin
(
πy
Ly
)
.
$ 6YHUGUXSWUDQV]SRUW D] y V]pOHVVpJpQ  DODSMiQ
V = − τπ
ρβLy
sin
(
πy
Ly
)
. 
(QQHN QDJ\ViJD D PHGHQFH N|]HSHV V]pOHVVpJpQpO y = Ly/QpO D OHJQDJ\REE DKRO D
V]LQXV] pUWpNH  ,WW D PHGHQFpQHN D NHVNHQ\ SHUHPiUDPODWRQ W~OL WHOMHV NHOHW±Q\XJDWL
KRVV]iQ PHO\HW My N|]HOtWpVVHO LxQHN WHNLQWKHWQN
Q = V Lx =
τπ
ρβ
Lx
Ly

Yt]WpUIRJDW KDODG iW D] (J\HQOtWĘ LUiQ\iED $ NRQWLQXLWiV pUWHOPpEHQ XJ\DQHNNRUD WpUIRJDW
iUDPOLN D VDURN IHOp D Q\XJDWL SHUHPiUDPODWEDQ $ τ = ,  1/P ρ =  NJ/P
β =  · − /PV f = − /V pUWpNHNNHO D] $WODQWLyFHiQ DGDWDLYDO D]W NDSMXN KRJ\
Q = ×  m/s =  Sv . 
(] QDJ\RQ My N|]HOtWpVVHO PHJHJ\H]LN D *ROIiUDPODW Yt]KR]DPiYDO $ &VHQGHVyFHiQEDQ D]
Lx/Ly PpUHWDUiQ\ /V]|U QDJ\REE tJ\ D Yt]KR]DP PRGHOOQN V]HULQW , V]HU QDJ\REE
NE  6Y $QQDN pU]pNHOWHWpVpUH KRJ\ PLO\HQ QDJ\ Yt]PHQQ\LVpJHNUĘO YDQ V]y PHJHPOtW
MN KRJ\ D] $PD]RQDV WRUNRODWL Yt]KR]DPD FVDN ,  6Y $ *ROIiUDPODWp HQQHN W|EE PLQW
V]i]V]RURVD D .XURVLRp W|EE PLQW NpWV]i]V]RURVD 0LQGNHWWĘ QDJ\REE PLQW D )|OG |VV]HV
IRO\yMiQDN WHOMHV Yt]KR]DPD
)LJ\HOHPUH PpOWy KRJ\ D WHQJHUL iUDPODWRN PHJpUWpVpKH] QHP HOHJHQGĘ FVDN D N|]HJ
IRUJDWRWWViJiQDN IHOLVPHUpVH KDQHP IRQWRV V]HUHSHW MiWV]LN EHQQH D &RULROLVSDUDPpWHU
KHO\IJJpVH YDJ\LV D βKDWiV  (QQHN KLiQ\iEDQ β =  HVHWpQ  pUWHOPHWOHQ HUHGPpQ\W
DGQD eUGHPHV EHPXWDWQL KRJ\ PHQQ\LUH PiV WtSXV~ PHJROGiVW NDSQiQN D βKDWiV QpONO
$KRJ\ D  iEUDPXWDWMD D Q\XJDWL pV D NHOHWL SDUWYLGpN HNNRU HNYLYDOHQV OHQQH V D] iUDPOiV
KDVRQOy OHQQH HJ\ WiQ\pUEDQ PHJI~MW OHYHVpKH]
eUGHPHV PpJ PHJHPOtWHQL KRJ\ D] D WpQ\ KRJ\ D] HUĘV iUDPODWRN D Q\XJDWL SDUWYLGp
NHNUH NRQFHQWUiOyGQDN D]]DO NDSFVRODWRV KRJ\ D )|OG pSSHQ Q\XJDWUyO NHOHWUH IRURJ +D
IRUGtWRWW LUiQ\EDQ IRURJQD D] HUĘV SHUHPiUDPODWRN D NHOHWL SDUWRN PHQWpQ MHOHQQpQHN PHJ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $ V]pO KDMWRWWD iUDPOiV HJ\ ]iUW yFHiQL PHGHQFpEHQ D] pV]DNL IpOWHNpQ D D βKDWiV
ILJ\HOHPEHYpWHOH QpONO E βKDWiVVDO YDJ\LV D  |VV]HIJJpVQHN PHJIHOHOĘHQ
$  6YHUGUXSIpOH |VV]HIJJpV HJ\LN IRQWRV N|YHWNH]PpQ\H KRJ\ D V WpUIRJDWiUDP
HOWĦQLN RWW DKRO D V]pOQ\tUiV URWiFLyMD ]pUXV (]HNHQ D KHO\HNHQ D] iUDPOiVRNQDN V]LJRU~DQ
Q\XJDW±NHOHWL LUiQ\~DNQDN NHOO OHQQLN $  iEUiQ D IHNHWH YRQDO PHQWpQ YDOyEDQ LO\HQ
LUiQ\~ iUDPODWRN IRO\QDN $ V]pOQ\tUiV URWiFLyMD PLQGHQWW N|]HO ]pUXV RWW DKRO D] XUDONRGy
]RQiOLV V]HOHN HUĘVVpJpQHN V]pOVĘpUWpNH YDQ $  iEUD EDO ROGDOiQ OiWKDWy D] XUDONRGy
V]HOHN VHPDWLNXV HUĘVVpJH D] (J\HQOtWĘWĘO D] eV]DNL VDUNLJ eUGHPHV pV]UHYHQQL KRJ\ ϕ =
◦ pV ◦ N|]|WWL V]pOHUĘVVpJ HORV]OiV PHO\ My N|]HOtWpVVHO DUiQ\RV D IHOV]tQL V]pOQ\tUiVVDO
YDOyEDQ OHtUKDWy D  |VV]HIJJpV VHJtWVpJpYHO +iURP V]pOVĘpUWpN iOO HOĘ HJ\HJ\ D
SDVV]iW V]HOHN D Q\XJDWL V]HOHN pV D VDUNL NHOHWL V]HOHN WDUWRPiQ\iEDQ $] HGGLJ YL]VJiOW
WDUWRPiQ\ D] HOVĘ pV D PiVRGLN V]pOVĘpUWpN N|]|WWL V]XEWUySXVL PHGHQFpQHN IHOHO PHJ $
 iEUD MREE ROGDOD D]W PXWDWMD KRJ\ D] (J\HQOtWĘWĘO D VDUNLJ Q\~Oy QDJ\ PHGHQFpEHQ
VSRQWiQ PyGRQ KiURP iUDPOiVL UHQGV]HU DODNXOKDW NL $] HGGLJ YL]VJiOW V]XEWUySXVL QDJ\
N|UiUDP DODWW HJ\ NHVNHQ\ HJ\HQOtWĘL N|U M|Q OpWUH eUGHNHV KRJ\ HQQHN HJ\HQOtWĘL SHUHPpQ
D] iUDPODW V]HPEH IRO\LN D] XUDONRGy V]pOOHO $ V]XEWUySXVL WDUWRPiQ\ ϕ =◦±◦ I|O|WW
SHGLJ PHJMHOHQLN HJ\ VDUNL N|U 0LQGNpW ~M N|U HOOHQNH]Ę N|UOMiUiV~ iUDPOiVW PXWDW PLQW D
V]XEWUySXVL
$ PHJILJ\HOW ]RQiOLVDQ iWODJROW V]pOQ\tUiV DGDWRN VHJtWVpJpYHO D  HJ\HQOHW DODSMiQ
YDOyViJKĦ HUHGPpQ\HN NDSKDWyN $  iEUD EDO ROGDOD D PpUW ]RQiOLVDQ iWODJROW V]pO
Q\tUiVW PXWDWMD MREE ROGDOD SHGLJ D &VHQGHVyFHiQ WHOMHV PHGHQFpMpEHQ D SHUHPIHOWpWHOHN
ILJ\HOHPEHYpWHOpYHO V]iPROW iUDPODWRNDW 0HJILJ\HOKHWĘ PLQGKiURP WtSXV~ N|UiUDP $
IJJĘOHJHV Q\LODN D Q\XJDWL SHUHPiUDPODWRN KHO\pW PXWDWMiN $ YDVWDJ IHNHWH YRQDODN
D] HOWĦQĘ V]pOQ\tUiVL URWiFLyKR] WDUWR]y SRQWRN $ W|EEL YRQDO PHOOp tUW V]iP D WHOMHV
WpUIRJDWWUDQV]SRUWWDO NDSFVRODWRV NpW YRQDO N|]|WW DQQ\L WpUIRJDW iUDPOLN iW VYHUGUXSEDQ
NLIHMH]YH DPHQQ\L D YRQDODNUD tUW V]iPRN NO|QEVpJH $] LGĘHJ\VpJ DODWW D] (J\HQOtWĘ
IHOp iUDPOy WHOMHV WpUIRJDW D OHJWiYRODEEL J|UEpNUH tUW V]iPRN NO|QEVpJH (] DGMD PHJ
HJ\EHQ D Q\XJDWL SHUHPiUDPODW LQWHQ]LWiViW ËJ\ SO D] pV]DNL V]XEWUySXVL N|UEHQ D Q\XJDWL
SHUHPiUDPODW PLQWHJ\  6Y HUĘVVpJĦ
9pJO D  iEUiQ EHPXWDWMXN D] eV]DNDWODQWLPHGHQFpW pV D EHQQH NLDODNXOy yFHiQL
N|UiUDPRW PHO\QHN Q\XJDWL pV pV]DNL UpV]pW D *ROIiUDPODW DONRWMD ,WW |VV]HKDVRQOtWiVNpQW
PHJDGMXN D PHGHQFH I|O|WWL MHOHQOHYĘ iWODJRV IHOV]tQL V]pOPH]ĘW LV 0tJ D OpJN|UL iUDPOiV
N|]HO D]RQRV D PHGHQFH NpW ROGDOiQ D WHQJHUL HJ\pUWHOPĦHQ D Q\XJDWL SHUHP PHOOHWW NRQ
FHQWUiOyGLN $ OpJN|UL iUDPOiV D]pUW PiV MHOOHJĦ PLQW D WHQJHUL PHUW D OpJN|U V]HPSRQWMiEyO
D PHGHQFH SHUHPH QHP DONRW iWKDWROKDWDWODQ DNDGiO\W V H]pUW D βKDWiV MyYDO IRQWRVDEE D]
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 6=e/ +$-7277$ Ï&(È1 
 iEUD $] XUDONRGy V]HOHN HORV]OiViQDN VHPDWLNXV UDM]D D V]pOHVVpJ IJJYpQ\pEHQ EDO ROGDO
pV D V]HOHN iOWDO OpWUHKR]RWW iUDPODWRN pV yFHiQL N|UiUDPRN MREE ROGDO $ N|]pSVĘ RV]ORS D] (NPDQ
WUDQV]SRUW pV D PHGHQFpN N|]HSpW MHOOHP]Ę IJJĘOHJHV iUDPOiV LUiQ\iW PXWDWMD
 iEUD $] XUDONRGy V]HOHN Q\tUiViQDN HORV]OiVD D V]pOHVVpJ IJJYpQ\pEHQ EDO ROGDO pV D V]HOHN
iOWDO OpWUHKR]RWW iUDPODWRN pV yFHiQL N|U|N MREE ROGDO D &VHQGHVyFHiQEDQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
yFHiQL iUDPOiV V]HPSRQWMiEyO PLQW D OpJN|ULpEĘO
 iEUD $ WHQJHUiUDPOiV iWODJRV LUiQ\D D] $WODQWLyFHiQ pV]DNL PHGHQFpMpEHQ V D IHOV]tQL V]HOHN
L]REiUMDLQDN pYHV iWODJD
 $ PpO\WHQJHUL iUDPOiV
$ WHQJHUiUDPODWRNQDN D V]pO KDMWRWWD PR]JiVRNWyO DODSYHWĘHQ NO|QE|]Ę RV]WiO\iW DONRWMiN
D] ~Q WHUPRKDOLQ Yt]N|U]pVVHO NDSFVRODWRV iUDPOiVRN  PHO\HW D 1DJ\ ÏFHiQL 6]iOOtWyV]DODJ
QpYHQ tUWXQN OH D  IHMH]HWEHQ (]HN D Yt]N|U]pV DEEyO DGyGLN KRJ\ D KĘPpUVpNOHW
FV|NNHQpV LOO D VyWDUWDORPQ|YHNHGpV N|YHWNH]WpEHQ D VDUNL YL]HNHQ KHO\HQNpQW RO\DQ QDJ\
VĦUĦVpJ iOOKDW HOĘ D N|UQ\H]Ę WDUWRPiQ\RNpKR] NpSHVW KRJ\ D OHVOO\HGĘ Yt] D] yFHiQ DOMiLJ
LV OHMXWKDW V RWW V]pWWHUOYH DONRWMD D PpO\WHQJHUL iUDPOiVRN UHQGV]HUpW (]W D PHFKDQL]PXVW
PXWDWMD D  VHPDWLNXV iEUD PHO\UĘO MyO OiWV]LN KRJ\ D VDUNL OHEXNy iUDPODWRN MyYDO D WHU
PRNOLQ ]yQD DOi MXWQDN $] DQ\DJPHJPDUDGiV V]HOOHPpEHQ XJ\DQHNNRUD Yt]PHQQ\LVpJQHN
YDODKRO IHOIHOp LV NHOO iUDPROQLD $ PHJILJ\HOpV D]W PXWDWMD KRJ\ D ORNDOL]iOW OHiUDPOiVRNNDO
QHP XJ\DQLO\HQ NLV WDUWRPiQ\RNUD NLWHUMHGĘ IHOiUDPOiVRN WiUVXOQDN KDQHP D IHOiUDPOy
Yt]PHQQ\LVpJ D WHOMHV yFHiQL UHQGV]HUEHQ N|]HO HJ\HQOHWHVHQ RV]OLN HO LJHQ ODVV~ PR]JiVVDO
$  iEUD IHOIHOp PXWDWy NHWWĘV Q\LODL HUUH XWDOQDN
$ PHJILJ\HOpVHN V]HULQW D PpO\VpJL Yt]NpS]ĘGpV OHKHWĘVpJpQHN D N|YHWNH]ĘN D V]NVpJHV
IHOWpWHOHL
 $] (NPDQWUDQV]SRUW N|YHWNH]WpEHQ D PpO\WHQJHUL Yt] NHUOM|Q N|]HO D IHOV]tQKH] (]
PLQGLJ WHOMHVO D VDUNL iUDPOiVL N|U|NEHQ DKRO IHOiUDPOiV GRPLQiO DPLQW D]W D 
iEUD PXWDWMD
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 0e/<7(1*(5, È5$0/È6 
 iEUD $ PpO\WHQJHUL iUDPOiV VHPDWLNXV UDM]D $ OHKĦOpV N|YHWNH]WpEHQ EHVĦUĦV|GĘ WHQJHUYt]
VDUNYLGpNHQ W|UWpQĘ ORNDOL]iOW OHiUDPOiVD D WHQJHUIHQpNUH MXW PpO\WHQJHUL iUDPODWRNDW LQGtW PHO\HN
NHO ODVV~ IHOiUDPOiVRN WiUVXOQDN
 $ UpWHJ]HWWVpJ OHJ\HQ J\HQJH MyYDO NLVHEE PLQW D] yFHiQ W|EEL UpV]pQ /iWWXN KRJ\
D UpWHJ]HWWVpJ PpUĘV]iPD D] N %UXQW±9lLVlOlIUHNYHQFLD  IHMH]HW $ IHOWpWHO D
UpWHJ]HWWVpJ J\HQJHVpJpUH D] KRJ\ N OHJ\HQ NLVHEE PLQW  · − /V
 +LGHJ V]iUD] V]pO I~MMRQ D V]iUD]I|OG YDJ\ D MpJJHO IHGHWW WHUOHW IHOĘO PHO\ D Yt]
IHOV]tQpW OHKĦWL GH XJ\DQDNNRU D VyWDUWDOPDW QHP KtJtWMD FVDSDGpNNDO
$  iEUD D] pYHV iWODJRV %UXQW±9lLVlOlIUHNYHQFLiW PXWDWMD D] yFHiQRNRQ D  PHV
PpO\VpJEHQ -yO OiWV]LN KRJ\ D] N <  · − /V IHOWpWHO VRN KHO\HQ WHOMHVO $ KDUPDGLN
IHOWpWHO LV IHQQiOO D VDUNRN N|UQ\pNpQ $ V]NVpJHV IHOWpWHOHN WHOMHVOpVH HOOHQpUH PpO\UH
KDWROy iUDPOiV FVDN QDJ\RQ NHYpV KHO\HQ DODNXO NL $] pV]DNL IpOWHNpQ FVDNLV D] $WODQWL
yFHiQEDQ D]RQ EHOO LV D /DEUDGRUWHQJHUEHQ pV D *U|QODQGLWHQJHUEHQ $&VHQGHVyFHiQEDQ
IHOWHKHWĘHQ D]pUW QHP W|UWpQLN pV]DNRQ PpO\VpJL Yt]NpS]ĘGpV PHUW D V]iUD]I|OGHN PLDWW Q\tOW
QDJ\ yFHiQL IHOOHWHN QHP MXWQDN HO D] eV]DNLVDUN N|]HOpEH $ GpOL IpOWHNpQ LV HJ\HWOHQ
KHO\HQ YDQ OHiUDPOiV D :HGGHOWHQJHUEHQ $] D WpQ\ KRJ\ D PpO\Yt]L NpS]ĘGpV LO\HQ ULWND
DUUD LV XWDO KRJ\ HVHWOHJ FVHNpO\ N|UQ\H]HWL YiOWR]iVRN D WHUPRKDOLQ Yt]N|U]pV PHJV]ĦQpVp
KH] YH]HWKHWQHN V H] D] DPL PLDWW D NOtPDYiOWR]iV OHKHWVpJHV N|YHWNH]PpQ\HLQHN IHOGHUtWpVH
V]HPSRQWMiEyO D WHUPRKDOLQ iUDPOiV LJHQ IRQWRV V]HUHSHW MiWV]LN (]HQ iUDPOiV UpV]OHWHLUĘO
PD D]RQEDQ PpJ YLV]RQ\ODJ NHYHVHW WXGXQN
$ OHiUDPOiVL KHO\HN N|]O D /DEUDGRUWHQJHULUĘO WXGXQN D OHJW|EEHW EiU HQQHN YL]VJiODWD
LV LJHQ QHKp] D NHPpQ\ LGĘMiUiVL YLV]RQ\RN PLDWW $] ĘV] YpJpQ H]HQ D KHO\HQ OHFV|NNHQ
D UpWHJ]HWWVpJ $ WpOL QDJ\RQ KLGHJ V]HOHN N|YHWNH]WpEHQ IHOO HUĘV KĦWpV W|UWpQLN PtJ D
PpO\HEE Yt]W|PHJHN YLV]RQ\ODJ PHOHJHN (] D NRQYHNFLy IHOWpWHOH V H]HNEHQ D WDUWRPi
Q\RNEDQ EHLQGXO D  IHMH]HWEHQ OHtUW iUDPOiV Yt]L PHJIHOHOĘMH $ NRQYHNWtY iUDPOiV MHOHQWĘV
NHYHUHGpVW RNR] HJ\ PpO\UH Q\~Oy Yt]W|PHJ YiOLN N|]HO KRPRJpQQp EHQQH N ≈  (]
D KRPRJpQ Yt]RV]ORS  NPQpO LV PpO\HEEp YiOKDW DPLW ~J\ LV OHKHW IRJDOPD]QL KRJ\ D
NHYHUHGpVL UpWHJ D WHUPRNOLQ ]yQD DOi Q\~OLN $] tJ\ NLDODNXOW ÄNpPpQ\HQ´ NHUHV]WO D VĦUĦ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $] yFHiQRN  PHV PpO\VpJpEHQ pUYpQ\HV N %UXQW±9lLVlOlIUHNYHQFLD pUWpNH RV]WYD
D] f¯ = − /V WLSLNXV &RULROLVSDUDPpWHUUHO $]N <  ·− /V IHOWpWHO D]N/f¯ =  NRQW~URNRQ
EHOO WHOMHVO 0pO\VpJL Yt]NpS]ĘGpV FVDN D Uy]VDV]tQ IROWRNNDO MHO|OW KHO\HNHQ IRUGXO HOĘ >@
KLGHJ KRPRJpQ WHQJHUYt] OHIHOp iUDPOLN V ODVVDQ HORV]OLN D PpO\ UpWHJHNEHQ $ WDYDV]LQ\iUL
IHOPHOHJHGpV D NRQYHNFLyV KHO\]HWHW PHJV]QWHWL D NpPpQ\ HOWĦQLN V Q\iU YpJpUH ĘV]UH D]
HQ\KpQ UpWHJ]HWW KHO\]HW iOO HOĘ $ N|YHWNH]Ę WpOHQ QDJ\ YDOyV]tQĦVpJJHO LWW DODNXO NL LVPpW
OHiUDPOiV GH D] LGĘMiUiVL YiOWR]iVRN PLDWW D OHiUDPOiVL KHO\ iOWDOiEDQ YDODPHO\HVW HOPR]GXO
$  iEUD H]W D FLNOLNXV PHFKDQL]PXVW PXWDWMD EH VHPDWLNXVDQ
 iEUD $ PpO\VpJL Yt]NpS]ĘGpV NO|QE|]Ę Ii]LVDL D /HiUDPOiVPHQWHV iOODSRW HQ\KH UpWHJ]HWW
VpJJHO E 7pOL NRQYHNFLy pV NHYHUHGpV PHO\QHN VRUiQ N →  PHJMHOHQLN D ÄNpPpQ\´ F $ VĦUĦ
KRPRJpQ WHQJHUYt] VOO\HGpVH pV HOWHUMHGpVH D] yFHiQ DOVy UpWHJHLEHQ >@
$ PHJILJ\HOpVHN V]HULQW D] pV]DNDWODQWL PpO\Yt] NpS]ĘGpVEHQ Q =  6YQ\L Yt]
PHQQ\LVpJ YHV] UpV] D]D] D *ROIiUDPODW Yt]KR]DPiQDN PLQWHJ\ IHOH $ OHiUDPOiVW EL]WRVtWy
NpPpQ\HN iWPpUĘMH NE  NP (QQHN DODSMiQ NL WXGMXN V]iPtWDQL D OHiUDPOiV wle iWODJRV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $ 0e/<7(1*(5, È5$0/È6 
VHEHVVpJpW (J\HWOHQ QpJ\]HW DODS~ NpPpQ\W IHOWpWHOH]YH D] DODSWHUOHW ×  NP DPL
 P (QQHN wle V]HUHVH  6Y DPLEĘO
wOH = , × − PV = ,  PPV . 
(] DOLJ ODVVDEE PLQW D] yFHiQL PHGHQFpN N|]HSpUH MHOOHP]Ę IHOV]tQL iUDPODWRN Yt]V]LQWHV
VHEHVVpJH
$ PpO\WHQJHUL Yt]V]LQWHV iUDPOiVL VHEHVVpJ DEEyO EHFVOKHWĘ KRJ\ H] D Yt]PHQQ\LVpJ
D WHOMHV PHGHQFH V]pOHVVpJpEHQ pV W|EE NP PDJDVViJEDQ HORV]WYD iUDPOLN  NP
V]pOHVVpJJHO pV  NP PDJDVViJJDO V]iPROYD D NHUHV]WPHWV]HW ,  ·  P |VV]HPpUKHWĘ
D NpPpQ\ DODSWHUOHWpYHO V H]pUW
vPpO\ ≈  PPV . 
(] XJ\DQRO\DQ QDJ\ViJUHQGĦ PLQW D OHiUDPOiV WLSLNXV VHEHVVpJH
$ IHOiUDPOiVL VHEHVVpJ D]RQEDQ HJpV]HQ PiV QDJ\ViJUHQGĦ $ OHiUDPORWW Yt]PHQQ\LVpJ
D] $WODQWLyFHiQ WHOMHV IHOOHWpQ iUDPOLN IHOIHOp DPL NE  P $wfel IHOiUDPOiVL VHEHVVpJ
D Q Yt]KR]DPQDN pV HQQHN D IHOOHWQHN D KiQ\DGRVD D]D]
wIHO ≈ , × −PV ≈  PpY . 
(] D VHEHVVpJ HJ\ QDJ\ViJUHQGGHO NLVHEE PLQW D] (NPDQSXPSiOiV RNR]WD IHOiUDPOiVL
VHEHVVpJHN  IHMH]HW
+DWiUR]]XN PpJ PHJ D PpO\WHQJHUL FLUNXOiFLy MHOOHJ]HWHV LGHMpW $ WHQJHU DOMiQ D VĦUĦ
Yt] DNiU D GpOL VDUNLJ LV HOMXWKDW 7LSLNXV HVHWNpQW WHJ\N IHO KRJ\ D] (J\HQOtWĘ N|UQ\pNpQ
iUDPOLN IHO $] RGDMXWiVKR] V]NVpJHV LGĘ  NP/( PP/V =  ×  V DPL NE 
pY $ IHOMXWiVKR] D]RQEDQ  NP /(− P/V = ×  PiVRGSHUFUH YDQ V]NVpJ DPL PpJ
W|EE PLQWHJ\  pY %HFVOpVQN EL]RQ\tWMD D  IHMH]HW iOOtWiViW D WHUPRKDOLQ Yt]N|U]pV
MHOOHJ]HWHV LGHMH WHKiW D] pYH]UHGHN QDJ\ViJUHQGMpEH HVLN $ 1DJ\ ÏFHiQL 6]iOOtWyV]DODJ
PHJLVPHUpVH H]pUW LV RO\DQ QHKp] IHODGDW
$ PpO\WHQJHUL iUDPOiV D PHGHQFpN QDJ\ UpV]pEHQ LJHQ ODVV~ V KR]]i HJ\ V]LQWH PpUKH
WHWOHQO J\HQJH IHOiUDPOiV WDUWR]LN $ PpO\EHQ DKRO D V]pOQ\tUiV HOWĦQLN D JHRV]WURILNXV
HJ\HQV~O\ IHOWpWHOHL Q\LOYiQ IHQQiOOQDN $  HJ\HQOHWEĘO H]pUW
v =
f
β
∂w
∂z
. 
0LYHO D] yFHiQL DOM]DWRQ w =  D WHUPRNOLQ ]yQD DOMiQ YLV]RQW D wfel pUWpN SR]LWtY D
∂w/∂z GHULYiOW D WHUPRNOLQ ]yQD DODWWL WHOMHV PpO\VpJEHQ SR]LWtY (EEĘO D] N|YHWNH]LN KRJ\
v LV SR]LWtY D PpO\WHQJHUL iUDPOiV D VDUNL PpO\Yt] NpS]ĘGpVL KHO\ LUiQ\iED PXWDW (]W D
Yt]V]LQWHV iUDPOiVW WHKiW QHP D OHEXNy iUDPOiV KDQHP D QDJ\RQ ODVV~ IHOiUDPOiV KR]]D OpWUH
$ PpO\WHQJHUL iUDPOiV pV D OHEXNy iUDPOiV PHO\HN Yt]KR]DPD N|UOEHOO D]RQRV
D VDUNN|UL WHUOHWHNHQ |VV]HIRO\LN $ PHGHQFH YpJHVVpJH PLDWW LVPpW FVDN HJ\ Q\XJDWL
SHUHPiUDPODW NLDODNXOiVD OHKHW D] DQ\DJPHJPDUDGiVW NLHOpJtWĘ PHJROGiV $ ODVV~ pV]DNUD
LUiQ\XOy PpO\WHQJHUL iUDPOiV WHKiW HJ\ HUĘV (J\HQOtWĘ LUiQ\iED PXWDWy PpO\WHQJHUL Q\XJDWL
SHUHPiUDPODW HJpV]tWL NL D] HJpV] PHGHQFpEHQ  iEUD
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $] HUĘVHQ ORNDOL]iOW VDUNL OHiUDPOiVW YDVWDJ OHIHOp PXWDWy Q\tO D] HJpV] PHGHQFpUH
NLWHUMHGĘ ODVV~ IHOiUDPOiV NLV IHOIHOp PXWDWy Q\LODN NtVpUL $ JHRV]WURILNXV HJ\HQV~O\ N|YHWNH]WpEHQ
D PHGHQFH EHOVHMpEHQ D Yt]V]LQWHV VtNEDQ pV]DNUD PXWDWy ODVV~ iUDPOiVQDN NHOO NLDODNXOQLD KRVV]~
Q\LODN (] D OHiUDPOiVVDO HJ\WW HJ\ (J\HQOtWĘ IHOp IRO\y HUĘV Q\XJDWL SHUHPiUDPODWRW WiSOiO D
PpO\EHQ
$] $WODQWLyFHiQ PpO\pQ D Q\XJDWL SHUHPiUDPODW iWKDODG D] (J\HQOtWĘQ pV HJpV]HQ D
:HGGHOWHQJHUL OHEXNy iUDPOiVLJ WDUW 2WW FVDWODNR]LN D] $QWDUNWLV] N|UOL iUDPODW DODWW D]]DO
SiUKX]DPRVDQ IXWy PpO\WHQJHUL iUDPODWKR] $ IHOV]tQL iUDPODWWDO KHO\HQNpQW NDSFVRODWED
OpS pV IHOiUDPOiVRN LQGXOQDN PHO\HN WiSOiOMiN D IHOV]tQL iUDPOiVL UHQGV]HUW DKRJ\ D 
iEUiQ OiWMXN $ 1DJ\ ÏFHiQL 6]iOOtWyV]DODJQDN H] D] iEUi]ROiVD MyO PXWDWMD KRJ\ D] HUĘV
PpO\WHQJHUL iUDPODWRN V]HPSRQWMiEyO PHQQ\LUH HUĘV D] DV]LPPHWULD D] $WODQWL pV D &VHQGHV
yFHiQLPHGHQFH N|]|WW V PHQQ\LUH QDJ\ D] HOWpUpV D NpW IpOWHNH N|]|WW LV
 %DURNOLQ LQVWDELOLWiV D] LGĘMiUiV HUHGHWH
+LGURGLQDPLNDL HJ\HQOHWHLQN EiUPHO\LN PHJROGiVD NDSFViQ PHJ NHOO YL]VJiOQXQN KRJ\ D]
iUDPOiV VWDELOH 6WDELOQDN DNNRU PRQGXQN HJ\ PHJROGiVW KD EiUPHO\ NLVVp PyGRVtWRWW
YiOWR]DWiW D] HJ\HQOHWHNEH EHKHO\HWWHVtWYH D]W WDSDV]WDOMXN KRJ\ D PHJROGiV XJ\DQRO\DQ
WtSXV~ PDUDG PLQW D] HUHGHWL (] DQQDN IHOHO PHJ KRJ\ D] DEEyO DGyGy EL]RQ\WDODQViJRN
PHO\HN D UpV]OHWHN QHP W|NpOHWHV LVPHUHWpEĘO DGyGQDN QHP OpQ\HJHVHN 0iV V]yYDO VWDELO
PHJROGiVUyO JRQGROKDWMXN FVDN D]W KRJ\ D] WpQ\OHJHVHQ PHJYDOyVXO $] LQVWDELO PHJROGiVRN
NLV ]DYDURN KDWiViUD HJpV]HQ PiV WtSXV~ YLVHONHGpVW PXWDWQDN PLQW D] HUHGHWL $] LO\HQ
PHJROGiVRN KRVV]~ LGĘVNiOiQ VHPPLNpSSHQ VHP YDOyVXOKDWQDN PHJ OHJIHOMHEE YpJHV LGHLJ
OiWKDWMXN D]W D YLVHONHGpVW PHO\HW HJ\ LQVWDELO PHJROGiV OHtU $]W D MHOHQVpJHW DPLNRU HJ\
SDUDPpWHU YiOWR]WDWiViYDO HJ\ PHJROGiV VWDELOEyO LQVWDELOED YiOW LQVWDELOLWiVQDN QHYH]]N
$ N|UQ\H]HWL iUDPOiVRN V]HPSRQWMiEyO WDOiQ D OHJIRQWRVDEE LQVWDELOQDN EL]RQ\XOy PHJ
ROGiV D  HJ\HQOHWWHO OHtUW WHUPLNXV iUDPOiV (OHJHQGĘHQ QDJ\ VHEHVVpJHN HVHWpQ H] D
PHJROGiV LQVWDELOOi YiOLN H] D EDURNOLQ LQVWDELOLWiV PHO\PLQG D OpJN|UEHQ PLQG D] yFHiQEDQ
IRQWRV V]HUHSHW MiWV]LN
$ WHUPLNXV V]pOUĘO OiWWXN  IHMH]HW KRJ\ D N|]HSHV V]pOHVVpJHNHQ D OHJHUĘVHEE V
D VWDELO PHJROGiV D]W MHOHQWHQp KRJ\ LWW |U|NNp N|]HO iOODQGy IHOIHOp HUĘV|GĘ Q\XJDWL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 %$52./,1 ,167$%,/,7È6 $= ,'ė-È5È6 (5('(7( 
V]pO I~MQD $ PHJROGiV PLQW PLQGHQ JHRV]WURILNXV PR]JiV LGĘWĘO IJJHWOHQ $ EDURNOLQ
LQVWDELOLWiV WpQ\H RNR]]D KRJ\ D Q\XJDWL V]pO QHP iOODQGy V H] DGMD PHJ LGĘMiUiVXQN
YiOWR]pNRQ\ViJiW
$] LQVWDELOLWiV N|YHWNH]WpEHQ ~MIDMWD iUDPOiV DODNXO NL $] HJ\HQOHWHV ]RQiOLV iUDPOiV
QDJ\ DPSOLW~GyM~ PHDQGHUH]Ę KXOOiPRNDW YHW D Yt]V]LQWHV VtNEDQ PHO\UĘO MREEUD LOO EDOUD
IRUJy QDJ\ |UYpQ\HN FLNORQRN pV DQWLFLNORQRN YiOQDN OH $] |UYpQ\HN QHP D]RQRVPpUHWĦHN
V QHP LV D]RQRV LGĘQNpQW DODNXOQDN NL PpJLV YDQ HJ\ MyO PHJKDWiUR]RWW iWODJRV R PpUHWN
pV iWODJRV T NLIHMOĘGpVL LGHMN $  IHMH]HWEHQ OiWWXN KRJ\ PLQGHQ IRUJDWRWW pV UpWHJ]HWW
UHQGV]HUEHQ OpWH]LN HJ\ NDUDNWHULV]WLNXV WiYROViJ D  HJ\HQOHWWHO PHJDGRWW Lρ 5RVVE\
VXJiU $] LQVWDELOLWiV N|YHWNH]WpEHQ OpWUHM|YĘ iUDPOiV MHOOHJ]HWHV PpUHWH H]pUW FVDNLV H] D]
pUWpN OHKHW V H]pUW D FLNORQRN DQWLFLNORQRN iWODJRV R VXJDUiUD pUYpQ\HV KRJ\
R ≈ Lρ . 
0LYHO D OpJN|UL 5RVVE\VXJiU pUWpNpW  NPQHN EHFVOWN D FLNORQRN iWODJRV VXJDUD 
NP D PHWHRUROyJLDL WDSDV]WDODWWDO WHOMHV |VV]KDQJEDQ
$ FLNORQRN NLDODNXOiVL LGHMpW DEEyO EHFVOKHWMN KRJ\ WXGMXN KRJ\ PHNNRUD D WURSR
V]IpUD N|]HSpQ D JHRV]WURILNXV WHUPLNXV V]pO iWODJRV U¯ VHEHVVpJH $ T NLIHMOĘGpVL LGĘ
KR]]iYHWĘOHJHVHQ D] D] LGĘ PHO\ DODWW D] iWODJRV V]pOVHEHVVpJJHO D 5RVVE\VXJiUQ\L WiYROViJ
PHJWHKHWĘ D]D]
T ≈ Lρ
U¯
. 
$ U¯ =  P/V VHEHVVpJJHO T =  VRW NDSXQN DPL NLVVp W|EE PLQW HJ\ QDS $ FLNORQRN
NLIHMOĘGpVH YDOyEDQ QpKiQ\ QDSLJ WDUW eOHWWDUWDPXNDW D V~UOyGiV KDWiUR]]D PHJ V WLSLNXVDQ
HJ\ KpW QDJ\ViJUHQGĦ
$ EDURNOLQ LQVWDELOLWiV N|YHWNH]WpEHQ D SROiULV IURQW O  pV  iEUiN PHO\ PHQWpQ
D WHUPLNXV V]pO D OHJHUĘVHEE OHQQH KXOOiPRVVi YiOLN  iEUD $ OHV]DNDGy |UYpQ\HN
KLGHJ OHYHJĘW KR]QDN D N|]HSHV V]pOHVVpJHNUH pV PHOHJHW YLV]QHN D VDUNYLGpN LUiQ\iED
$] DODFVRQ\ Q\RPiV~ |UYpQ\ D FLNORQ Q\XJDWL ROGDOiQ KLGHJ OHYHJĘ KDWRO D PHOHJ DOi V
KLGHJIURQW DODNXO NL PtJ D NHOHWLQ PHOHJ OHYHJĘ IXW D KLGHJ I|Op PHOHJIURQWRW KR]YD OpWUH
0LQGHQQDSL LGĘMiUiVXQN DODSYHWĘ HOHPHL WHKiW D EDURNOLQ LQVWDELOLWiV N|YHWNH]PpQ\HL $
OpJN|UL iUDPOiV D] LQVWDELOLWiV N|YHWNH]WpEHQ QDJ\ VNiOiQ V]DEiO\WDODQQi WXUEXOHQVVp YiOLN
V H] LGĘMiUiVXQN HOĘUHMHOH]KHWHWOHQVpJpQHN YiOWR]pNRQ\ViJiQDN IL]LNDL KiWWHUH
$ EDURNOLQ LQVWDELOLWiV P|J|WW IRQWRV HQHUJHWLNDL PHFKDQL]PXV UHMOLN $ KLGHJ pV D PHOHJ
OHYHJĘ N|]|WWL HOYiODV]Wy IHOOHW iOWDOiEDQ QHP Yt]V]LQWHV D OpJN|U PLQW PiU W|EEV]|U LV
PHJIRJDOPD]WXN QLQFV WHUPLNXV HJ\HQV~O\EDQ $ OpJN|U KHO\]HWL HQHUJLiMD D]RQEDQ tJ\ QHP
D OHKHWĘ OHJNLVHEE (QHUJLD V]DEDGXO IHO KD D] HOYiODV]Wy IHOOHW D Yt]V]LQWHV LUiQ\ED IRUGXO $
 iEUD NpW DODSYHWĘHQ NO|QE|]Ę OHKHWĘVpJHW PXWDW $ EDO ROGDOD D QHP IRUJy YDJ\ QDJ\RQ
ODVVDQ IRUJDWRWW N|]HJQHN IHOHO PHJ $ IHUGH HOYiODV]Wy IHOOHW LWW HJ\V]HUĦHQ HOIRUGXOKDW V
H] HQHUJLD IHOV]DEDGXOiVKR] YH]HW $PHQQ\LEHQ D EDO ROGDORQ D KtJDEE N|]HJ NOVĘ KDWiV
PLDWW iOODQGyDQ MHOHQ YDQ iOODQGy N|UN|U|V PR]JiV DODNXO NL (] IHOHO PHJ DQQDN DPLW D
+DGOH\FHOOD HVHWpQ   iEUiN OiWWXQN QH IHOHMWVN H] (J\HQOtWĘ N|UQ\pNpQ D IRUJDWiV
KDWiVD HOKDQ\DJROKDWy $] HJ\HQOtWĘL EHVXJiU]iV PLDWW LWW QDJ\ OpSWpNĦ FLUNXOiFLy DODNXO NL
D IJJĘOHJHV VtNEDQ $] iEUD MREE ROGDOD IHOHO PHJ D] HUĘVHQ IRUJDWRWW HVHWQHN D N|]HSHV
V]pOHVVpJHNQHN ,O\HQNRU D &RULROLVHUĘ PLDWW D PHJG|QW|WW IHOOHW iOODQGyDQ IHQQPDUDGKDW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD $ EDURNOLQ LQVWDELOLWiV N|YHWNH]WpEHQ NLDODNXOy |UYpQ\HN PHJNHYHULN D OHYHJĘW V H]]HO
FV|NNHQWLN D] (J\HQOtWĘ pV D VDUNRN N|]|WWL KĘPpUVpNOHWNO|QEVpJHW )HQW $ PHOHJ pV KLGHJ OHYHJĘ
N|]|WWL SROiULV IURQW PHDQGHUH]Ę IRUPiW YHV] IHO /HQW $ FLNORQRN Q\XJDWL ROGDOiQ KLGHJ D NHOHWL
ROGDOiQ PHOHJIURQW DODNXO NL $] a′ pV D b′ YRQDODN PHQWpQ D  iEUD ROGDOQp]HWL NpSHL pUYpQ\HVHN
 iEUD $ KHO\]HWL HQHUJLD IHOV]DEDGXOiViQDN PHFKDQL]PXVD HJ\ N|]HOtWĘOHJ NpWUpWHJĦ IRO\DGpN
EDQ %DO ROGDOL iEUD 1HP IRUJDWRWW HVHW (QHUJLD D] HOYiODV]Wy IHOOHW HOIRUGXOiViYDO V]DEDGXO IHO
-REE ROGDOL iEUD *\RUVDQ IRUJDWRWW HVHW HQHUJLD D Q\tOODO MHO]HWW LUiQ\EDQ W|UWpQĘ UH]JpVVHO V]DEDGXO
IHO PHO\HW D EDURNOLQ LQVWDELOLWiV WHV] OHKHWĘYp
(QHUJLDFVHUpUH FVDN DNNRU Q\tOLN PyG KD OpJW|PHJHN PR]RJQDN D Q\tOODO MHO|OW LUiQ\EDQ
YDJ\LV D G|QW|WW IHOOHW pV D Yt]V]LQWHV VtN N|]p HVĘ WpUUpV]EHQ $ EDURNOLQ LQVWDELOLWiV pSSHQ
D]W WHV]L OHKHWĘYp KRJ\ KLGHJ OHYHJĘ NHUOM|Q D] (J\HQOtWĘ LUiQ\iED V PHOHJ D VDUNYLGpN
IHOp (]]HO LGHLJOHQHVHQ pV ORNiOLVDQ FV|NNHQKHW D GĘOpVL V]|J DPL D]RQEDQ KRVV]~ LGĘ
iWODJiEDQ LVPpW HUHGHWL pUWpNpW YHV]L IHO (N|]EHQ D]RQEDQ HQHUJLD iUDPOLN D VDURN IHOp
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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$ EDURNOLQ LQVWDELOLWiV pV D N|YHWNH]WpEHQ NLDODNXOy FLNORQRN DQWLFLNORQRN WHKiW KDWpNRQ\
HQHUJLDV]iOOtWiVL PHFKDQL]PXVW EL]WRVtWDQDN
gVV]HVVpJpEHQ D +DGOH\FHOOD FLUNXOiFLyV iUDPOiVD DOLJ MXWWDW HQHUJLiW D VDUNRN LUiQ\iED
$ EDURNOLQ LQVWDELOLWiV D] PHO\ D FLNORQRNRQ pV D IURQWRNRQ NHUHV]WO KDWpNRQ\ KĘiWDGiVW
EL]WRVtW D VDUNYLGpNHN IHOp
$ WURSRV]IpUiYDO NDSFVRODWRV JOREiOLV NpSQNHW LV D EDURNOLQ LQVWDELOLWiV WHV]L WHOMHVVp $]
DOVy WURSRV]IpUiEDQ D SDVV]iW V]HOHN WDUWRPiQ\iQ NtYO D N|]HSHV V]pOHVVpJHNUH D] iOODQGyDQ
YiOWDNR]y FLNORQRN D YHON pUNH]Ę IURQWRN pV D] XUDONRGy Q\XJDWL V]HOHN D MHOOHP]ĘHN
$ IHOVĘ WURSRV]IpUiED D FLNORQRN FVDN LGĘQNpQW KDWROQDN IHO D] iOODQGy Q\XJDWL V]pOEHQ
PHJMHOHQLN D MHWVWUHDP
$ VDUNRN LUiQ\iEDQ YiOWR]y VĦUĦVpJIHOOHWHN D] yFHiQRNEDQ LV HOĘIRUGXOQDN )HQQiOOiVXN
DODSYHWĘ RND D V]XEWUySXVL pV D VDUNL yFHiQL N|UiUDPRNEDQ NLDODNXOy OH LOO IHOiUDPOiVRN
(]HN D N|]HSHV V]pOHVVpJHNHQ HUĘVHQ G|QW|WW VĦUĦVpJIHOOHWHNHW WDUWDQDN IHQQ  iEUD
pSS~J\ PLQW D] DWPRV]IpUiEDQ (QQHNPHJIHOHOĘHQ D Yt]V]LQWHV VĦUĦVpJJUDGLHQV D] yFHiQEDQ
LV MHOHQWĘV WHUPLNXV iUDPOiVW DODNtW NL (QQHN LQVWDEOLWiVD YH]HW D IHOV]tQL iUDPOiVRNUyO
OHV]DNDGy |UYpQ\OĘ J\ĦUĦN SO D *ROIJ\ĦUĦN NLDODNXOiViUD DPLQW D] D  iEUiQ LV
PHJILJ\HOKHWĘ
 iEUD $] yFHiQL Yt]V]LQWHV VĦUĦVpJJUDGLHQV NLDODNXOiViQDN VHPDWLNXV UDM]D $ G|QW|WW
VĦUĦVpJIHOOHWHNUĘO D EDURNOLQ LQVWDELOLWiV PLDWW |UYpQ\OĘ J\ĦUĦN V]DNDGQDN OH PHO\HN N|YHWNH]WpEHQ
HQHUJLD MXW D VDUNRN N|]HOpEH V D GĘOpVV]|J LGHLJOHQHVHQ FV|NNHQ
0LYHO D] yFHiQL 5RVVE\VXJiU  NP D  pV  |VV]HIJJpVHN DODSMiQ D J\ĦUĦN
WLSLNXV VXJDUD R =  NP NLDODNXOiVL LGHMN U¯ = ,  P/VDO V]iPROYD T =  × 
V DPL NE HJ\ KpW ÈWODJRV pOHWWDUWDPXN W|EE KyQDS LV OHKHW $] yFHiQL PpUHWHN WHKiW
NLVHEEHN D] LGĘVNiOiN QDJ\REEDN PLQW D OpJN|UEHQ $] iUDPODWRNUyO OHV]DNDGy J\ĦUĦN
D FLNORQRN pV DQWLFLNORQRN SRQWRV PHJIHOHOĘL $ J\ĦUĦN LV VHJtWLN D VDUNRN LUiQ\iED PXWDWy
KĘWUDQV]SRUWRW (EEĘO D V]HPSRQWEyO D]RQEDQ D] yFHiQL J\ĦUĦN MHOHQWĘVpJH NLVHEE XJ\DQLV
D Q\XJDWL SHUHPiUDPODWRN PHO\HN pSSHQ pV]DN±GpOL HQHUJLDFVHUpW WHV]QHN OHKHWĘYp PHOOHWW
MiUXOpNXN HOKDQ\DJROKDWy $ SHUHPiUDPODWRN D]RQEDQ D NRQWLQHQVHN pV D YpJHV yFHiQL
PHGHQFpN N|YHWNH]PpQ\HL OpJN|UL PHJIHOHOĘLN H]pUW QHP OpWH]KHWQHN +DWpNRQ\ KĘFVHUH
D] DWPRV]IpUiEDQ WHKiW FVDNLV D FLNORQRN DQWLFLNORQRN UpYpQ W|UWpQKHW (] DGMD D EDURNOLQ
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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LQVWDELOLWiV NO|QOHJHV IRQWRVViJiW D OpJN|UL HQHUJLDYLV]RQ\RN V]HPSRQWMiEyO V PHJV]DEMD D
V]HQQ\H]Ę DQ\DJRN QDJ\ VNiOiM~ WHUMHGpVpQHN MHOOHJ]HWHVVpJHLW LV
 6]HQQ\H]pVHN QDJ\ VNiOiM~ WHUMHGpVH
$ V]HQQ\H]pVHN WHUMHGpVpQHN DODSNpUGpVH KRJ\ KRJ\DQ PR]RJ VRGUyGLN HJ\ V]HQQ\H]Ę
V]HPFVH D] DGRWW iUDPOiVEDQ eUGHNHV PyGRQ D KLGURGLQDPLND HJ\HQOHWHLQHN PHJROGiVD D
VRGUyGiV SUREOpPiMiUD QHP DG N|]YHWOHQO YiODV]W PpJ DEEDQ D OHJHJ\V]HUĦEE HVHWEHQ VHP
DPLNRU D V]HQQ\H]pV HJ\V]HUĦHQ FVDN HJ\ PHJIHVWHWW IRO\DGpNHOHPQHN WHNLQWKHWĘ (QQHN RND
D VHEHVVpJWpU  IHMH]HWEHQ EHYH]HWHWW IRJDOPiEDQ NHUHVHQGĘ $PLQW RWW KDQJV~O\R]WXN D
VHEHVVpJWpU VRN UpV]HFVNH U|YLG LGHMĦ PR]JiViW MHOOHP]L H]pUW WHKHWĘ OiWKDWyYi SpOGiXO ~J\
KRJ\ VRN DSUy V]HPFVpW KHO\H]QN D IRO\DGpN IHOV]tQpUH V D]RNDW OHIpQ\NpSH]]N $ v(r, t)
VHEHVVpJPH]Ę D]W DGMD PHJ KRJ\ D t SLOODQDWEDQ D] pSSHQ D] r KHO\HQ OHYĘ UpV]HFVNH PLO\HQ
J\RUVDQ PR]RJ $UUyO D]RQEDQ QHP NDSXQN LQIRUPiFLyW KRJ\ XJ\DQH] D UpV]HFVNH KRYD
NHUO NpVĘEE $ v(r, t′), t′ > t NpVĘEEL HORV]OiV PHJLQW VRN UpV]HFVNpUH YRQDWNR]LN V D]
iOWDOXQN NLV]HPHOWUĘO QHP NDSXQN EHOĘOH N|]YHWOHQ IHOYLOiJRVtWiVW
$KKR] KRJ\ HJ\ V]HQQ\H]Ę UpV]HFVNHPR]JiViW OHtUMXN D KLGURGLQDPLNDLQ W~OPHQĘ ~MDEE
HJ\HQOHWUH YDQ V]NVpJ $ NHUHVHWW PHQQ\LVpJ HJ\HWOHQ NLV]HPHOW UpV]HFVNH KHO\H D] LGĘ
IJJYpQ\pEHQ 7HJ\N IHO KRJ\ D UpV]HFVNH D NH]GHWL t SLOODQDWEDQ D] r KHO\HQ YROW V
NHUHVVN D]W D] r(t) NRRUGLQiWiW DKRYD D t LGĘSLOODQDWEDQ NHUO &pOXQN D WHOMHV r(t) IJJYpQ\
YDJ\LV D UpV]HFVNH SiO\iMiQDN PiV V]yYDO WUDMHNWyULiMiQDN PHJKDWiUR]iVD D] DGRWW v(r, t)
VHEHVVpJWpUEHQ
$ VRGUyGy UpV]HFVNpUĘO D J\DNRUODWL DONDOPD]iVRN V]pOHV N|UpEHQ IHOWHKHWĘ KRJ\ LJHQ
NLV PpUHWĦ V H]pUW SLOODQDWV]HUĦHQ IHOYHV]L D N|UO|WWH OHYĘ N|]HJ VHEHVVpJpW (] pSSHQ
D]W MHOHQWL KRJ\ D UpV]HFVNH ~J\ PR]RJ PLQW HJ\ PHJIHVWHWW IRO\DGpNHOHP $ UpV]HFVNH
VHEHVVpJH D] r(t) KHO\]HWpQHN LGĘ V]HULQWL dr/dt GHULYiOWMD (] D VHEHVVpJ D t SLOODQDWEDQ HNNRU
WHKiW PHJHJ\H]LN D IRO\DGpN v VHEHVVpJpYHO D] r(t) KHO\HQ pV XJ\DQDEEDQ D t SLOODQDWEDQ $
VRGUyGiV PR]JiVW|UYpQ\H H]pUW
dr
dt
= v(r, t) . 
0LYHO D v VHEHVVpJWpUUĘO IHOWHVV]N KRJ\ PiU LVPHUW D] HJ\HQOHW MREE ROGDOD DGRWW V D
VRGUyGiVL SUREOpPD PHJROGiVD HJ\ N|]|QVpJHV GLIIHUHQFLiOHJ\HQOHW PHJROGiViW MHOHQWL $
N|UQ\H]HWV]HQQ\H]pVL SUREOpPDPHJROGiViKR] WHKiW QHP HOHJHQGĘ D] iUDPOiV D VHEHVVpJWpU
SRQWRV LVPHUHWH KDQHP HJ\ DUUD pSOĘ ~MDEE IHODGDWRW LV PHJ NHOO ROGDQL D  GLIIHUHQ
FLiOHJ\HQOHWHW D] r(t = t) = r NH]GĘIHOWpWHOOHO
$] DQ\DJRN QDJ\ VNiOiM~ D]D] OHJDOiEE QpKiQ\V]RU  NPUH W|UWpQĘ HONHYHUHGpVH VRUiQ D
N|]HJ iUDPOiVD VRNNDO IRQWRVDEE V]HUHSHW MiWV]LN PLQW D GLII~]Ly (]W IHMH]L NL D] D WpQ\ KRJ\
D  HJ\HQOHWEHQ VHPPLIpOH XWDOiV QHP W|UWpQLN D GLII~]LyV iOODQGyUD (QQHN D] D] RND
KRJ\ W|NpOHWHVHQ Q\XJYy Ji]EDQ D GLII~]LyYDO W|UWpQĘ WHUMHGpV UpYpQ QDSRNLJ WDUWDQD QpKiQ\
PpWHU PHJWpWHOH IRO\DGpNEDQ PpJ VRNNDO WRYiEE +D iWODJRV HOPR]GXOiVW QHP PXWDWy
UHQGH]HWOHQ WXUEXOHQV OHYHJĘW YL]VJiOXQN DNNRU LV D]W WDSDV]WDOMXN KRJ\  QDS DODWW HJ\
NLVPpUHWĦ V]HQQ\H]pVIROW FVDN NE  NPUH WXG WHUMHGQL ÈUDPOy N|]HJHNEHQ H]HN D] pUWpNHN
QHP YiOWR]QDN H]pUW D]W PRQGKDWMXN KRJ\ D QpKiQ\V]RU  NPUH WHUMHGĘ V]HQQ\H]pVHN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD 9XONiQL KDPX HORV]OiVD D OpJN|UEHQ  iSULOLV pQ  yUDNRU D (\MDIMDOODM|NXOO
KHO\pQ D] eV] ◦ 1\K ◦ D  K3D Q\RPiVL V]LQWHQ D]D] NE  NP PDJDVViJEyO LQGXOW
◦×◦ PpUHWĦ  UpV]HFVNpEĘO iOOy UpV]HFVNHIHOKĘ QXPHULNXV V]LPXOiOiVVDO NDSRWW NpSH KDW QDSSDO
NpVĘEE $ V]tQNyG D SLOODQDWQ\L PDJDVViJQDN PHJIHOHOĘ Q\RPiVL V]LQWHW PXWDWMD >@
HVHWpQ D GLII~]Ly KDWiVD PiU PLQG D OpJN|UEHQ PLQG D YL]HNEHQ HOKDQ\DJROKDWy 
$ V]HQQ\H]ĘGpVHN WHUMHGpVH NDSFViQ iOWDOiEDQ QHP HJ\HWOHQ UpV]HFVNH KDQHP VRNNDO
LQNiEE HJ\ V]HQQ\H]pVIROW PR]JiVD pUGHNHV (]W ~J\ pUMN HO KRJ\ D  HJ\HQOHWHW N
UpV]HFVNpUH N ≫  ROGMXN PHJ PHO\HN HUHGHWLOHJ N|]HO YDQQDN HJ\PiVKR] D]D] PHO\HNUH
D] r,i, i = , ..., N NH]GHWL KHO\NRRUGLQiWD N|]HOL $] pUGHNHV NpUGpV D] KRJ\ D NH]GHWEHQ
N|]HOL V]HQQ\H]pVHN HUHGHWL KHO\NWĘO pV HJ\PiVWyO LV PHQQ\LUH WiYRORGQDN HO
$  iEUD D] L]ODQGL (\MDIMDOODM|NXOO YXONiQ HV NLW|UpV VRUR]DWD NDSFViQ HJ\HWOHQ
iSULOLV L NLW|UpVNRU D OHYHJĘEH MXWRWW KDPXIHOKĘ HOKHO\H]NHGpVpW PXWDWMD KDW QDSSDO NpVĘEE
QXPHULNXV V]LPXOiOiV DODSMiQ $ V]pODGDWRN QHP]HWN|]L DGDWEi]LVRNEDQ UHQGHONH]pVUH
iOOQDN D )|OGHW NO|QE|]Ę PDJDVViJL V]LQWHNHQ N|UOYHYĘ UiFV O  iEUD SRQWMDLEDQ
7HUPpV]HWHVHQ D QpKiQ\ NPQ\L NLWHUMHGpVĦ VRGUyGiVL SUREOpPiNEDQ PLQW SO D SODQHWiULV KDWiUUpWHJHQ
EHOOL V]HQQ\H]pVWHUMHGpVEHQ D GLII~]Ly V]HUHSH IRQWRV HQQHN WiUJ\DOiVD D]RQEDQ PiU NtYO HVLN N|Q\YQN
NHUHWHLQ
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 iEUD $ IRO\DPRN iOWDO D )HNHWHWHQJHUEH V]iOOtWRWW V]HQQ\H]HWW Yt]W|PHJHN V]UNH V]tQ
HORV]OiVD PĦKROGIHOYpWHOHQ ?iiT,ffrrrX/7/X/H`X/2fTTfb2fTQHHmiBQM
HOWiUROYD KDW yUiV LGĘIHOERQWiVVDO $ UpV]HFVNH SLOODQDWQ\L KHO\pUH YRQDWNR]y VHEHVVpJ
LQWHUSROiOiVVDO NDSKDWy PHJ V tJ\ D v(r, t) VHEHVVpJ D UpV]HFVNH KHO\pQ My N|]HOtWpVVHO HOĘiOO
$] iEUD HJ\ N =  UpV]HFVNpEĘO iOOy IHOKĘUH YRQDWNR]y PHJROGiVW PXWDW $ NLVPpUHWĦ
 PLNURPpWHU VXJDU~ UpV]HFVNpN J\DNRUODWLODJ N|YHWLN D OHYHJĘ PR]JiViW GH N|]EHQ ODVVDQ
VOO\HGQHN LV $] iEUD V]tQNyGROiVD D  QDS XWiQL PDJDVViJRW DGMD PHJ
$  iEUD OHJPHJOHSĘEE WXODMGRQViJD D] LJHQ HUĘV V]pWV]yUyGRWWViJ $ UpV]HFVNpN W|EE
H]HU NPUH LV HOWiYRORGWDN HJ\PiVWyO D YLV]RQ\ODJ U|YLG LGĘ HOOHQpUH (] Q\LOYiQ D NO|QE|]Ę
QDJ\ OpJN|UL |UYpQ\HN D FLNORQRN DQWLFLNORQRN N|YHWNH]PpQ\HL 9HJ\N pV]UH KRJ\ D QDJ\
WiYROViJJDO HJ\WW MiU D UpV]HFVNHIHOKĘ V]iODV V]HUNH]HWH
ÈEUiQN HJ\HWOHQ SLOODQDWEHOL NLW|UpV N|YHWNH]PpQ\pW PXWDWMD FVDN 0LYHO DNWtY YXONiQ
HVHWpQ D NLW|UpVHN VRUR]DWEDQ N|YHWLN HJ\PiVW DGRWW QDSRQ V]iPRV D  iEUiKR] KDVRQOy
KDPXIHOKĘ YDQ D OpJWpUEHQ D NpVĘEEL NLO|YHOOpVEĘO V]iUPD]yN WHUPpV]HWHVHQ ,]ODQGKR]
N|]HOHEE (]HN |VV]HVVpJH W|EE NRQWLQHQVUH LV NLWHUMHGKHW V YHV]pO\H]WHWL D OpJL N|]OHNHGpVW
$ (\MDIMDOODM|NXOO YXONiQ  iSULOLVL NLW|UpVHL PLDWW (XUySD pV È]VLD I|O|WW W|EE PLQW
HJ\KHWHV OpJWpU]iUDW UHQGHOWHN HO
$ V]iODV V]HUNH]HW PHJILJ\HOKHWĘ D WHQJHUHNEHQ LV $  iEUD D )HNHWHWHQJHUEH |POĘ
QDJ\ IRO\DPRN SO D 'Q\HV]WHU 'Q\HSHU 'RQ iOWDO RNR]RWW V]HQQ\H]pVHORV]OiVW PXWDWMD $]
iEUiQ D Q\LODN D IHOYpWHO SLOODQDWiQDN PHJIHOHOĘ VHEHVVpJPH]ĘW UHSUH]HQWiOMiN V MyO OiWV]LN
KRJ\ D]W D WHQJHUEHQ LV NLVHEEQDJ\REE |UYpQ\HN XUDOMiN $ V]HQQ\H]pVHORV]OiV OiWKDWyDQ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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 iEUD %DO ROGDOL iEUD .DPFVDWND SDUWMDL HOĘWW VRGUyGy MpJWiEOiN $ PĦKROGIHOYpWHO
WiYROViJiEyO PpUHWN PiU DQQ\LUD NLFVL KRJ\ IHKpU SRQWRNQDN IHVWpNQHN WĦQQHN ?iiT,ff2QHX
Db+XMbX;Qpf -REE ROGDOL iEUD 3ODQNWRQHORV]OiV NpNHV]|OG V]tQHN D 6KHWODQGV]LJHWHN ViUJD
N|UQ\pNpQ $ IHOKĘN IHKpU V]tQĦHN ?iiT,ff/Bb+X;b7+XMbX;Qpf
QHP N|YHWL D SLOODQDWQ\L VHEHVVpJHW $]W QHP LV WHKHWL KLV]HQ D V]HQQ\H]pV KHO\H D SiO\iMiQ
W|UWpQĘ PR]JiV VRUiQ pU]pNHOW |VV]HV VHEHVVpJPH]Ę HJ\WWHV N|YHWNH]PpQ\H DPLQW D]W D
 HJ\HQOHW OHtUMD
$ V]iODV PLQWi]DWRNDW NLUDM]ROy HORV]OiVRN LJHQ J\DNRULDN $  iEUD D .DPFVDWND
IpOV]LJHW HOĘWW VRGUyGy MpJWiEOiN LOO D 6KHWODQGV]LJHWHN N|UQ\pNpQ PHJILJ\HOKHWĘ WHQJHUL
DOJD SODQNWRQ HORV]OiViW PXWDWMD D 1$6$ IHOYpWHOHLQ GH D V]iODVViJ PHJILJ\HOKHWĘ D 
iEUD .iUPiQIpOH |UYpQ\VRU NpSHLQ LV
8WROVy SpOGDNpQW HJ\ D] HJpV] )|OGUH NLWHUMHGĘ V]iPROiV HUHGPpQ\pW PXWDWMXN EH
$ PHJILJ\HOW pV WiUROW V]pODGDWRN DODSMiQ D]W D ÄNtVpUOHWHW´ KDMWRWWXN YpJUH KRJ\ 
M~OLXV pQ  yUDNRU 0DJ\DURUV]iJUyO eV] ◦ .K ◦ HJ\ ◦ × ◦ IRN PpUHWĦ
WDUWRPiQ\EyO × SRQWV]HUĦ UpV]HFVNpW LQGtWRWWXQN  NPHV PDJDVViJEyO $  iEUD D
V]HQQ\H]pVIHOKĘ V]pWWHUMHGpVpW PXWDWMD D] LGĘ HOWHOWpYHO
0HJOHSĘ KRJ\ D] HUHGHWLOHJ  NPUH NRQFHQWUiOyGy IROW D PpUVpNHOW |YL FLNORQRN pV
DQWLFLNORQRN N|YHWNH]WpEHQ PiU QpKiQ\ KpW DODWW N|UEHpUL D )|OGHW GH QHP HJ\ KRPRJpQ
ViYEDQ KDQHP D] HGGLJLHNEHQ LV OiWRWW V]DEiO\WDODQ V]iODV PLQWi]DWRW N|YHWYH
$] XWyEEL NpW pYWL]HG WXGRPiQ\RV HUHGPpQ\HL D]W PXWDWMiN KRJ\ D  HJ\HQOHW
PHJROGiVDL V]LQWH PLQGHQ iUDPOiVEDQ NDRWLNXVDN $ V]HQQ\H]Ę UpV]HFVNpN PR]JiVD WHKiW
D NiRV] HJ\ IRUPiMD PHO\UĘO V]iPXQNUD LWW FVDN DQQ\L OpQ\HJHV KRJ\ D] LO\HQ PR]JiVRN
KRVV]~ WiYRQ QHP MHOH]KHWĘN SRQWRVDQ HOĘUH (] PXWDWMD KRJ\ D N|UQ\H]HWV]HQQ\H]pV
SUREOpPiMD WXGRPiQ\RV V]HPSRQWEyO LV QHKp] IHODGDW $ VRGUyGiV NDRWLNXV MHOOHJpEĘO
N|YHWNH]LN D UpV]HFVNHIHOKĘN V]RNDWODQ JHRPHWULiMD D] ~Q IUDNWiO V]HUNH]HW $] iOWDOXQN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
 iEUD (J\ 0DJ\DURUV]iJUyO  M~OLXV pQ LQGXOy V]HQQ\H]pV V]pWWHUMHGpVpQHN PRGHOO
V]iPtWiVD D] HJpV] DWPRV]IpUiEDQ PpUW V]pODGDWRN DODSMiQ >@
HGGLJ V]iODV HORV]OiVQDN QHYH]HWW PLQWi]DW pSSHQ D IUDNWiOViJ PHJQ\LOYiQXOiVD
gVV]HVVpJpEHQ WHKiW D]W PRQGKDWMXN KRJ\ QDJ\ VNiOiQ PLQGHQ VRGUyGy DQ\DJ NDRWLNXV
NHYHUHGpV UpYpQ RV]OLN HO D N|UQ\H]HWQNEHQ .|YHWNH]pVNpSSHQ PLQGHQ DQ\DJ tJ\ D
V]HQQ\H]ĘGpVHN LV V]iODV IUDNWiOV]HUĦ PLQWi]DWRN PHQWpQ WHUMHGQHN V]pW 1HP WDUWKDWy WHKiW
D] D QDLY HONpS]HOpV KRJ\ D V]HQQ\H]pVHN NRPSDNW HORV]OiV~DN OHQQpQHN $PDJDVOpJN|UEHQ
HJ\ NH]GHWEHQ ORNDOL]iOW V]HQQ\H]pV V]pWIRO\y IHOKĘMH  KyQDS DODWW N|UEHpUL D )|OGHW $]
HORV]OiV V]iODV V]HUNH]HWH PLDWW DQQDN SRQWRV HOĘUHMHO]pVH KRJ\ DGRWW KHO\UH HOMXWH YDJ\ VHP
LJHQ QHKp] HOVĘVRUEDQ DPpUVpNHOW pJ|YEHQ DKRO D EDURNOLQ LQVWDELOLWiV RNR]WD QDJ\ |UYpQ\HN
XUDOMiN D] iUDPOiVRNDW $ NDRWLNXV VRGUyGiV MHOHQVpJH WHKiW ~M PHJYLOiJtWiVED KHO\H]L D QDJ\
VNiOiM~ N|UQ\H]HWV]HQQ\H]pV SUREOpPiMiW V FVDN UHPpOQL WXGMXN KRJ\ H]HN D IHOLVPHUpVHN
PLHOĘEE HO LV MXWQDN D J\DNRUOy N|UQ\H]HWYpGĘNK|] LV
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 */2%È/,6 .,(*<(1/Ë7ė'e6, )2/<$0$72. 
 *OREiOLV NLHJ\HQOtWĘGpVL IRO\DPDWRN
$  IHMH]HWEHQ OiWWXN KRJ\ D EHHVĘ QDSHQHUJLD HJ\HQHWOHQ HORV]OiVD PLDWW MHOHQWĘV KĘiUDP
IRO\LN D VDUNRN IHOp PHO\HW D NLDODNXOy OpJN|UL pV yFHiQL iUDPOiVRN KRUGR]QDN $ OHJIĘEE
iUDPOiVRN PHJLVPHUpVH XWiQ PRVW PHJEHFVOMN D] iOWDOXN OpWUHKR]RWW KĘiWDGiV QDJ\ViJiW
$  iEUiQ GHILQLiOW I|OGUDM]L NRRUGLQiWiNDW KDV]QiOYD Dϕ V]pOHVVpJL N|U|Q D λ pV λ+dλ
KRVV]~ViJL IRNRN N|]|WWL dz PDJDVViJ~ WDUWRPiQ\ IHOOHWH dA = RF cosϕdλdz ,GĘHJ\VpJ
DODWW H]HQ vdA WpUIRJDW KDODG iW D VDURN IHOp +D e MHO|OL D] HJ\VpJQ\L W|PHJĦ N|]HJ IDMODJRV
HQHUJLiMiW DNNRU D] HJ\VpJQ\L WpUIRJDW~ N|]HJp ρe $ IHOOHWHQ D VDURN LUiQ\iED iWKDODGy
HQHUJLD LGĘHJ\VpJHQNpQW ρve dA
$ IDMODJRV HQHUJLD PLQG D OpJN|UEHQ PLQG D] yFHiQEDQ HOVĘVRUEDQ D KĘWDUWDORPEyO
DGyGLN PHO\KH] NpSHVW D PR]JiVL HQHUJLD HOKDQ\DJROKDWy 0LYHO HJ\ WHVW iOWDO IHOYHWW KĘ
iOODQGy Q\RPiVRQ cpm∆T  DKRO cp D] iOODQGy Q\RPiVRQ PpUW IDMKĘ D] HJ\VpJQ\L WpUIRJDW~
DQ\DJ KĘWDUWDOPiW WHNLQWKHWMN cpρT QHN $ IDMODJRV HQHUJLD WHKiW
e ≈ cpT . 
$ONDOPD]]XN |VV]HIJJpVQNHW HOĘV]|U D OpJN|UUH $ WHOMHV V]pOHVVpJL N|U PHQWpQ D VDURN
LUiQ\iED LGĘHJ\VpJ DODWW iWDGRWW HQHUJLD YDJ\LV D P WHOMHVtWPpQ\
PDWPRV]IpUD = RF cp cosϕ
∫ pi

∫
∞

ρvTdzdλ , 
DKRO cp D OHYHJĘ iOODQGy Q\RPiV~ IDMKĘMH +LGURV]WDWLNDL HJ\HQV~O\W IHOWpWHOH]YH O 
dz = −dp/(ρg) DPLYHO iWWpUKHWQN D Q\RPiV V]HULQWL LQWHJUiOiVUD V H]]HO D] LQWHJUDQGXVEDQ
D VĦUĦVpJ HOWĦQLN
PDWPRV]IpUD = −RF cp
g
cosϕ
∫ pi

∫ 
p
vTdpdλ =
RF cp
g
cosϕ
∫ pi

∫ p

vTdpdλ , 
DKRO p D IHOV]tQL OpJQ\RPiV
/iWWXN KRJ\ D N|]HSHV V]pOHVVpJHNHQ D EDURNOLQ LQVWDELOLWiVEyO NpS]ĘGĘ QDJ\ OpJN|UL
|UYpQ\HN EL]WRVtWMiN D KDWpNRQ\ KĘiWDGiVW H]pUW RWW D] LQWHJUDQGXV EHFVOKHWĘ D] iWODJRV
v¯ PHULGLRQiOLV VHEHVVpJ pV D] |UYpQ\HNEHOL WLSLNXV T¯ KĘPpUVpNOHWNO|QEVpJ V]RU]DWDNpQW
0LYHO H] D V]RU]DW pWĘO pV λWyO IJJHWOHQ D] LQWHJUiOiVRN HOYpJH]KHWĘN pV D
POpJN|UL |UYpQ\HN = πRF cp
g
cosϕ p v¯ T¯ 
HUHGPpQ\W NDSMXN $ )|OG RF =  NP VXJDUiW D cp ≈  -/NJ . p =  1/P
pUWpNHNHW pV D v¯ =  P/V T¯ =  . EHFVOpVHNHW EHKHO\HWWHVtWYH D  IRNRV V]pOHVVpJHQ
POpJN|UL |UYpQ\HN ≈  ×  : (] pSSHQ D  iEUiQ EHPXWDWRWW DGDWRN PW QDJ\ViJUHQGMH
$ cosϕ WpQ\H]Ę KHO\HVHQ tUMD OH D VDURN IHOp PHJILJ\HOW FV|NNHQpVL WHQGHQFLiW LV $] iEUiQ
D] (J\HQOtWĘ LUiQ\iEDQ LV WDSDV]WDOXQN FV|NNHQpVW D] D]RQEDQ D +DGOH\FHOOD O  
iEUiN J\HQJH HQHUJLDiWDGy NpSHVVpJpQHN N|YHWNH]PpQ\H PHO\HW IHQWL EHFVOpVQN QHP YHV]
ILJ\HOHPEH
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  1(0*(26=752),.86 È5$0/È62.
$  NLIHMH]pV DODSMiQ PHJEHFVOKHWMN D] DWPRV]IpUiEDQ NLDODNXOy QDWPRV]IpUD PHUL
GLRQiOLV WpUIRJDWiUDPRW DPLW D] yFHiQL pUWpNKH] KDVRQOyDQ VYHUGUXSEDQ NDSXQN PDMG PHJ
$ WHOMHVtWPpQ\W tUKDWMXN XJ\DQLV D POpJN|UL |UYpQ\HN = cpρOHYHJĘTQOpJN|U DODNEDQ LV DPLYHO D]W
IHMH]]N NL KRJ\ T iWODJKĘPpUVpNOHWĦ cpρOHYHJĘT KĘWDUWDOP~ OHYHJĘ iUDPOLN D VDUNRN IHOp
QOpJN|U WpUIRJDWiUDPPDO $ T ≈  . pUWpNNHO D  3: HUHGPpQ\EĘO D]W NDSMXN KRJ\
QOpJN|U ≈ ×  P/V $ SRQWRVDEE EHFVOpVHN V]HULQW
QOpJN|U ≈  Sv . 
(] D QDJ\ pUWpN PHJOHSĘQHN WĦQLN GH D PHJIHOHOĘ W|PHJiUDPRNDW D] HJ\VpJQ\L LGĘ DODWW
iWiUDPOy W|PHJHW |VV]HKDVRQOtWYD D] yFHiQLW FVDN NHYHVHEE PLQW HJ\ QDJ\ViJUHQGGHO
PHJKDODGy pUWpNHW NDSXQN KLV]HQ D OHYHJĘ VĦUĦVpJH H]HUV]HU NLVHEE D Yt]pQpO
$ONDOPD]]XN PRVW D] DGRWW KRVV]~ViJL N|U|Q OHDGRWW WHOMHVtWPpQ\W PHJDGy JRQGRODWPH
QHWHW D] yFHiQL EDURNOLQ J\ĦUĦN iOWDO N|]YHWtWHWW KĘUH HJ\ yFHiQL PHGHQFpEHQ $] QHN
PHJIHOHOĘ NLIHMH]pVEHQ λ V]HULQW PRVW D PHGHQFH NpW SHUHPpW MHOHQWĘ λ pV λ KRVV]~ViJ
N|]|WW NHOO LQWHJUiOQXQN z V]HULQW SHGLJ −H pV  N|]|WW DKROH D WHUPRNOLQ ]yQD PpO\VpJH
.LKDV]QiOYD KRJ\ RF cosϕ · (λ − λ) My N|]HOtWpVVHO D PHGHQFH Lx ]RQiOLV PpUHWH pV
vW pV T W LVPpW D J\ĦUĦN iWODJRV VHEHVVpJpYHO pV D EHQQN IHOOpSĘ iWODJRV KĘPpUVpNOHW
NO|QEVpJJHO N|]HOtWYH
PyFHiQL J\ĦUĦN = ρYt]cYt]LxH v¯ T¯ . 
$ ρYt] =  NJ/P cYt] =  ×  -/NJ . Lx =  NP H =  NP v¯ = , 
P/V T¯ =  . pUWpNHNNHO D PyFHiQL J\ĦUĦN =  ×  : HUHGPpQ\W NDSMXN (] PpJ W|EE
PHGHQFpW ILJ\HOHPEH YpYH LV NLVHEE D  iEUiQ PHJDGRWW 3:RV pUWpNHNQpO %HFVOpVQN
WHKiW V]iPpUWpNHNNHO LV EL]RQ\tWMD KRJ\ D] yFHiQL KĘiWDGiV GRPLQiQV UpV]pW D] yFHiQEDQ
QHP D J\ĦUĦN KDQHP D] iUDPODWRN EL]WRVtWMiN
$ WHOMHV yFHiQL PHULGLRQiOLV KĘWUDQV]SRUWRW HJ\ NpWUpWHJĦ N|]HOtWpVHQ DODSXOy HJ\V]HUĦ
PHJIRQWROiVVDO EHFVOKHWMN PHJ $ WHUPRNOLQ ]yQiEDQ iWODJRV T+ KĘPpUVpNOHWĦ QyFHiQ
WpUIRJDWiUDP~ Yt] iUDPOLN D PpO\VpJL Yt]NpS]ĘGpV LUiQ\iED 2WW OHVOO\HG pV XJ\DQH] D
Yt]PHQQ\LVpJ DODFVRQ\DEE T− KĘPpUVpNOHWWHO iUDPOLN D] (J\HQOtWĘ IHOp  iEUD
 iEUD $] yFHiQL PpO\WHQJHUL Yt]N|U]pVQHN WHOMHV IpOWHNpUH YRQDWNR]y VHPDWLNXV UDM]D PHO\
V]HULQW D UHQGV]HU DODSYHWĘHQ NpWUpWHJĦ 8J\DQD] D Yt]PHQQ\LVpJ iUDPOLN D IHOVĘ UpWHJEHQ D VDURN
IHOp PLQW DPHQQ\L DOXO D] (J\HQOtWĘ LUiQ\iED
$ IHOVĘ UpWHJEHQ D VDURN IHOp LUiQ\XOy KĘiUDP ρYt]cYt]T+QyFHiQ D] DOVyEDQ YLV]RQW
−ρYt]cYt]T−QyFHiQ D VĦUĦVpJQHN pV D IDMKĘQHN D KĘPpUVpNOHW PLDWWL LJHQ FVHNpO\ YiOWR]iViW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 */2%È/,6 .,(*<(1/Ë7ė'e6, )2/<$0$72. 
HOKDQ\DJROWXN $ WHOMHV yFHiQL PHULGLRQiOLV KĘiUDP D NHWWĘ HUHGĘMH YDJ\LV
PyFHiQ = ρYt]cYt]∆TyFHiQ QyFHiQ , 
DKRO∆TyFHiQ = T+− T− $ PpO\WHQJHUL Yt]N|U]pVEHQ UpV]WYHYĘ WHOMHV WpUIRJDWiUDP D SRQWRV
EHFVOpVHN V]HULQW
QyFHiQ =  Sv . 
(]]HO pV D WHUPRNOLQ ]yQD WLSLNXV  NHOYLQHV KĘPpUVpNOHWNO|QEVpJpYHO V]iPROYD 
EyO D
PyFHiQ = , ×  W 
HUHGPpQ\W NDSMXN (] |VV]KDQJEDQ YDQ D  iEUD PpUW DGDWDLYDO
+DVRQOy PHJIRQWROiVVDO D OpJN|UL KĘiUDPUD D]W NDSMXN KRJ\
POpJN|U = ρOHYHJĘcp∆TOpJN|U QOpJN|U , 
DKRO∆TOpJN|U D IHOV]tQL pV D PDJDVOpJN|UL KĘPpUVpNOHWNO|QEVpJH $  WpUIRJDWiUDPPDO
pV D ∆TOpJN|U =  . pUWpNNHO
POpJN|U = ×  W . 
$ OpJN|U iOWDO EL]WRVtWRWW KĘiUDP WHKiW YDOyEDQ PLQWHJ\ V]RU DNNRUD PLQW D] yFHiQp
0LYHO D IDMKĘN DUiQ\D N|UOEHOO D UHFLSURND D KĘPpUVpNOHWNO|QEVpJHN DUiQ\iQDN D G|QWĘ
NO|QEVpJ D W|PHJiUDPRN NO|QE|]ĘVpJH D] DWPRV]IpUD MDYiUD ρOHYHJĘQOpJN|U NE |WV]|U
QDJ\REE PLQW ρYt]QyFHiQ
)LJ\HOHPUH PpOWy KRJ\ D OHJIRQWRVDEE PHFKDQL]PXVRN LVPHUHWpEHQ LO\HQ HJ\V]HUĦ
EHFVOpVHNNHO LV QDJ\ViJUHQGLOHJ KHO\HV OHtUiViW NDSMXN D JOREiOLV I|OGL HQHUJLD iUDPOiVL
UHQGV]HUHNQHN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
 IHMH]HW
*OREiOLV pJKDMODWYiOWR]iV ± D MHOHQOHJL
KHO\]HW
7DQN|Q\YQN ]iUy IHMH]HWpQHN FtPH KDQJV~O\R]QL yKDMWMD D]W D WpQ\W KRJ\ QDJ\RQ QHKp]
HJ\ iOODQGyDQ YiOWR]y PHJ~MXOy D V]pOHVHEE N|]YpOHPpQ\W HQQ\LUH pUGHNOĘ WpPiEDQ EiUPL
ÄYpJOHJHVHW´ tUQL DPL QHP DYXO HO QpKiQ\ U|SNH pY DODWW 6]LQWH PLQGHQ KpWHQ QDSYLOiJUD
NHUOQHN ~M HUHGPpQ\HN PHO\HN D UHQGNtYO |VV]HWHWW pJKDMODWL MHOHQVpJHN PpJ QHP LVPHUW
UpV]OHWHLW WiUMiN IHO YDJ\ HJ\UH WiYRODEEL I|OGW|UWpQHWL P~OWED WHV]LN OHKHWĘYp D NOLPDWLNXV
YLV]RQ\RN UHNRQVWUXiOiViW LOOHWYH HJ\UH SRQWRVDEE HOĘUHMHO]pVHNHW V]ROJiOWDWQDN D YiUKDWy
M|YĘUĘO (QQHN HOOHQpUH NtVpUOHWHW WHV]QN DUUD KRJ\ U|YLGHQ |VV]HIRJODOMXN D OHJIRQWRVDEE
WpQ\HNHW PHO\HN PiU NLiOOWiN D W|EEV]|UL HOOHQĘU]pV SUyEiMiW $ V]pOHV pUGHNOĘGpV PLDWW D
NOtPDYiOWR]iVVDO NDSFVRODWEDQ UHQJHWHJ LQIRUPiFLy MHOHQLN PHJ D OHJNO|QIpOpEE KHO\HNHQ
H]HN HJ\ My UpV]H LJHQFVDN PHJEt]KDWDWODQ VRNV]RU D WXGRPiQ\RV WpQ\HN WRU]tWiViQ IpOUH
pUWHOPH]pVpQ DODSXO $NLW D WpPDN|U NRPRO\DQ pUGHNHO pV ÄHOVĘ Np]EĘO´ yKDMWMD N|YHWQL
D WHUOHW IHMOĘGpVpW DQQDN PLQGHQNpSSHQ D]W MDYDVROMXN KRJ\ D OHJQtYyVDEE WXGRPiQ\RV
PDJD]LQRNDW 1DWXUH 6FLHQFH 1HZ 6FLHQWLVW VWE ROYDVVD H]HNEHQ XJ\DQLV UHQGV]HUHVHQ
MHOHQQHN PHJ D QHP FVDN VSHFLDOLVWiN iOWDO LV pUWKHWĘ ÄHOOHQĘU]|WW PLQĘVpJĦ´ HOHP]Ę tUiVRN
eUGHPHV LWW PHJDGQXQN D NOtPD GHILQtFLyMiW
eJKDMODW NOtPD $] pJKDMODWL UHQGV]HU iOODSRWiQDN DGRWW I|OGUDM]L KHO\UH YRQDWNR]y
MHOOHP]pVH DPHO\ D PHWHRUROyJLDL YiOWR]yN KRVV]~ LGHMĦ iOWDOiEDQ pYWL]HGHV YDJ\ KRVV]DEE
SHULyGXVDLUD YRQDWNR]y iWODJpUWpNHN PHJKDWiUR]iViYDO W|UWpQLN
 7|UWpQHWL EHYH]HWĘ
$ NOtPDYiOWR]iV NRQFHSFLyMiQDN HOVĘ LVPHUW OHtUyMD HJ\ 6KHQ .XR QHYĦ NtQDL WXGyV DNL PiU
D ;, V]i]DG PiVRGLN IHOpEHQ DUUD D N|YHWNH]WHWpVUH MXWRWW KRJ\ D] pJKDMODW QDJ\RQ HUĘV YiO
WR]iVRNDW PXWDWKDW (UUH D I|OG IHOV]tQH DODWW WDOiOW PHJN|YHVHGHWW EDPEXV]PDUDGYiQ\RNEyO
N|YHWNH]WHWHWW PHO\HN OHOĘKHO\pQ D WDUWyVDQ NHYpV FVDSDGpN QHP YROW HOHJHQGĘ D Yt]NHG
YHOĘ Q|YpQ\ OpWH]pVpKH] 1pKiQ\ V]i] pYYHO NpVĘEE (XUySiEDQ D IHOIHGH]ĘN NHUHVNHGĘN
pV J\DUPDWRVtWyN HJ\UH W|EE LQIRUPiFLyW V]iOOtWRWWDN WiYROL YLGpNHN I|OGUDM]L pJKDMODWL pV
WiUVDGDOPL YLV]RQ\DLUyO (GPXQG +DOOH\ EDQ N|]|OWH D GpOL IpOWHNH SDVV]iWV]HOHLQHN
WpUNpSpW D *ROIiUDPODW EHQ MHOHQW PHJ HOĘV]|U %HQMDPLQ )UDQNOLQ LJ HOIHOHGHWW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 7g57e1(7, %(9(=(7ė 
QHN KLWW WpUNpSpQ -RKQ 7\QGDOO D] HV pYHN YpJpQ EHKDWyDQ WDQXOPiQ\R]WD D OpJN|UEHQ
WDOiOKDWy DONRWyUpV]HN LQIUDY|U|V DEV]RUEFLyMiW pV EL]RQ\tWRWWD D Yt]SiUD NLYpWHOHV V]HUHSpW D]
YHJKi]KDWiV OpWUHKR]iViEDQ )UDQFLV *DOWRQ EDQPHJMHOHQW N|Q\YH 0HWHRURJUDSKLFD
D PRGHUQ PHWHRUROyJLD pV NOLPDWROyJLD HOĘIXWiUiQDN WHNLQWKHWĘ HEEHQ HOĘV]|U V]HUHSHO D]
HJpV] HXUySDL I|OGUpV]UH NLWHUMHGĘ PHJILJ\HOpVHN UHQGV]HUH]HWW HOHP]pVH  EDQ 6YDQWH
$UUKHQLXV SXEOLNiOWD HOĘV]|U D OpJN|UL V]pQGLR[LGNRQFHQWUiFLy pV D JOREiOLV iWODJKĘPpUVpN
OHW N|]|WWL HUĘV NDSFVRODWRW $ ;; V]i]DG D OpJN|UL pV yFHiQL GLQDPLND PHJILJ\HOpVpEHQ pV
PHJpUWpVpEHQ LV MHOHQWĘV IHMOĘGpVW KR]RWW NtVpUOHWHW VHP WHV]QN D VRN QpY IHOVRUROiViUD DNLN
PLQG KR]]iMiUXOWDN D PRGHUQ NOLPDWROyJLD IHOpStWpVpKH]
,JD]L iWW|UpVW D ;; V]i]DG PiVRGLN IHOpWĘO HOWHUMHGĘ V]iPtWyJpSHV PRGHOOH]pV KR]RWW
$] pV]OHOpVHN HJ\pUWHOPĦHQ MHOH]WpN D &2NRQFHQWUiFLy J\RUVXOy Q|YHNHGpVpW D QDJ\YiUR
VRNEDQ Np]]HO IRJKDWyDQ MHOHQWNH]HWW D OpJV]HQQ\H]pV .H]GHWEHQ PpJ QHP YROW HJ\HWpUWpV
D YiOWR]iVRN HOĘMHOpQHN WHNLQWHWpEHQ D] DHURV]RO UpV]HFVNpN V]HUHSH PHOOHWW pUYHOĘN LQNiEE
N|]HOJĘ ÄJOREiOLV OHKĦOpVW´ MyVROWDN $ KHWYHQHV pYHN YpJpUH YiOW HOWHUMHGWWp D Qp]HW KRJ\
VRNNDO LQNiEE JOREiOLV IHOPHOHJHGpV YiUKDWy pV KRJ\ HQQHN LJHQ YDOyV]tQĦ RND D] HPEHUL
WHYpNHQ\VpJ N|UQ\H]HWURPEROy KDWiVD
1pKiQ\ WRYiEEL pY YROW V]NVpJHV DKKR] KRJ\ D SROLWLND pV D V]pOHVHEE N|]YpOHPpQ\ LV
IRJODONR]]RQ D NOtPDYiOWR]iV NpUGpVpYHO EDQ DODNXOW PHJ D] (16= NOtPDYiOWR]iVVDO
IRJODONR]y V]DNPDL V]HUYH]HWH ,QWHUJRYHUQPHQWDO 3DQHO RQ &OLPDWH &KDQJH ,3&& >@
( NRUPiQ\N|]L V]HUYH]HWQHN KiURP IĘ PXQNDFVRSRUWMD YDQ PHO\HN VRN H]HUQ\L V]DNpUWĘ
PXQNiMiUD DODSR]YD LJ\HNH]QHN PHJWDOiOQL D NOtPDNXWDWiV V]HUWHiJD]y HUHGPpQ\HLQHN
”
OHJ
NLVHEE N|]|V W|EEV]|U|VpW´ D]D] iOOiVW IRJODOQL D G|QWĘ NpUGpVHNEHQ /HJXWyEEL HV
VRUUHQGEHQ QHJ\HGLN iWIRJy MHOHQWpVN WHOMHV V]|YHJH KR]]iIpUKHWĘ D YLOiJKiOyQ >@ $
OHJHOVĘ MHOHQWpV  yWD HOWHOW LGĘEHQ V]OHWHWW ~M NXWDWiVL HUHGPpQ\HN DODSMiQ D NH]GHWL
iOOtWiVRNDW ILQRPtWRWWiN D V]iPpUWpNHNHW SRQWRVtWRWWiN LOOHWYH D] HOĘUHMHO]pVHN MDYtWiViUD NRQ
FHQWUiOWDN $] ,3&& N|YHWNH]WHWpVHLQHN PHJEt]KDWyViJiW UHQGNtYOL PpUWpNEHQ WiPRJDWMD
KRJ\ D NRUiEEDQ PHJIRJDOPD]RWW MyVODWRN W~OQ\RPy UpV]H V]iPV]HUĦHQ EHEL]RQ\RVRGRWW D
;;, V]i]DG HOVĘ pYWL]HGpEHQ D JOREiOLV iWODJKĘPpUVpNOHW  ◦&NDO HPHONHGHWW D PĦV]HUHV
PpUpVHN NH]GHWH yWD IHOMHJ\]HWW  OHJPHOHJHEE pY PLQGHJ\LNH  XWiQ N|YHWNH]HWW EH
D] pV]DNL IpOWHNH MpJWDNDUyMD URKDPRVDQ ]VXJRURGLN D JOREiOLV WHQJHUV]LQW IRO\DPDWRVDQ
HPHONHGLN $] HPEHUL WHYpNHQ\VpJ NOtPDPyGRVtWy KDWiViQDN YDOyV]tQĦVpJpW D HV
MHOHQWpV  I|O|WWL pUWpNUH EHFVOL
$] ,3&& PĦN|GpVpW WHUPpV]HWHVHQ VRN NULWLND |YH]L QpKD LJD]L ERWUiQ\RN NtVpUHWpEHQ
D YLOiJKiOyQ PLQGHQ LQIRUPiFLy KR]]iIpUKHWĘ D  YpJpQ NLUREEDQW V]HUYHU IHOW|UpVL
ERWUiQ\UyO YDJ\ D +LPDOiMD JOHFFVHUHLUĘO V]yOy WHOMHVHQ PHJDODSR]DWODQ HOĘUHMHO]pVHNUĘO
(]HN HJ\ UpV]H QHP WHOMHVHQ LQGRNRODWODQ KLV]HQ SO PL VHP iOO WiYRODEE D] LJD]L WXGRPiQ\WyO
PLQW D NRQV]HQ]XVRV PHJHJ\H]pV $]W D]RQEDQ QHP V]DEDG HOIHOHMWHQL KRJ\ HJ\ VRNDN iOWDO
V]RUJDOPD]RWW iWIRJy FVHOHNYpVL SURJUDP PHO\QHN VDMQRV HJ\HOĘUH Q\RPD VLQFV PpJLVFVDN
PHJN|YHWHOQH HJ\IDMWD V]pOHV N|UĦ HJ\HWpUWpVW D] DODSNpUGpVHN WHNLQWHWpEHQ
$] XWROVy QpKiQ\ pYEHQ D NOtPDYiOWR]iVVDO NDSFVRODWRV ÄV]NHSWLNXV´ IyUXPRNRQ HJ\UH
NHYpVEp D JOREiOLV PHOHJHGpV WpQ\pW WiPDGMiN H] QHKp] LV OHQQH KDQHP D IHQ\HJHWĘ
N|YHWNH]PpQ\HNUĘO QHJDWtY JD]GDViJL KDWiVRNUyO V]yOy MyVODWRNDW NpUGĘMHOH]LN PHJ (KKH]
*DOWRQ YH]HWWH EH HJ\pENpQW D] ÄDQWLFLNORQ´ IRJDOPiW pV D] Ę QHYpKH] IĦ]ĘGLN D] HOVĘ QDSLODSEDQ N|]|OW
PHWHRUROyJLDL WpUNpS PHJV]HUNHV]WpVH LV 7KH 7LPHV 
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
  */2%È/,6 e*+$-/$79È/72=È6
 iEUD $ JOREiOLV IHOV]tQL iWODJKĘPpUVpNOHW DODNXOiVD D PĦV]HUHV PpUpVHN NH]GHWH yWD $ MREE
ROGDOL VNiOD D] DEV]RO~W pUWpNHW D EDO ROGDOL D] ± N|]|WWL iWODJpUWpNWĘO YDOy HOWpUpVW PXWDWMD
$ IHNHWH SRQWRN D] HJ\HV pYHNUH YRQDWNR]QDN D IRO\WRQRV YRQDO H]HN VLPtWRWW iWODJD D V]tQH]HWW ViY D
IRO\WRQRV YRQDO PpUpVL EL]RQ\WDODQViJiQDN PpUWpNpW PXWDWMD )RUUiV ,3&&
PLQGHQ DODS DGRWW XJ\DQLV NL OiWKDWQi HOĘUH SRQWRVDQ DNiU D N|]HOL M|YĘW LV" $] ,3&&
MHOHQWpVHN PDJXN LV KDQJV~O\R]]iN KRJ\ HJ\ V]ĦNHEE I|OGUDM]L UpJLyUD SO D .iUSiW
PHGHQFpUH YRQDWNR]y HOĘUHMHO]pVHN PHJEt]KDWyViJD MHOHQOHJ PpJ VRNNDO DODFVRQ\DEE PLQW
D JOREiOLV iWODJpUWpNHNp (] D WpQ\ QHP FVDN D] DONDOPD]RWW PyGV]HUHN KLiQ\RVViJDLEyO
DGyGLN KDQHP D NOtPD NRPSOH[LWiViQDN LV N|YHWNH]PpQ\H
 ÈWODJKĘPpUVpNOHW I|OGW|UWpQHWL LGĘVNiOiNRQ
$ JOREiOLV IHOPHOHJHGpV WpQ\pW iOWDOiEDQ D]  iEUiQ OiWKDWyKR] KDVRQOy JUDILNRQRNNDO
V]RNWiN LOOXV]WUiOQL PHO\QHN DGDWDL W|EEV]|U|VPHJHUĘVtWpVW Q\HUWHN $;; V]i]DG N|]HSpWĘO
NH]GYH D WHOMHV )|OGUH YRQDWNR]y iWODJRV KĘPpUVpNOHW HJ\pUWHOPĦHQ HPHONHGĘ WHQGHQFLiW
PXWDW $ WRYiEELDNKR] pUGHPHV U|J]tWHQL KRJ\ D UHODWtY KĘPpUVpNOHWL VNiOiW  iEUD EDO
ROGDO D]  pV  N|]|WWL KDUPLQF pY UHIHUHQFLD iWODJiKR] NpSHVW GHILQLiOWiN
$ N|YHWNH]Ę pYWL]HGHNUH YRQDWNR]y HOĘUHMHO]pVHNHW QHP D JUDILNRQ HJ\V]HUĦ H[WUDSROiFL
yMiYDO NDSMiN KDQHP JOREiOLVDQ FVDWROW DWPRV]IpUDyFHiQ QXPHULNXV PRGHOOHN VHJtWVpJpYHO
EHFVOLN (]HN V]HULQW  NO|QE|]Ę V]XSHUV]iPtWyJpSHV PRGHOO DODSMiQ D  N|UO
YiUKDWy iWODJRV KĘPpUVpNOHW NE ± ◦&NDO LV PDJDVDEE OHKHW PLQW D] HPOtWHWW UHIHUHQFLD
LGĘV]DNEDQ $EV]RO~W pUWpNEHQ H] D  ◦& N|UOL JOREiOLV iWODJKĘPpUVpNOHW HJ\iOWDOiQ QHP
SpOGiWODQ JHROyJLDL LGĘVNiOiNRQ HQQpO VRNNDO PDJDVDEE pV DODFVRQ\DEE pUWpNHN LV EĘYHQ
HOĘIRUGXOWDN
$ )|OG W|UWpQHWH VRUiQ OHJDOiEE QpJ\ RO\DQ QDJ\REE JOREiOLV OHKĦOpV YROW DPLNRU
MpJNRUV]DNRN XUDONRGWDN SO D ± PLOOLy pYYHO H]HOĘWWL LGĘV]DNEDQ D WHQJHUYt] HJpV]HQ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 ./Ë0$7g57e1(7 
D] (J\HQOtWĘN|]HOL WHUOHWHNLJ EHIDJ\RWW $ JOREiOLV OHKĦOpVHN N|]|WW PLOOLy pYHNHQ iW D]
HJpV] )|OG|Q QDJ\RQ PHOHJ V]LQWH PLQGHQWW WUySXVL NOtPD XUDONRGRWW $] XWROVy JOREiOLV
OHKĦOpV NE PLOOLy pYH NH]GĘG|WW D] H]WPHJHOĘ]Ę LGĘV]DNEDQ D]$QWDUNWLV]RQ D MHOHQOHJLQpO
± ◦&NDO PDJDVDEE iWODJpUWpNHN YROWDN D MHOOHP]ĘHN  iEUD OHJDOVy NpS (NNRU
VHP D 'pOL VHP D] eV]DNLVDUNRQ QHP YROW MpJWDNDUy $ JOREiOLV OHKĦOpV NE ± PLOOLy
pYYHO H]HOĘWW SRQWRVDQ RO\DQ pUWpNHNHW HUHGPpQ\H]HWW DPHO\HNHW  N|UO YiUKDWXQN 
iEUD N|]pSHQ $ KĘPpUVpNOHW FV|NNHQpVH H]W N|YHWĘHQ LV IRO\WDWyGRWW pV  PLOOLy pYH
HJ\ HUĘVHQ LQJDGR]y LGĘV]DN NH]GĘG|WW (QQHN VRUiQ NH]GHWEHQ NE  H]HU pYHV XWyEE
± H]HU pYHV SHULyGXVLGĘYHO HJ\PiVW N|YHWWpN D ODVV~ OHKĦOpVHNHW KLUWHOHQ PHJV]DNtWy
U|YLGHEE
”
PHOHJ´ LGĘV]DNRN  iEUD IHOVĘ NpSH $] XWROVy MpJNRUV]DN PLNRU D JOREiOLV
iWODJKĘPpUVpNOHW  ◦&NDO YROW DODFVRQ\DEE D MHOHQOHJLQpO NE ± H]HU pYYHO H]HOĘWW pUW
YpJHW
$] XWROVy QpKiQ\ H]HU pYEHQ D NOtPD QDJ\MiEyO VWDELOQDN PRQGKDWy $ UpJP~OW LGĘN
pJKDMODWL YLV]RQ\DLYDO HJ\pENpQW D PiUD V]LQWH |QiOOy WXGRPiQ\iJJi IHMOĘG|WW SDOHRNOLPDWR
OyJLD IRJODONR]LN HV]N|]WiUD LJHQ VRNUpWĦ $ IiN pYJ\ĦUĦL D NRUDOORN L]RWyS |VV]HWpWHOH
D WDYDN pV WHQJHUHN IHQHNpQ OHUDNyGy OHGpN YDJ\ D MpJWDNDUy UpWHJHLEHQ FVDSGiED HVHWW
]iUYiQ\RN PLQG UHQJHWHJ pUWpNHV LQIRUPiFLyW Q\~MWDQDN D VRNVRN H]HU YDJ\ PLOOLy pYYHO
H]HOĘWWL YLV]RQ\RNUyO 7HUPpV]HWHVHQ PLQpO U|YLGHEE LGĘUH NHOO YLVV]DWHNLQWHQL DQQiO
UpV]OHWHVHEE DGDWRN Q\HUKHWĘN ,QQHQ WXGMXN SpOGiXO KRJ\ D MHOHQOHJ LV WDUWy YLV]RQ\ODJ
VWDELO PHOHJ LGĘV]DN MyO GHWHNWiOKDWy UHJLRQiOLV LQJDGR]iVRNNDO MiUW HJ\WW (XUySD WHUOHWpQ
SpOGiXO D ;,9 V] HOHMpWĘO D ;,; V] N|]HSpLJ D UHIHUHQFLDLGĘV]DNKR] NpSHVW NE ±
◦&NDO DODFVRQ\DEE pYHV iWODJpUWpNHNHW UHNRQVWUXiOWDN (] D] HQ\KH QHJDWtY NLOHQJpV D W|EEL
NRQWLQHQVHQ QHP PXWDWKDWy NL (QQHN HOOHQpUH D W|UWpQHOPL IRUUiVRN JD]GDJRQ GRNXPHQWiO
MiN KRJ\ D YiOWR]iV FVHNpO\ YROWD HOOHQpUH *U|QODQG ODNKDWDWODQQi YiOW D YLNLQJHN HOWĦQWHN
1DJ\%ULWDQQLD GpOL UpV]pUĘO ÄNLIDJ\RWW´ D NRUiEEDQ YLUiJ]y V]ĘOĘNXOW~UD D]$OSRN JOHFFVHUHL
Q|YHNHGQL NH]GWHN pV D I|OGUpV] Q\XJDWL IHOpW iOWDOiEDQ LV pKtQVpJHN V~MWRWWiN D JDERQDIpOpN
V]iPiUD W~OViJRVDQ PHJU|YLGOW WHUPHV]WpVL LGĘV]DN PLDWW 1pKD H]W D] LGĘV]DNRW ÄNLV
MpJNRUV]DN´ QpYHQ HPOHJHWLN HOOHQWpWEH iOOtWYD D ;±;,,, V] N|]WL ÄN|]pSNRUL RSWLPXP´
V]DNDV]iYDO EiU D] pOHV PHJNO|QE|]WHWpV MRJRVViJiW W|EEHQ YLWDWMiN
-HOHQOHJL LVPHUHWHLQN QHP WHV]LN OHKHWĘYp KRJ\ D I|OGL NOtPD YiOWR]iVDLQDN RNDLW PH
FKDQL]PXVDLW PDJ\DUi]QL WXGMXN NO|Q|VHQ LJD] H] D VRN PLOOLy pYHV IRO\DPDWRNUD 9DQQDN
HOPpOHWHN PHO\HN D 1DS N|UOL NHULQJpV DQRPiOLiLW KR]]iN |VV]HIJJpVEH D] XWROVy ±
MpJNRUV]DN EHN|YHWNH]WpYHO GH D WHOMHV NpS HWWĘO PpJ PHVV]H QHP iOO |VV]H 9DOyMiEDQ D]
XJUiVV]HUĦ YiOWR]iVRNPHJpUWpVH D OHJQHKH]HEE SO QLQFV HONpS]HOpVQN DUUyO PL W|UWpQKHWHWW
 PLOOLy pYYHO H]HOĘWW PLNRU D 'pOLVDUN MHJH KLUWHOHQ PHJQĘWW LOOHWYH DUUyO PLpUW ROYDGW HO
PDMGQHP WHOMHVHQ  PLOOLy pYYHO NpVĘEE  iEUD DOXO $] HJ\V]HUĦ YiODV] D] |VV]HV LO\HQ
NpUGpVUH D] OHKHWQH KRJ\ ÄYDODPL W|UWpQW D 1DSEDQ´ GH H] WHUPpV]HWHVHQ VRNDNDW QHP HOpJtW
NL
$ IHQWLHN DODSMiQ OHKHWVpJHV |VV]HJ]pV HOpJJp ]DYDUED HMWĘ 7XGMXN KRJ\ D I|OGL NOtPD
MHOHQWĘV NLOHQJpVHNHW PXWDWRWW D] $QWDUNWLV]RQ ± ◦&NDO KLGHJHEE pV ± ◦&NDO
PHOHJHEE iWODJKĘPpUVpNOHWHN LV EĘYHQ HOĘIRUGXOWDN GH HQQHN PDJ\DUi]DWiW QHP LJD]iQ
LVPHUMN +D D  iEUD DGDWDLW LOOHWYH D QXPHULNXV V]iPROiVRN HUHGPpQ\HLW Qp]]N U|YLG
WiYRQ EL]RQ\RVDQ PHOHJHGpVVHO NHOO V]iPROQXQN +D D]RQEDQ D  iEUD IHOVĘ GLDJUDPMiW
YHVV]N DODSXO D SHULRGLFLWiV WHUPpV]HWHV IRO\WDWiVDNpQW pSSHQ LWW D] LGHMH D N|YHWNH]Ę
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD $ )|OG JOREiOLV KĘPpUVpNOHWpQHN ∆T PHJDGiVD PLOOLy pYHV LGĘVNiOiNRQ $OXO D] XWROVy
 PLOOLy pY UHNRQVWUXiOW DGDWDL N|]pSHQ D] XWROVy  pV IpO PLOOLy pY NLQDJ\tWYD OHJIHOO D 9RV]WRN
MpJI~UiV UHNRQVWUXiOW KĘPpUVpNOHWL pUWpNHL XWROVy  H]HU pY (] XWyEELQ MyO OiWV]LN D] XWROVy QpJ\
MHOHQWĘVHEE MpJNRUV]DN $ Yt]V]LQWHV V]DJJDWRWW YRQDO PLQGHJ\LN iEUiQ D] ± UHIHUHQFLDpUWpNHW
MHO|OL
OHKĦOpVQHN (J\ HPEHUN|]SRQW~ PHJN|]HOtWpV LV OHKHWVpJHV )DMXQN ± PLOOLy pYYHO
H]HOĘWW MHOHQW PHJ $  iEUD N|]pSVĘ JUDILNRQMiQ pSSHQ HUUH D] LGĘV]DNUD iEUi]ROW
KĘPpUVpNOHWHN MHOHQWĘV NOLPDWLNXV NLOHQJpVHNHW PXWDWQDN D] HPEHULVpJ D]RQEDQ H]HNHW PLQG
W~OpOWH VĘW PHJKyGtWRWWD D ERO\JyW $ ÄNLV MpJNRUV]DN´ WDQXOViJD YLV]RQW D]W PXWDWMD KRJ\
JOREiOLV VNiOiQ DOLJ NLPXWDWKDWy YiOWR]iVRN LV MiUKDWQDN GUDV]WLNXV N|YHWNH]PpQ\HNNHO
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 (;75e0 ,'ė-È5È6, (6(0e1<(. 
 ([WUpP LGĘMiUiVL HVHPpQ\HN
0LQWKRJ\ D JOREiOLV iWODJKĘPpUVpNOHW YLV]RQ\ODJ HQ\KH HPHONHGpVH |QPDJiEDQ QHP WĦQLN
IHQ\HJHWĘQHN VRNNDO QDJ\REE ILJ\HOHP LUiQ\XO D] H[WUpP LGĘMiUiVL HVHPpQ\HN YiUKDWy J\D
NRULViJiUD 6RNDQ HPOpNH]QHN PpJ D DV pY Q\DUiQ EHN|YHWNH]HWW HXUySDL KĘKXOOiPUD
DPLQHN PDMGQHP K~V]H]HU KDOiORV iOGR]DWRW WXODMGRQtWDQDN GH My SpOGD D  M~OLXVL
SR]LWtY DQRPiOLD LV DPHO\ PLQGHQ NRUiEEL KĘPpUVpNOHWL UHNRUGRW PHJG|QW|WW KD]iQNEDQ
9DOyEDQ D]  iEUD DGDWDL DOiWiPDV]WDQL OiWV]DQDN pV D JOREiOLV IHOPHOHJHGpV ÄWHUPpV]HWHV´
YHOHMiUyMiQDN WĦQLN KRJ\ Q\DUDQWD VRNNDO HUĘVHEE pV KRVV]DEEDQ WDUWy NiQLNXOiUD NHOO
V]iPtWDQXQN
 iEUD $ Q\iUL M~QLXVM~OLXVDXJXV]WXV N|]pSKĘPpUVpNOHWHN DODNXOiVD .|]pS(XUySD WHUOHWpQ
D] ± N|]WL UHIHUHQFLD LGĘV]DNKR] NpSHVW $ IRO\WRQRV YRQDO  pYHV IXWy iWODJROiV HUHGPpQ\H
)RUUiV ,3&&
(KKH] KDVRQOy ILJ\HOHP |YH]L D SXV]WtWy YLKDURNDW DPHO\HN I|OGUpV]QNHW V]HUHQFVpUH
NHYpVEp V~MWMiN PLQW SO eV]DN$PHULNiW YDJ\ 'pONHOHWÈ]VLiW $ Q\iUL KĘKXOOiPRNNDO
HOOHQWpWEHQ D YLKDURN J\DNRULViJiYDO NDSFVRODWEDQ VRNNDO W|EE D Q\LWRWW NpUGpV (OĘV]|U
LV D  iEUiQ OiWKDWyKR] KDVRQOy VWDWLV]WLNiN PHJEt]KDWyViJD PHVV]H QHP XJ\DQD] PLQW
D] HJ\V]HUĦ KĘPpUVpNOHWL DGDWRNp $] LJD] XJ\DQ KRJ\ D UHSOpV HOWHUMHGpVH PDJD XWiQ
YRQWD D] pV]OHOpVHN XJUiVV]HUĦ MDYXOiViW GH SO D YLKDURN HUĘVVpJpQHN EHFVOpVH D PĦKROGDV
WiYpU]pNHOpV HOĘWWL LGĘEHQPHJOHKHWĘVHQ QDJ\ KLEiNNDO YROW WHUKHOW $ Np]LUDW |VV]HiOOtWiViQDN
LGĘV]DNiEDQ D YpOHPpQ\HNPpJ HUĘVHQPHJRV]ODQDN D JOREiOLV IHOPHOHJHGpV pV SO D KXUULNiQ
J\DNRULViJ |VV]HIJJpVpUĘO D]D] D  iEUD MREE V]pOH OiWV]yODJRV HPHONHGĘ WHQGHQFLiMiQDN
MHOHQWpVpUĘO $ IL]LNDL PRGHOOHN XJ\DQLV DUUD XWDOQDN KRJ\ HJ\ Q|YHNYĘ iWODJRV WHQJHUIHOV]tQ
KĘPpUVpNOHW 667 HJ\pUWHOPĦHQ VHJtWL D WUySXVL YLKDU|UYpQ\HN NLDODNXOiViW GH D OpJN|UL
LQVWDELOLWiV H]HQ EHOO HOVĘVRUEDQ D V]pOQ\tUiV IRNR]yGiVD JiWROMD D ÄKXUULNiQ PRWRU´
IHOpSOpVpW O  IHMH]HW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD -HOHQWĘV WUySXVL YLKDURN EDUQD H]HQ EHOO D KXUULNiQRN V|WpW V]UNH pYHQNpQWL
V]iPD D] $WODQWLyFHiQ pV]DNL PHGHQFpMpEHQ $ IRO\WRQRV YRQDODN  pYHV IXWy iWODJROiV HUHGPpQ\HL
)RUUiV ,3&&
 -pJROYDGiV WHQJHUV]LQWHPHONHGpV
$] pJKDMODW JOREiOLV YiOWR]iViYDO NDSFVRODWRV NULWLNDL PHJMHJ\]pVHN J\DNUDQ HPHOLN NL D
 iEUD VWDWLV]WLNDL EL]RQ\WDODQViJiW D  iEUiQ OiWKDWy WHQGHQFLD UHJLRQiOLV YROWiW
YDJ\ D WpQ\W KRJ\ D] HOĘ]Ę V]i]DG HOHMpQ pV QHJ\YHQHV pYHLEHQ WDSDV]WDOKDWy pYWL]HGHV
OHKĦOpVHNUH  iEUD QLQFVHQ HOIRJDGRWW PDJ\DUi]DW $ KĘPpUVpNOHWL DGDWRN |QPDJXNEDQ
QHP LV OHQQpQHN PHJJ\Ę]ĘHN KD HJ\ VRU PiV LQGLNiWRU QHP PXWDWQi D NOtPD YiOWR]iViW
.|]LVPHUW WpQ\ D JOHFFVHUHN IRNR]DWRV ROYDGiVD YDJ\ D] pV]DNL IpOWHNH MpJWDNDUyMiQDN
]VXJRURGiVD (QQHN pV D Yt] KĘWiJXOiViQDN N|YHWNH]WpEHQ D] HOP~OW pYV]i]DGEDQ NE ±
FPW HPHONHGHWW D JOREiOLV yFHiQ V]LQWMH UiDGiVXO YDODPHO\HVW J\RUVXOy WHPEHQ  iEUD
+DVRQOyDQ D] iWODJRV KĘPpUVpNOHWKH] I|OGW|UWpQHWL LGĘVNiOiNRQ D] LQJDGR]iV HKKH] NpSHVW
yULiVL  PLOOLy pYYHO H]HOĘWW D WHQJHUV]LQW ± PpWHUUHO PDJDVDEE PtJ D  H]HU pYYHO
H]HOĘWWL KĘPpUVpNOHWL PLQLPXP LGHMpQ NE  PpWHUUHO DODFVRQ\DEE YROW D MHOHQOHJLQpO $PL
D WRYiEEL YiOWR]iVW LOOHWL D EL]RQ\WDODQViJ HOpJJp QDJ\ (QQHN RND EiUPLO\HQ IXUFViQDN WĦQLN
LV D IL]LNDL PHFKDQL]PXVRN KLiQ\RV LVPHUHWH $ Yt]V]LQW HPHONHGpVppUW D V]iUD]I|OGHNHW
ERUtWy MpJWDNDUy ROYDGiVD pV D KĘPpUVpNOHWHPHONHGpV RNR]WD WpUIRJDWL WiJXOiV D IHOHOĘV
0LQGH]W V]iPV]HUĦVtWHQL D]RQEDQ LJHQ QHKp] $] yFHiQRN JLJDQWLNXV W|PHJH pV KĘNDSDFLWiVD
PLDWW D WLSLNXV ÄYiODV]LGĘ´ W|EE V]i] DNiU W|EE H]HU pYHV QDJ\ViJUHQGĦ HPOpNH]]QN DUUD
KRJ\ D WHUPRKDOLQ FLUNXOiFLy SHULyGXVLGHMH  pY N|UOL HPHOOHWW HJ\ VRU YLVV]DFVDWROiVL
PHFKDQL]PXV VHP WHOMHVHQ LVPHUW $] ,3&& LJHQ yYDWRVDQ D N|YHWNH]Ę V]i] pYUH ± FP
N|]p EHFVOL PtJ HJ\pE DGDWDQDOt]LVHN LQNiEE D] ± FP WDUWRPiQ\RQ EHOOUH YiUMiN D
JOREiOLV WHQJHUV]LQW Q|YHNHGpVpW
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
 $= (0%(5, 7e1<(=ė 
 iEUD $ JOREiOLV iWODJRV WHQJHUV]LQWPDJDVViJ D] ± UHIHUHQFLD iWODJKR] NpSHVW $ SLURV
V]LPEyOXPRN W|UWpQHWL UHNRQVWUXNFLy HUHGPpQ\HL WĘO D NpNHN NLN|WĘL Yt]V]LQWPpUpVHN iWODJDL
WĘO D IHNHWH YRQDO SHGLJ PĦKROGDV pV]OHOpVHN DGDWDL $ KLEDNRUOiWRN D RV NRQILGHQFLD
LQWHUYDOOXPKR] WDUWR]QDN )RUUiV ,3&&
 $] HPEHUL WpQ\H]Ę
$] ,3&&MHOHQWpV U|YLG HOĘ]HWHVH D N|YHWNH]Ę iOOtWiVW IRJDOPD]]D PHJ D KXV]DGLN V]i]DG
PiVRGLN IHOpWĘO WDSDV]WDOKDWy OpJN|UL pV yFHiQL KĘPpUVpNOHW HPHONHGpVH D MpJW|PHJ ]VXJR
URGiViYDO HJ\WW HOKDQ\DJROKDWy YDOyV]tQĦVpJJHO WXODMGRQtWKDWy NL]iUyODJ WHUPpV]HWHV WpQ\H
]ĘNQHN D] HPEHUL KR]]iMiUXOiV ILJ\HOHPEHYpWHOH QpONO (] HOVĘVRUEDQ D] ÄYHJKi]KDWiV~
Ji]RN´ H]HQ EHOO D V]pQGLR[LG &2 W|PHJHV NLERFViWiViQDN N|YHWNH]PpQ\H  iEUD
9DOyEDQ D PpUpVHN HJ\pUWHOPĦHQ PXWDWMiN KRJ\ D] XWROVy QpKiQ\ V]i]H]HU pYEHQ VRKD QHP
YROW DNNRUD D OpJN|UL &2NRQFHQWUiFLy PLQW PDQDSViJ pV D] XJUiVV]HUĦ YiOWR]iV EHLQGXOiVD
D] LSDUL IRUUDGDORP NLWHOMHVHGpVpYHO HVLN HJ\EH $ QXPHULNXV HOĘUHMHO]pVHN DUUD XWDOQDN KRJ\
D MHOHQOHJL NRQFHQWUiFLy EHIDJ\DV]WiVD VHP iOOtWDQi PHJ D NOtPD WRYiEEL PHOHJHGpVpW PpJ
PLQWHJ\ V]i] pYLJ $ &2NLERFViWiV FV|NNHQpVpQHN VHPPL MHOH VĘW D WHQGHQFLD pSSHQ
IRUGtWRWW
$] ,3&&MHOHQWpV KDQJV~O\R]]D KRJ\ D OpJV]HQQ\H]pV QHP FVDN D &2NRQFHQWUiFLy
HOWROyGiViW RNR]WD  iEUD $ GLQLWURJpQR[LG 12 YDJ\ D PHWiQ &+ NRQFHQWUiFLyMD
XJ\DQ NpWKiURP QDJ\ViJUHQGGHO NLVHEE PLQW D V]pQGLR[LGp iP D] HOĘEELHN LQIUDY|U|V
HOQ\HOĘNpSHVVpJH MyYDO QDJ\REE tJ\ DUiQ\WDODQXO HUĘVHEE D KR]]iMiUXOiVXN D] YHJKi]KD
WiVKR] 6DMQiODWRV PyGRQ D V]HQQ\H]Ę IRUUiVRN LJHQ VRNIpOpN H]pUW HJ\ pUH]KHWĘ NLERFViWiV
FV|NNHQWpV FVDN DNNRU YiUKDWy KD DODSMDLEDQ YiOWR]QD PHJ D MHOHQOHJL WiUVDGDOPLJD]GDViJL
EHUHQGH]NHGpVW pV QHP FVDN D] LSDULODJ IHMOHWW RUV]iJRNEDQ $ OHJIRQWRVDEE &2IRUUiVRN
D IRVV]LOLV W]HOĘDQ\DJRN pV D ELRPDVV]D ID V]DOPD Ki]WDUWiVL KXOODGpN VWE pJHWpVpYHO
NDSFVRODWRVDN $ OpJN|UL QLWURJpQ R[LGiFLyMD 12 12 12 12 12 12 VWE
HOVĘVRUEDQ ELROyJLDL IRO\DPDWRN pV PDJDV KĘPpUVpNOHWĦ pJpV VRUiQ EHOVĘ pJpVĦ PRWRURN
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD hYHJKi]Ji]RN OpJN|UL NRQFHQWUiFLyMD D] XWROVy NpWH]HU pYEHQ $ NRQFHQWUiFLy HJ\VpJHN
SSP SDUW SHU PLOOLRQ − D &2 SLURV J|UEH LOOHWYH SSE SDUW SHU ELOOLRQ − D] 12 IHNHWH
pV &+ NpN Ji]RNUD )RUUiV ,3&&
N|YHWNH]LN EH PtJ D PHWiQ &+ OHJIRQWRVDEE IRUUiVD D] LSDUV]HUĦ iOODWWHQ\pV]WpV
$] HPEHUL WpQ\H]Ę PHJtWpOpVpEHQ D]RQEDQ D WXGRPiQ\RV EL]RQ\WDODQViJ OpQ\HJHVHQ QD
J\REE PLQW PDJXNEDQ D PpUpVHNEHQ PHO\HN D] pJKDMODW ODVV~ HOWROyGiViW PXWDWMiN 6]iPRV
HOOHQWPRQGiV D QXPHULNXV PRGHOOHN N|UOL NpUGĘMHOHN D UpV]IRO\DPDWRN KLiQ\RV LVPHUHWH
PLQG QHKH]tWLN D] HJ\pUWHOPĦ N|YHWNH]WHWpVHN OHYRQiViW 3pOGDNpQW EHPXWDWMXN D] ,3&&
J\DNUDQ LGp]HWW iEUiMiW DPL D NOtPDYiOWR]iV DQWURSRJpQ HUHGHWpQHN OHJIRQWRVDEE EL]RQ\tWpND
 iEUD (J\pE HV]N|]|N KLiQ\iEDQ D NOtPDPRGHOOHN PHJEt]KDWyViJiW ÄVDMiW PDJXNRQ´
OHKHW FVDN HOOHQĘUL]QL D NLGROJR]RWW PyGV]HU D] HQVHPEOH VRNDViJ IXWWDWiVRN NLpUWpNHOpVH
(QQHN HOVĘ OpSpVHNpQW D JOREiOLVDQ FVDWROW QXPHULNXV PRGHOOHNHW HJ\ WHV]WLGĘV]DN NOtPiMiQDN
UHSURGXNiOiViUD NDOLEUiOMiN $ MyO WHOMHVtWĘ PRGHOOHNHW H]XWiQ W|EE pYWL]HGHV SURMHNFLyN
NpV]tWpVpUH KDV]QiOMiN H NLIHMH]pVW D] LGĘMiUiVL HOĘUHMHO]pVHN KHO\HWW YH]HWWpN EH XWDOYD D W|EE
QDJ\ViJUHQGEHQ HOWpUĘ LGĘVNiOiNUD D PRGHOOHN iWODJD V]iPtW D OHJPHJEt]KDWyEE MyVODWQDN
$ D iEUD PXWDWMD D HV ,3&&MHOHQWpV LGHMpQ OHJMREEQDN V]iPtWy PRGHOOIXWWDWiV
RN HUHGPpQ\pW $] HOĘ]Ę pYV]i]DG JOREiOLV iWODJKĘPpUVpNOHWpQHN UHSURGXNFLyMD VRUiQ PLQG
D WHUPpV]HWHV YiOWR]y EHVXJiU]iV MHOHQWĘV YXONiQNLW|UpVHN PLQG D] DQWURSRJpQ YHJKi]Ji
]RN NLERFViWiVD PH]ĘJD]GDViJL PĦYHOpV HUGĘpJHWpV VWE KDWiVRNDW LJ\HNH]WHN ILJ\HOHPEH
YHQQL $] DODSHJ\HQOHWHN QHP QDJ\RQ NO|QE|]QHN D] HJ\HV PRGHOOHNQpO iP HJ\ VRU IL]LNDL
IRO\DPDW UHSUH]HQWiFLyMiEDQ QDJ\ HOWpUpVHN IHGH]KHWĘN IHO .O|Q|VHQ LJD] H] D] RO\DQ NLV
VNiOiM~ iP |VV]HJ]HWW KDWiViW WHNLQWYHPHJKDWiUR]y MHOHQWĘVpJĦ UpV]IRO\DPDWRNUD DPHO\HNHW
D WpU pV LGĘEHOL IHOERQWiV YpJHVVpJH ∼  NP LOOHWYH QpKiQ\ yUD YDODPLQW D IL]LNDL
DODSRN KLiQ\RV LVPHUHWH PLDWW FVDN D SDUDPpWHUH]pV QHYĦ HOMiUiVVDO pStWHWWHN EH D JOREiOLV
PRGHOOHNEH ,O\HQHN SO D IHOKĘNpS]ĘGpV D WHUPLNXV NRQYHNFLy iOWDOiEDQ D WXUEXOHQFLD D]
DHURV]RO UpV]HFVNpN KDWiVD YHJ\N pV]UH D  iEUiQ KRJ\ D QDJ\ YXONiQNLW|UpVHNHW PLQGLJ
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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(a) (b)
 iEUD D 1XPHULNXV PRGHOOHN iOWDO UHSURGXNiOW ∆T JOREiOLV KĘPpUVpNOHWL DQRPiOLD
UHIHUHQFLDLGĘV]DN ± D WHUPpV]HWHV KDWiVRNDW D OHJQDJ\REE P~OWEHOL YXONiQNLW|UpVHNHW
MHO|OWN pV D] DQWURSRJpQ YHJKi]Ji]NLERFViWiV KDWiVRNDW LV ILJ\HOHPEH YpYH $ IHNHWH YDVWDJ
YRQDO D PpUW DGDW QDUDQFVViUJD D] HJ\HGL V]LPXOiFLyN HUHGPpQ\H YDVWDJ SLURV D PRGHOOV]iPtWiVRN
iWODJD E 8J\DQD] PLQW D NL]iUyODJ WHUPpV]HWHV NpQ\V]HUHNNHO )RUUiV ,3&&
SiU pYHV OHKĦOpV N|YHWL YDJ\ D FVDSDGpNNpS]ĘGpV VWE $ SDUDPpWHUH]pV OpQ\HJH D YLV]RQ\ODJ
MyO N|YHWKHWĘ PHWHRUROyJLDL YiOWR]yN N|]|WW IHQQiOOy VWDWLV]WLNXV |VV]HIJJpVHNHQ DODSXOy
V]DEiO\RN IHOGHUtWpVH (J\ SpOGD KD D OpJN|UL KĘPpUVpNOHW  NP PDJDVDQ DODFVRQ\DEE HJ\
NV]|EpUWpNQpO pV D Q\RPiV  NPHQ HJ\ DGRWW WDUWRPiQ\ED HVLN pV D UHODWtY SiUDWDUWDORP
QDJ\REE HJ\ NULWLNXV pUWpNQpO pV tJ\ WRYiEE DNNRU p YDOyV]tQĦVpJJHO h PP FVDSDGpN
YiUKDWy $ NO|QE|]Ę PRGHOOHN HOWpUĘ SDUDPpWHUH]pVH PLDWW PLQGHQ YiOWR]DWQDN PHJYDQQDN
D J\HQJH SRQWMDL iP D D iEUiQ OiWKDWy JOREiOLV WHQGHQFLiW YLV]RQ\ODJ MyO DGMiN YLVV]D
(]pUW IRJDGMiN HO V]pOHV N|UEHQ D] pJKDMODWYiOWR]iV DQWURSRJpQ HUHGHWpQHN EL]RQ\tWpNDNpQW D
E iEUD HUHGPpQ\pW PHO\ V]HULQW D P~OW V]i]DG JOREiOLV iWODJKĘPpUVpNOHWpW QHP WXGWiN
D] HPOtWHWW PRGHOOHN YLVV]DDGQL KD FVDN D WHUPpV]HWHV NpQ\V]HUHNHW YHWWpN ILJ\HOHPEH D
V]iPtWiVRN VRUiQ
$ IHQWL N|YHWNH]WHWpVW YDODPLQW D KRVV]~ WiYUD YRQDWNR]y pJKDMODWL SURMHNFLyNDW V]iPRV
NULWLND pUWH pV pUL $] ,3&&MHOHQWpV QHP WLWNROMD HO D JRQGRNDW  EL]RQ\WDODQViJL WpQ\H]ĘW
VRUROQDN IHO D] DODSSUREOpPiN OLVWiMiEDQ >@ $ WHFKQLNDL NpUGpVHNHW QHP HPOtWYH D]
HVHWOHJHV G|QWpVKR]DWDO V]HPSRQWMiEyO NLHPHOWHQ MHOHQWĘV SRQWRN D UHJLRQiOLV HOĘUHMHO]pVHN
JOREiOLVQiO LV QDJ\REE EL]RQ\WDODQViJD pV D FVDSDGpNNDO NDSFVRODWRV SURMHNFLyN QDJ\ V]yUi
VD 9DOyMiEDQ NHYHVHNHW pUGHNHO D JOREiOLV iWODJRN pUWpNpQHN YiOWR]iVD WHUPpV]HWHV PyGRQ
PLQGHQNLW LQNiEE D] IRJODONR]WDW KRJ\ PL YiUKDWy ODNyKHO\pQHN N|U]HWpEHQ 7RYiEEL
ERQ\RGDOPDNDW RNR] D] D WpQ\ KRJ\ QpKiQ\ pYWL]HGHV WiYRQ D PRGHOOMyVODWRN V]yUiVD EĘYHQ
EHQQH YDQ D WHUPpV]HWHV LQJDGR]iV WDUWRPiQ\iEDQ H]pUW D] HVHWOHJHV DQWURSRJpQ KDWiVRN FVDN
pYV]i]DGRV LGĘVNiOiM~ IXWWDWiVRNEDQ MHOHQWNH]QHN
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 iEUD $ V]pQGLR[LG &2 JOREiOLV pYHV PpUOHJH PDL WXGiVXQN V]HULQW $] HPEHUL WHYpNHQ\VpJ
N|YHWNH]WpEHQ D OpJN|UEH pYHQWH N|UOEHOO QHWWy *W JLJDWRQQD V]pQ NHUO $ V]iUD]I|OGL YHJHWiFLy
pV D] yFHiQRN QHWWy HOQ\HOĘNpQW PĦN|GQHN SLURV HOOLSV]LVHN  pV  N|]|WW D WHOMHV DQWURSRJpQ
NLERFViWiV PLQWHJ\ iW PHJN|W|WWpN )RUUiV ,3&&
 .LWHNLQWĘ SpOGD V]pQGLR[LG pV D] $QWDUNWLV] N|UOL
iUDPODW
$ JOREiOLV YiOWR]iVRNNDO MiUy IRO\DPDWRN |VV]HWHWWVpJpUH XWDOy NRQNUpW SpOGDNpQW WHNLQWVN
WHUPpV]HWHV N|]HJHLQN V]pQGLR[LGWDUWDOPiQDN GLQDPLNiMiW $  iEUiQ OiWKDWy D &2
JOREiOLV PpUOHJH DPL HJ\ WHOMHV pYUH YRQDWNR]LN $ V]iPpUWpNHN WHNLQWHWpEHQ YDQQDN PpJ
EL]RQ\WDODQViJRN QHP HJ\V]HUĦ HJ\ KDVRQOy OpSWpNĦ EHFVOpV HONpV]tWpVH
9HJ\N pV]UH KRJ\ D] HPEHUL WHYpNHQ\VpJ HOVĘVRUEDQ D IRVV]LOLV W]HOĘDQ\DJRN pJHWpVH
QHWWy &2IRUUiV $ V]iUD]I|OGHN I|O|WW D PpUVpNHOW |YL YHJHWiFLyV LGĘV]DNEDQ D ]|OG
Q|YpQ\HN iOWDO NLYRQW OpJN|UL &2 HJ\ UpV]H D] ĘV]LWpOL SHULyGXVEDQ WHUPpV]HWHV ERPOiVL
IRO\DPDWRN QHP NHUO YLVV]D D] DWPRV]IpUiED $ PiVLN OHJIRQWRVDEE LVPHUW QHWWy Q\HOĘ PH
FKDQL]PXV D] yFHiQRNNDO NDSFVRODWRV (QQHN IĘ HOHPH KRJ\ D] yFHiQRN YL]pEHQ KHP]VHJĘ
IRWRV]LQWHWL]iOy DOJiN D SODQNWRQ Q|YpQ\L NRPSRQHQVH D] ROGRWW &2 QDJ\ UpV]pW IHOYHV]LN
H]pUW D OpJN|UEĘO D] HJ\HQV~O\L Q\RPiV HOpUpVpLJ IRO\DPDWRV D EHROGyGiV eOHWFLNOXVXN
YpJpQ D] DOJiN ODVVDQ D WHQJHU IHQHNpUH OHSHGQHN tJ\ D VHMWHN Yi]iEDQ WDOiOKDWy NDUERQiW D
N|UIRO\DPDWEyO YpJOHJ NLYRQMD D V]pQ HJ\ MHOHQWĘV UpV]pW (] D Q\HOĘ IRO\DPDW D N|UOPpQ\HN
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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IJJYpQ\pEHQ KRO NLVHEE KRO QDJ\REE LQWHQ]LWiVVDO ]DMOLN PHO\HW D ELRNpPLDL UpV]OHWHN
PHOOHWW SO HOHJHQGĘ ROGRWW YDV HUĘVHQ EHIRO\iVROQDN D QDJ\ VNiOiM~ yFHiQL iUDPOiVRN LV
$] $QWUDNWLV] N|UOL iUDPODWUyO OiWWXN KRJ\ VHEHVVpJH QHP W~O QDJ\ ,  P/V N|UOL
0LYHO D]RQEDQ D] iUDPODW D V]LOiUG IHQpNLJ WHUMHG Yt]KR]DPD N|]HO  6Y PHVV]H D OHJMHOHQ
WĘVHEE yFHiQL iUDPODW  iEUD (] D] HJ\HWOHQ I|OGL iUDPODW PHO\ NRQWLQHQVHN KLiQ\iEDQ
]DYDUWDODQXO WXGMD N|YHWQL D WHUPLNXV iUDPOiV IHOWpWHOpW D PHULGLRQiOLV KĘPpUVpNOHW NRQWUDV]W
PLDWW Q\XJDWyO NHOHWUH iUDPOLN 
 iEUD $] $QWUDNWLV] N|UOL iUDPODW VHPDWLNXV NpSH
$PR]Jy Yt]W|PHJ MHOHQWĘV (NPDQWUDQV]SRUWRW LV MHOHQW PHO\ GpOL iUDPODWUyO OpYpQ V]y D
V]pOQ\tUiV pV D] iUDPODW LUiQ\iWyO EDOUD D]D] pV]DNUD PXWDW  iEUD $ NHYHUHGpVL UpWHJ
KLGHJ YL]H HN|]EHQ PHOHJHEE pV KtJDEE N|UQ\H]HWEH NHUO V H]pUW OHVOO\HG ,O\HQ PyGRQ
QDJ\ IHOV]tQL Yt]W|PHJHN Q\HOĘGQHN HO D] yFHiQEDQ (] D IRO\DPDW KĦWL D N|]HSHV V]pOHVVpJHN
WHUPRNOLQ ]yQiMiW GH DPL PpJ HQQpO LV IRQWRVDEE D Yt]]HO HJ\WW D EHQQH ROGRWW Ji]RN LV
HOQ\HOĘGQHN (] D] D PiVLN IRQWRV PHFKDQL]PXV PHO\QHN UpYpQ MHOHQWĘV PHQQ\LVpJĦ V]pQ
GLR[LG Q\HOĘGLN HO D] yFHiQEDQ $] $QWDUNWLV] N|UOL iUDPODW WHKiW MHOHQOHJ D] DQWURSRJpQ
HUHGHWĦ V]pQGLR[LG HJ\ UpV]pW PHJN|WL
$] D]RQEDQ KRJ\ H] PHGGLJ PDUDG tJ\ D] HVHWOHJ EHN|YHWNH]Ę YiOWR]iVRN IL]LNDL UpV]
OHWHLWĘO IJJ 7pWHOH]]N IHO KRJ\ ∆T  D VDURN pV (J\HQOtWĘ N|]|WWL KĘPpUVpNOHWNO|QEVpJ
D GpOL IpOWHNpQ FV|NNHQ $  HJ\HQOHW DODSMiQ HNNRU FV|NNHQ D] XUDONRGy Q\XJDWL V]HOHN
iWODJVHEHVVpJH (]]HO SiUKX]DPRVDQ YiOWR]LN D τ  V]pOQ\tUiV LV $] yFHiQL NHYHUHGpVL
UpWHJEHQ NLDODNXOy  (NPDQWUDQV]SRUW H]pUW WHUPpV]HWHVHQ V]LQWpQ NLVHEE OHV] &V|NNHQ
WHKiW D] HOQ\HOW V]pQGLR[LG PHQQ\LVpJH D]D] D OpJN|UL NRQFHQWUiFLy Q|YHNHGLN (] D]RQEDQ
WHUPpV]HWHVHQ YLVV]DKDW D] HJpV] UHQGV]HUUH pV D ∆T PHULGLRQiOLV KĘPpUVpNOHWNRQWUDV]W LV
(EEĘO D] LV N|YHWNH]LN KRJ\ HJ\ NRQWLQHQV QpONOL )|OGV]HUĦ Yt]ERO\JyQ D] HJpV] yFHiQL iUDPOiVL UHQGV]HU
LO\HQ MHOOHJĦ iUDPODWRNEyO iOOQD PHO\HN N|]O D] HUĘVHN IHOWHKHWĘHQ LQVWDELODN OHQQpQHN V EHOĘON iOODQGyDQ
J\ĦUĦN V]DNDGQiQDN OH D EDURNOLQ LQVWDELOLWiV PLDWW
 -iQRVL ,PUH 7pO 7DPiV (/7( 77. ZZZWDQNRQ\YWDUKX
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 iEUD $] $QWUDNWLV] N|UOL iUDPODWWDO $&& MiUy HJ\pE Yt]PR]JiVRN $ OHEXNy PR]JiV ]|OG
Q\LODN D V]pQGLR[LG WHQJHUL HOQ\HOĘGpVpQHN HJ\LN IRQWRV HOHPH )RUUiV ?iiT,ffBK;2bX/X
;QpXmf
PHJYiOWR]LN V D OpJN|UL &2WDUWDORP WRYiEEL Q|YHNHGpVpKH] YH]HWKHW $PLQW H] D SpOGD LV
PXWDWMD D NOLPDWLNXV IRO\DPDWRN LJHQ |VV]HWHWWHN PHJpUWpVN HOĘIHOWpWHOH D IL]LNDL MHOHQVpJHN
DODSRV LVPHUHWH
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
6]yMHJ\]pN
DEV]RO~W IHNHWH WHVW ±2O\DQ LGHDOL]iOW REMHNWXP DPHO\ KXOOiPKRVV]WyO IJJHWOHQO D] |VV]HV
EHHVĘ HOHNWURPiJQHVHV VXJiU]iVW HOQ\HOL
DEV]RO~W KĘPpUVpNOHW ± +ĘPpUVpNOHWL VNiOD DPHO\ IJJHWOHQ D PpUpVUH KDV]QiOW HV]N|]
DQ\DJL WXODMGRQViJDLWyO (J\VpJH D .HOYLQ . $ODSSRQWMD D] DEV]RO~W QXOOD IRN  .
  ◦& (QQHN IXQGDPHQWiOLV MHOHQWĘVpJH YDQ D WHUPRGLQDPLNiEDQ .pQ\HOPL
RNRN PLDWW D NHOYLQEHQ PpUW KĘPpUVpNOHWNO|QEVpJHW PHJIHOHOWHWMN D &HOVLXVVNiOiQ
PpUWQHN  .  ◦&
DEV]RUSFLy ± $ EHHVĘ HOHNWURPiJQHVHV VXJiU]iV HOQ\HOpVL IRO\DPDWDLQDN |VV]HIRJODOy QHYH
DEV]RUSFLyV ViY ±$] HOHNWURPiJQHVHV VSHNWUXP D]RQ WDUWRPiQ\DL DKRO D] DGRWW DQ\DJ SO
OpJN|UL Ji] DEV]RUEHiOMD LOOHWYH HPLWWiOMD D VXJiU]iVW
DGLDEDWLNXV IRO\DPDW ±.|UQ\H]HWL KĘFVHUH QpONOL IRO\DPDW PHO\QHN VRUiQ HJ\ OpJHOHPEHQ
D KĘPpUVpNOHW YiOWR]iViW D D Q\RPiVFV|NNHQpV YDJ\ Q|YHNHGpV LGp]KHWL HOĘ
DGYHNFLy ± )RO\WRQRV N|]HJ OHYHJĘ YDJ\ Yt] iUDPOiVD PLDWW EHN|YHWNH]Ę VRGUyGiV
DHURV]RO UpV]HFVNpN ± *i]QHPĦ N|]HJEHQ ILQRPDQ HORV]ODWRWW V]LOiUG YDJ\ FVHSSIRO\yV
UpV]HFVNpN /HYHJĘEHQ WLSLNXV PpUHWN D  QP ±  µP −− P N|]p HVLN
DQRPiOLD ±(J\ DGRWW PHWHRUROyJLDL SDUDPpWHU HOWpUpVH D KRVV]~ LGĘUH V]iPROW iWODJpUWpNWĘO
$QWDUNWLV] N|UOL iUDPODW ± $QWDUFWLF &LUFXPSRODU &XUUHQW $&& .HOHWL LUiQ\~ yFHiQL
iUDP DPHO\ PHJNHUOL D 'pOLVDUNRW .|]HSHV iUDPOiVL VHEHVVpJH QHP W~O QDJ\ 
PV iP WpUIRJDWiUDPD D V]LOiUG IHQpNLJ WHUMHGĘ PpO\VpJH PLDWW  6Y 6YHUGUXS  6Y
  PV HUĘVVpJĦ PHVV]H D OHJMHOHQWĘVHEE yFHiQL iUDPOiVL UHQGV]HU
DQWLFLNORQ ± 0DJDV Q\RPiV~ OpJN|UL |UYpQ\UHQGV]HU $] pV]DNL IpOWHNpQ D] yUDPXWDWy
MiUiViYDO PHJHJ\H]Ę N|UOMiUiV~ DPHO\EHQ D WHQJHUV]LQWUH iWV]iPtWRWW OpJQ\RPiV 
K3DQiO PDJDVDEE $] DQWLFLNORQRNUD MHOOHP]Ę LGĘMiUiV Q\iURQ ]DYDUWDODQ QDSVWpV pV
QDJ\ PHOHJ WpOHQ SiUiVViJ N|G pV QDJ\RQ DODFVRQ\ KĘPpUVpNOHW $ GpOL IpOWHNpQ D
IRUJiVLUiQ\ HOOHQWpWHV
$WODQWLyFHiQL W|EEpYWL]HGHV RV]FLOOiFLy ± $WODQWLF 0XOWLGHFDGDO 2VFLOODWLRQ $02 $]
$WODQWLyFHiQ pV]DNL PHGHQFpMpEHQ PpUW iWODJRV WHQJHUIHOV]tQL Yt]KĘPpUVpNOHW KRVV]~
LGHMĦ LQJDGR]iVD (QQHN LQGH[H $02, D KDYL iWODJRN  pYHV IXWyiWODJROiViYDO iOO HOĘ
D YiOWDNR]y KLGHJ pV PHOHJ SHULyGXVRN DPSOLW~GyMD QpKiQ\ WL]HG ◦& SHULyGXV KRVV]D
± pY
DWPRV]IpULNXV DEODN ± $] HOHNWURPiJQHVHV VSHNWUXP D]RQ WDUWRPiQ\DL DKRO D OpJN|U QHP
Q\HOL HO D VXJiU]iVW ÄiWOiWV]y´
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EiULNXV V]pOW|UYpQ\ %X\V±%DOORW ± $ NODVV]LNXV PHWHRUROyJLD WDSDV]WDODWRNQDN PHJIH
OHOĘHQ D] pV]DNL IpOWHNpQ D VHEHVVpJYHNWRU LUiQ\iWyO MREEUD HVLN D PDJDVDEE Q\RPiV~
WHUOHW D GpOL IpOWHNpQ IRUGtWYD (] D ÄW|UYpQ\´ D &RULROLVKDWiV NRUDL PHJILJ\HOpVpQHN
WHNLQWKHWĘ
EDURNOLQ LQVWDELOLWiV ± 2O\DQ NLVPpUWpNĦ SHUWXUEiFLy SO HJ\ OpJRV]ORS Yt]V]LQWHV HOPR]
GXOiVD DPHO\ IRUJDWRWW pV PHULGLRQiOLVDQ IĦW|WW UHQGV]HUEHQ LGĘEHQ J\RUVDQ Q|YHNYĘ
HUĘVVpJĦ iWUHQGH]ĘGpVKH] YH]HW QDJ\PpUHWĦ |UYpQ\HN NLDODNXOiViYDO MiU ,GĘMiUiVXQN
V]DEiO\WDODQ YiOWR]iVD D OpJN|UL EDURNOLQ LQVWDELOLWiV N|YHWNH]PpQ\H
EDURNOLQ UpWHJ]HWWVpJ ± $ OpJN|U JUDYLWiFLyV HJ\HQV~O\WyO HOWpUĘ iOODSRWD DKRO HJ\ DGRWW
iOODQGy Q\RPiV~ IHOOHW PHQWpQ D KĘPpUVpNOHW YiOWR]LN D]D] D] iOODQGy KĘPpUVpNOHWĦ pV
Q\RPiV~ IHOOHWHN PHWV]LN HJ\PiVW
EDURWUyS UpWHJ]HWWVpJ ± $ OpJN|U RO\DQ iOODSRWD DKRO D] iOODQGy Q\RPiV~ LOOHWYH KĘPpU
VpNOHWĦ IHOOHWHN HJ\EHHVQHN HNNRU D Q\RPiV D KĘPpUVpNOHWQHN HJ\pUWHOPĦ HJ\pUWpNĦ
IJJYpQ\H $ YDOyGL OpJN|UEHQ FVDN N|]HOtWĘOHJ IRUGXO HOĘ PHUW EDURWUyS HOUHQGH]ĘGpV
QpO Yt]V]LQWHV KĘPpUVpNOHWL JUDGLHQVHN QLQFVHQHN
βVtN N|]HOtWpV ± $ )|OG HJ\ DGRWW SRQWMiKR] U|J]tWHWW HXNOLGHV]L YRQDWNR]WDWiVL UHQGV]HU
EHQ KDV]QiODWRV N|]HOtWpV DPHO\ D &RULROLVSDUDPpWHU PHULGLRQiOLV YiOWR]iViW OLQHiULV
|VV]HIJJpVVHO N|]HOtWL f(y) = ΩF sinϕ + βy LWW ΩF D )|OG V]|JVHEHVVpJH ϕ D
I|OGUDM]L V]pOHVVpJ IRNRNEDQ y SHGLJ D PHULGLRQiOLV GpO±pV]DNL WiYROViJ D] RULJyWyO
pV β = R−F ΩF cosϕ RF D )|OGJ|PE VXJDUD
FLNORJHQH]LV ± $ODFVRQ\ Q\RPiV~ FLNORQW OpWUHKR]y IRO\DPDWRN |VV]HVVpJH D PpUVpNHOW
pJ|YEHQ PHJKDWiUR]y UpV]H D EDURNOLQ LQVWDELOLWiV
FLNORQ ± $ODFVRQ\ Q\RPiV~ OpJN|UL |UYpQ\UHQGV]HU $] pV]DNL IpOWHNpQ D] yUDPXWDWy
MiUiViYDO HOOHQWpWHV LUiQ\~ D] |UYpQ\OpV DPHO\EHQ D WHQJHUV]LQWUH iWV]iPtWRWW OpJQ\RPiV
 K3DQiO DODFVRQ\DEE $ FLNORQRNUD MHOOHP]Ę LGĘMiUiV YiOWR]pNRQ\ VRN FVDSDGpNNDO
iOWDOiEDQ PHOHJ pV KLGHJIURQWRN iWKDODGiViYDO pOpQN V]pOOHO WiUVXO $ GpOL IpOWHNpQ D
IRUJiVLUiQ\ HOOHQWpWHV
&RULROLVSDUDPpWHU f  ±$ &RULROLVHUĘ I|OGUDM]L KHO\ IJJpVpW OHtUy HJ\V]HUĦVtWĘ |VV]HIJ
JpV f = ΩF sinϕ DKRO ΩF D )|OG V]|JVHEHVVpJH pV ϕ D I|OGUDM]L V]pOHVVpJ
&VHQGHVyFHiQL pYWL]HGHV RV]FLOOiFLy ± 3DFLILF 'HFDGDO 2VFLOODWLRQ 3'2 $&VHQGHVyFHiQ
pV]DNLPHGHQFpMpEHQPpUW iWODJRV WHQJHUIHOV]tQL Yt]KĘPpUVpNOHW KRVV]~ LGHMĦ LQJDGR]iVD
(QQHN LQGH[H 3'2, D KDYL iWODJRN  pYHV IXWyiWODJROiViYDO iOO HOĘ D YiOWDNR]y KLGHJ
pV PHOHJ SHULyGXVRN DPSOLW~GyMD QpKiQ\ WL]HG ◦& SHULyGXV KRVV]D ± pY 3RQWRV
PHFKDQL]PXVD QHP LVPHUW D] $WODQWLyFHiQL W|EEpYWL]HGHV RV]FLOOiFLy $02 HWWĘO
IJJHWOHQQHN WĦQLN D OpJN|U iOWDO N|]YHWtWHWW FVDWROiV QHP PXWDWKDWy NL
GpOL RV]FLOOiFLyV LQGH[ ± 6RXWKHUQ 2VFLOODWLRQ ,QGH[ 62, 1RUPDOL]iOW WHQJHUIHOV]tQL Q\R
PiVNO|QEVpJ D &VHQGHVyFHiQ Q\XJDWL pV NHOHWL UpJLyL N|]|WW D KDJ\RPiQ\RV PpUĘKH
O\HN 'DUZLQ $XV]WUiOLD pV 7DKLWL )UDQFLD 3ROLQp]LD WiYROViJXN NE  NLORPpWHU
HJ\H]PpQ\HV NRRUGLQiOW YLOiJLGĘ ± 8QLYHUVDO 7LPH &RRUGLQDWHG 87& 1DJ\ SRQWRVViJ~
DWRPyUDLGĘEĘO V]iUPD]y KLYDWNR]iVL LGĘ]yQD DPHO\KH] D )|OG W|EEL LGĘ]yQiMiW YLV]R
Q\tWMXN (] D JUHHQZLFKL N|]pSLGĘ *07 XWyGMD DPHO\QpO D )|OG ODVVXOy IRUJiVD PLDWWL
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.
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HOWpUpV NLNV]|E|OpVH FpOMiEyO HJ\PiVIpO pYHQWH V]|NĘPiVRGSHUFHW LNWDWQDN EH
(NPDQUpWHJ ± 9LV]Ny]XV iUDPOy N|]HJ KDWiUiQ WDOiOKDWy iWPHQHWL WDUWRPiQ\ DKRO KiURP
HUĘ Q\RPiVL JUDGLHQV HUĘ &RULROLVHUĘ pV V~UOyGiVL HUĘ HJ\HQV~O\D DODNtW NL VWDFLRQiULXV
iUDPOiVW .pW OpQ\HJHV SpOGiMD D V]LOiUG IHOV]tQN|]HOL SODQHWiULV KDWiUUpWHJ LOOHWYH D
V]pOQ\tUiV iOWDO JHUMHV]WHWW yFHiQL NHYHUHGpVL UpWHJ
(NPDQSXPSiOiV ±$] (NPDQUpWHJEHQ NLDODNXOy VWDFLRQiULXV iUDPOiV QHP SiUKX]DPRV D]
L]REiURNNDO D] DODFVRQ\DEE Q\RPiV~ ROGDO IHOp PXWDWYD PHWV]L D]RNDW =iUW L]REiURN
HVHWpQ SO FLNORQRN DQWLFLNORQRN H] D IHOV]tQ N|]HOpEHQ |VV]H LOOHWYH V]pWiUDPOiVW
HUHGPpQ\H] DPL D] |VV]HQ\RPKDWDWODQViJ PLDWW IHO pV OHiUDPOiVRNDW JHQHUiO
HPLVV]Ly ± (OHNWURPiJQHVHV KXOOiPRN NLVXJiU]iVD
HPLVV]LYLWiV ± (OHNWURPiJQHVHV KXOOiPRN NLVXJiU]iVL KDWiVIRND D] DEV]RO~W IHNHWH WHVWKH]
NpSHVW
HQHUJLD ±0XQNDYpJ]Ę YDJ\ KĘiWDGy NpSHVVpJ 6, PpUWpNHJ\VpJH D -RXOH -  :V  1P
IDMKĘ ±  NJ W|PHJĦ DQ\DJ KĘPpUVpNOHWpQHN  NHOYLQQHO W|UWpQĘ HPHOpVpKH] V]NVpJHV
KĘPHQQ\LVpJ PpUWpNHJ\VpJH -·NJ−.−
JHRV]WURILNXV HJ\HQV~O\ ± )RUJDWRWW UHQGV]HUEHQ IHOOpSĘ VWDFLRQiULXV iUDPOiV PHO\EHQ D
PLQGHQ WpUIRJDWHOHPUH KDWy Q\RPiVL JUDGLHQV HUĘW WHOMHVHQ NRPSHQ]iOMD D &RULROLVHUĘ
JUDYLWiFLyV iUDPODW ± .pWIDMWD N|]HJ JUDYLWiFLyV HJ\HQV~O\WyO HOWpUĘ NH]GĘ iOODSRWEyO
LQGtWRWW PR]JiVD DKRO D KDMWyHUĘ D NpW N|]HJ HOWpUĘ VĦUĦVpJH PLDWW IHOOpSĘ Yt]V]LQWHV
VĦUĦVpJJUDGLHQVEĘO V]iUPD]LN
JUHHQZLFKL N|]pSLGĘ ± *UHHQZLFK 0HDQ 7LPH *07 $ )|OG YDOyGL IRUJiViKR] LJD]RGy
KLYDWNR]iVL LGĘ]yQD DPL D )|OG WHOMHV WHUOHWpUH HJ\VpJHV LGĘDODSRW EL]WRVtW /iVG
HJ\H]PpQ\HV NRRUGLQiOW YLOiJLGĘ
KXUULNiQ ± 7UySXVL FLNORQ PHO\QpO D  SHUFUH iWODJROW V]pOVHEHVVpJ PHJKDODGMD D  PV
 NPK pUWpNHW (] D QpY D] $WODQWLyFHiQ pV]DNL pV D &VHQGHVyFHiQ pV]DNNHOHWL PH
GHQFpMpEHQ NLDODNXOy YLKDURNUD KDV]QiODWRV 'pONHOHWÈ]VLiEDQ XJ\DQH]HN D IRUJyV]HOHN
D ÄWiMIXQ´ QHYHW YLVHOLN
LQIUDY|U|V ± ,QIUDUHG ,5 (OHNWURPiJQHVHV VSHNWUXP WDUWRPiQ\ DKRO D KXOOiPKRVV] D
± µP WDUWRPiQ\ED HVLN
LQYHU]Ly ± $] DWPRV]IpUD IJJĘOHJHV KĘPpUVpNOHWL JUDGLHQVpQHN HOĘMHOYiOWiVD ,QYHU]Ly
HVHWpQ D OHYHJĘ KĘPpUVpNOHWH D PDJDVViJ Q|YHNHGpVpYHO QHP FV|NNHQ KDQHP QĘ $
WURSRV]IpUiEDQ HUĘV IHOV]tQL OHKĦOpVHNRU MHOHQWNH]LN D OpJN|UL VWDELOLWiVW Q|YHOL pV D
NRQYHNWtY IRO\DPDWRNDW IpNH]L $ODFVRQ\ LQYHU]LyV PDJDVViJ HVHWpQ YiURVRN IHOHWW
NRPRO\ OpJV]HQQ\H]Ę G~VXOiVW RNR] $ WURSRV]IpUD IHOVĘ KDWiUiW D] RWW PLQGLJ MHOHQOpYĘ
KĘPpUVpNOHWL LQYHU]Ly GHILQLiOMD
OiWKDWy IpQ\ ±$] LQIUDY|U|V VXJiU]iVQiO NLVHEE D] XOWUDLERO\D VXJiU]iVQiO QDJ\REE KXOOiP
KRVV]~ WDUWRPiQ\ D] HOHNWURPiJQHVHV VSHNWUXPEDQ ± µP
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PHULGLRQiOLV ± $ I|OGUDM]L KRVV]~ViJL N|U|NNHO SiUKX]DPRV pV]DN±GpOL LUiQ\
1DJ\ ÏFHiQL 6]iOOtWyV]DODJ ± 2FHDQ &RQYH\RU %HOW $ JOREiOLV yFHiQL iUDPOiVRN ]iUW
UHQGV]HUH PHO\QHN IĘ KDMWyHUHMH D] $WODQWLyFHiQ pV]DNL WHUOHWpQ EHN|YHWNH]Ę VOO\HGĘ
PR]JiV PpO\VpJL Yt]NpS]ĘGpV .LYiOWy RND D *ROIiUDPODW iOWDO pV]DNUD V]iOOtWRWW PHOHJ
pV VyEDQ IHOG~VXOW Yt] KĦOpVH $ IHOV]tQUĘO OHEXNy Yt]W|PHJHN NE  NPPpO\VpJEHQ ODVV~
GLII~] iUDPOiVVDO KDODGQDN HOOHQNH]Ę GpOL LUiQ\ED PDMG D] $QWDUNWLV] N|UOL iUDPODW
N|]HOpEHQ D IHOHPHONHGQHN ± PHV V]LQWUH pV pV]DNL LUiQ\ED KDODGYD ]iUMiN D
JOREiOLV NRQYHNFLyW
|UYpQ\HVVpJ ± $ ORNiOLV IRUJiV YHNWRULiOLV PpUWpNH iUDPOy N|]HJHNEHQ PDWHPDWLNDLODJ D
VHEHVVpJPH]Ę URWiFLyMD URWv 0pUWpNHJ\VpJH V
SODQHWiULV KDWiUUpWHJ ± 3ODQHWDU\ %RXQGDU\ /D\HU 3%/ $] DWPRV]IpUD IHOV]tQQHO pULQW
NH]Ę DOVy ± P YDVWDJ UpWHJH 'LQDPLNDL IRO\DPDWDLW G|QWĘHQ EHIRO\iVROMD D
KDWiUIHOOHW MHOHQOpWH IĦWpV SiUROJiV V~UOyGiV VWE
SODQHWiULV 5RVVE\KXOOiP ± /pJN|UL QDJ\ OpSWpNĦ 5RVVE\KXOOiP
UDGDU ± 5$GLR 'HWHFWLRQ $QG 5DQJH (OHNWURPiJQHVHV KXOOiPRN YLVV]DYHUpVpQ DODSXOy
KHO\PHJKDWiUR]y EHUHQGH]pV $ PHWHRUROyJLDL UDGDURN D PP±FP KXOOiPKRVV]WDUWR
PiQ\EDQ PLNURKXOOiPRN PĦN|GQHN OHJJ\DNUDEEDQ FVDSDGpN GHWHNWiOiViUD KDV]QiOD
WRVDN
5RVVE\KXOOiP ± $ )|OG J|UEOWVpJpEĘO βKDWiV N|YHWNH]Ę KXOOiPMHOHQVpJ PHO\QpO D
WHUMHGpVL LUiQ\ iOOy N|]HJEHQ NL]iUyODJ Q\XJDWUD PXWDWKDW
5RVVE\VXJiU Lρ ± .DUDNWHULV]WLNXV KRVV]~ViJVNiOD PHO\HQ D IRUJiVL KDWiVRN |VV]HPpU
KHWĘHN D IHOKDMWyHUĘYHO
5RVVE\V]iP ± $ &RULROLVHUĘ QDJ\ViJiUD MHOOHP]Ę GLPHQ]LyWODQ KiQ\DGRV Ro = U/(fL)
DKROU D] iUDPOiV Yt]V]LQWHV VtNEHOL NDUDNWHULV]WLNXV VHEHVVpJH f D &RULROLVSDUDPpWHUL
HJ\ NDUDNWHULV]WLNXV KRVV]~ViJ SDUDPpWHU 5R NLFVL V]iPpUWpNH HVHWpQ D IRUJiVEyO HUHGĘ
KDWiVRN GRPLQiOQDN
VHEHVVpJPH]Ę ± )RO\WRQRV N|]HJHN iUDPOiVD VRUiQ iOWDOiQRV HVHWEHQ D VHEHVVpJYHNWRU IJJ
D] DGRWW KHO\ NRRUGLQiWiLWyO pV D] LGĘWĘO v(x, y, z, t) $ VHEHVVpJYHNWRURN NLWHUMHGW
WpUIRJDWEDQ DGRWW VRNDViJiW QHYH]]N VHEHVVpJPH]ĘQHN
VHNpO\ IRO\DGpN UHQGV]HU ± 2O\DQ N|]HJ DKRO D IJJĘOHJHV UpWHJYDVWDJViJ VRNNDO NLVHEE
D Yt]V]LQWHV NLWHUMHGpVQpO gVV]HQ\RPKDWDWODQ IRO\DGpN HVHWpQ D VHNpO\VpJ PLDWW NYi]L
NpWGLPHQ]LyV PR]JiVRN DODNXOQDN NL
6WHIDQ±%ROW]PDQQW|UYpQ\ ± (J\ T DEV]RO~W KĘPpUVpNOHWĦ WHVW HJ\VpJQ\L IHOOHWpQ NH
UHV]WO HJ\VpJQ\L LGĘ DODWW NLVXJiU]RWW E |VV]HQHUJLD PLQGHQ KXOOiPKRVV]DW EHOHpUWYH
E = σT  DKRO σ = , × − :·P−.−
WiMIXQ ± /iVG KXUULNiQ
WHUPRKDOLQ NRQYHNFLy ± +RUL]RQWiOLV KĘPpUVpNOHWL pV VyWDUWDORPNO|QEVpJHN iOWDO KDMWRWW
yFHiQL iUDPOiV PHO\ UpV]H D JOREiOLV Yt]N|U]pVQHN $ MHOHQOHJL I|OGW|UWpQHWL NRUEDQ IĘ
KDMWyHUHMH D] pV]DNL WHUOHWHNHQ EHN|YHWNH]Ę WHQJHUYt]KtJXOiV ROYDGiV pV FVDSDGpN YDOD
ZZZWDQNRQ\YWDUKX  -iQRVL ,PUH 7pO 7DPiV (/7( 77.

PLQW KĘPpUVpNOHWFV|NNHQpV LOOHWYH D] (J\HQOtWĘ N|]HOpEHQ W|UWpQĘPHOHJHGpV pV G~VXOiV
SiUROJiV PLDWW $ WHOMHV V]iOOtWRWW Yt]PHQQ\LVpJ NLVHEE PLQW D V]pO KDMWRWWD iUDPOiVRN
HVHWpQ iP D] pV]DNUD LUiQ\XOy KĘWUDQV]SRUW WHNLQWHWpEHQ PHJKDWiUR]y MHOHQWĘVpJĦ
WHUPRNOLQ ]yQD ±ÈWPHQHWL Yt]UpWHJ PHO\EHQ D KĘPpUVpNOHWL JUDGLHQV VRNNDO QDJ\REE PLQW
DODWWD YDJ\ I|O|WWH $] yFHiQRNQiO H] D UpWHJ YiODV]WMD HO D PHOHJHEE NHYHUW IHOV]tQL
UpWHJHW D KLGHJ pV PDJDVDEE VyWDUWDOP~ PpO\VpJL YL]HNWĘO
WUDMHNWyULD ± 3iO\D SiO\DYRQDO HJ\ V]HQQ\H]Ę UpV]HFVNH YDJ\ WpUIRJDWHOHP PR]JiVD VRUiQ
N|YHWHWW J|UEH PLQGHQ SRQWMiKR] PiVPiV LGĘSLOODQDW WDUWR]LN
WUySXVL FLNORQ ± $ODFVRQ\ Q\RPiV~ YLKDU|UYpQ\ DPHO\ D] HJ\HQOtWĘL PHOHJYL]Ħ yFHiQL WH
UOHWHNHQ NHOHWNH]LN .LQHWLNXV HQHUJLiMD D PHOHJ IHOV]tQL Yt]UpWHJEHQ WiUROW KĘHQHUJLiEyO
V]iUPD]LN DPHO\ D WURSRV]IpUD WHWHMpQ HOKHO\H]NHGĘ KLGHJ OpJUpWHJHNEH WUDQV]SRUWiOyGLN
$ PpUVpNHOW pJ|YL FLNORQRNDW D IHQQWDUWy KĘPpUVpNOHWL JUDGLHQV KRUL]RQWiOLV LUiQ\~
/iVG PpJ KXUULNiQ
XOWUDLERO\D VXJiU]iV ± $ OiWKDWy IpQ\QpO NLVHEE D 5|QWJHQVXJiU]iVQiO QDJ\REE KXOOiP
KRVV]~ HOHNWURPiJQHVHV VXJiU]iV ± µP
:DONHUFLUNXOiFLy ± .HOHW±Q\XJDWL iUDPOiVL FHOOiN D] (J\HQOtWĘ PHQWpQ KDMWyHUHMN D
Yt]V]LQWHV LUiQ\EDQ NLDODNXOy IHOV]tQL KĘPpUVpNOHWL NO|QEVpJHN $ :DONHUFLUNXOiFLy
YiOWR]pNRQ\ViJiQDN MHOOHP]pVpUH KDV]QiOKDWy D GpOL RV]FLOOiFLyV LQGH[ 62,
]RQiOLV ± $ I|OGUDM]L V]pOHVVpJL N|U|NNHO SiUKX]DPRV NHOHW±Q\XJDWL LUiQ\
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
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7iUJ\PXWDWy
DEV]RO~W IHNHWH WHVW 
DEV]RUEFLyV iOODQGy  
DHURV]RO UpV]HFVNpN  
DOEHGy 
DOJD   
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DQWURSRJpQ KDWiV  
DQ\DJL SDUDPpWHUHN YL
iUDSiO\HUĘN 
DV]LPPHWULNXV SDUWPRViV 
$WODQWLyFHiQL W|EE pYWL]HGHV RV]FLOOiFLy
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EiULNXV V]pOW|UYpQ\ 
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EDURNOLQ iUDPOiV  
EDURWUyS iUDPOiV 
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 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*DLDHOPpOHW 
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
*LEUDOWiU 
*ROIJ\ĦUĦ  
*ROIiUDPODW     

J|UEOHWL KDWiV 
JUDGLHQV 
JUDYLWiFLyV HUĘ 
JUDYLWiFLyV J\RUVXOiV 
JUDYLWiFLyV iUDPODW  
*U|QODQGLWHQJHU 
J\RUVXOiV WpU 
+DGOH\FHOOD  
KDQJVHEHVVpJ 
KDUPRQLNXV UH]JpV    
KDWiUUpWHJ 
KHJ\ P|J|WWL KXOOiP 
KHO\L IURQWRN 
KLGHJIURQW  
KLGURGLQDPLNDL GHULYiOW   
KLGURV]WDWLNDL HJ\HQV~O\ 
KLGURV]WDWLNDL IHOKDMWyHUĘ 
KLGURV]WDWLNXV Q\RPiV  
KRPRJpQ N|]HJ  
KRPRNYLKDU 
KRVV]~ViJL IRN 
KĘPpUVpNOHW 
KĘPpUVpNOHWL LQYHU]Ly 
KĘVXJiU]iV  
KĘWiJXOiVL HJ\WWKDWy     
KĘWiJXOiVL W|UYpQ\  
KĘYH]HWpV 
KXOOiP 
KXOOiPKRVV] 
KXUULNiQ 
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